How Much Measurement Dependence Is Needed to Simulate GHZ Correlations?
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Local hidden-variable models can reproduce Bell violations if settings depend on hidden variables.
Using total-variation distance, we determine the minimum dependence needed to reproduce all
outcome probabilities for Pauli X and Y measurements on n-qubit Greenberger-Horne-Zeilinger
states, for every m > 3, visibility and coherence phase. For odd n, the larger magnitude of the real
and imaginary coherence components sets the cost; for even n, the smaller can raise it. States with
identical, Bell-violating Mermin data can thus have different costs.

Introduction.—Bell’s theorem excludes local hidden-
variable explanations of quantum correlations under the
assumption that the measurement settings are statisti-
cally independent of the hidden variables [1, 2]. This
assumption of measurement independence cannot be ver-
ified directly. Bell tests that draw their settings from
distant stars or from human choices go to great lengths to
make it plausible [3, 4], because local models in which set-
tings and hidden variables are correlated, even partially,
can reproduce quantum correlations [5-7]. The natural
question is therefore quantitative: how strongly must the
settings depend on the hidden variables to reproduce a
given quantum experiment? The size of a Bell violation
alone does not, in general, answer it.

Measurement dependence can be quantified by the
largest total-variation (TV) distance between the hidden-
variable distributions for two joint settings [5]. This dis-
tance vanishes for measurement-independent models, and
it determines how well an observer who knows the hidden
variable can tell which of two settings will be chosen. The
dependence required by an experiment is the smallest such
distance among local models that reproduce all of its joint
outcome probabilities. Reproducing a Bell expression is
a weaker requirement, because a single expectation value
does not fix the outcome statistics.

Greenberger-Horne-Zeilinger (GHZ) correlations [8]
make this distinction sharp. Their Mermin violations
grow exponentially with the number of parties n [9], and
Mermin-type tests certify GHZ entanglement from three
photons [10] to large quantum processors [11]. When
every party measures Pauli X or Y, the settings with an
even number of Y measurements—the Mermin settings—
probe only the real part of the GHZ coherence, and those
with an odd number probe only its imaginary part. The
imaginary part can thus be changed without altering the
Mermin table at all, even when that table violates a Bell
inequality. A local model of all settings, however, has to
reproduce both parts with the same response functions.

Earlier work answered parts of this question. Hall
constructed a local model of the perfect tripartite GHZ
correlations [7]. Other studies let measurement indepen-

dence fail separately for each observer [12] or quantified
it by information costs for given input distributions [13].
With the TV measure used here, Alai showed that repro-
ducing all outcome probabilities of the Mermin settings
costs no more than reproducing their correlators. At
perfect visibility he proved a general lower bound, found
local models attaining it up to n = 13, and conjectured
that these values, which coincide for n = 2k 4+ 1 and
n = 2k + 2, hold for all n [14]. The Mermin table alone
leaves the imaginary coherence component unconstrained;
determining the cost of both components together is a
different optimization problem.

The Fourier criterion of Werner and Wolf and of
Zukowski and Brukner decides when no dependence is
needed at all [15, 16], but it does not say how much is
needed beyond that point. For three parties, local deter-
ministic models of arbitrary equatorial measurements are
known, but their optimality was not established [17]. Here
each party measures one orthogonal pair of equatorial
observables, and the number of parties is arbitrary.

In this Letter, we determine the minimal measurement
dependence of the complete X/Y experiment on GHZ-
subspace states, for every n > 3, visibility and coher-
ence phase. Explicit local models attain matching lower
bounds. On the Mermin settings, this proves Alai’s con-
jecture for all n and extends it to dephased states. For
odd n, reproducing the weaker coherence component costs
nothing extra. For even n, the two components demand
opposite relative signs on complementary settings, which
no local response can supply for both, and the joint cost
can exceed both separate costs. Identical, already nonlo-
cal Mermin tables can therefore hide different dependence
costs (Fig. 1).

For even n, the joint constraint also bounds the depen-
dence from measured correlators without fitting a state
or noise model. Under a prescribed setting distribution,
one signed product per trial yields a finite-sample bound
on the average history-conditional dependence, even with
memory. This complements existing finite-data depen-
dence bounds [18] and sequential Bell tests [19]. For a
generator that draws the parity with bounded drift and



then a uniform setting of that parity, past inputs supply
the calibration.

Setup.—Each of n parties holds one qubit of a state
supported on the GHZ subspace spanned by |0™) and
1),

z (co —ic1)/2
0= ((co+icl)/2 -z ) (1)

where positivity requires ¢3 + ¢3 < 4z(1 — 2). The GHZ
state (|0)®" 4-]1)®")/v/2 has z = 1/2 and (cg, 1) = (1,0);
dephasing it with visibility v gives (co,c1) = (v,0). Party
i chooses x; € {0,1} and measures AE ) = X; or Agl) =Y,
with outcome a; € {£1}. Write x(x) = ), ; (mod 2)
for the parity of the number of Y measurements and

X) = Z T

i<j

(mod 2). (2)

Every correlator of a nonempty proper subset of parties
vanishes, and the full correlator is

B(x) = (~1) { CImh

€1, X(X) =

so that P(alx) =2""[1+ E(x)[]; a;] (Appendix B). The
populations z and 1—z are invisible to these measurements.
The real part ¢y is seen only by the Mermin settings
X, = {x: x(x) = 0}, and the imaginary part ¢; only by
the others. Rotating the measurement pair at site ¢ to
azimuths ¢; and ¢; + m/2 replaces ¢y + ic; by e *®(co +
icy) with ® = 3. ¢;, and an oppositely oriented pair
only flips a local outcome sign. Below, ¢y and c¢; denote
these measured components; for coherence ve'® they are
veos(f — @) and vsin(d — ).

In a local deterministic model, a hidden variable X fixes
the response A;(z;, A) € {£1} of every party to both of its
settings. Measurement dependence lets the distribution
of A\ change with the joint setting,

= ZP(A|X) H‘Sai,Ai(aﬁi,)\)~ (4)
A =1

Following Hall [5], we measure the departure from mea-
surement independence by

F= max Dry[p(Ax), p(Aly)],

Z (A (5)

where the maximum runs over all pairs of settings in the
experiment. An observer who knows A can distinguish
two equally likely settings that attain F' with success
probability (1 + F)/2. In Hall’s notation, My, = 2F
and Fyan = 1 — F [5, 7]. A model is faithful if it re-
produces every outcome probability of the experiment,
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not merely a Bell expression [14], and we call the mini-
mum of F' over faithful models the cost of the experiment.
Other quantifiers address related questions: bounds on
setting probabilities [20], dependence for each observer
separately [21], mutual information [22], or causal-network
constraints [13]. Pal et al. consider both distances to the
input-weighted average and the pairwise distance used
here, and find tight bounds for a perfectly won tripartite
GHZ game [18].

Mermin settings.—We begin with the Mermin settings
alone. For the dephased GHZ state they give E(x) =
v(—=1)4%) [Eq. (A2)]. Throughout, R = 2L(»=1/2], For
every n > 3 and 0 < v < 1, the cost of this table is

R(Rt—1),

Fo(v) = 2(R2 — 1) ’ (6)

CR(U)7 CR(t) =

where (z)4+ = max{z,0}. Up to v = 1/R a single setting-
independent distribution suffices; above this threshold the
cost grows linearly and reaches R/[2(R + 1)] at v = 1.
The threshold is exactly the local bound of the Mermin
expression,

Ba= Y (yme <8 =l

xXEXp

because the dephased table has Bell ratio 8 = B,,/BL =
Rv. For the dephased table, therefore, F,, = R(5 —
1)+/[2(R? —1)] for 0 < 8 < R. For general noise this
relation fails, because a Bell value does not fix the outcome
table.

Three observations yield Eq. (6) and its extensions
below. First, only the product of the local responses
matters. It is a global sign times the parity of the setting
bits on a subset v of the sites,

HA (x4, A) =

Grouping hidden variables by the label (¢,7) cannot
increase any TV distance. Spreading the weight of each
group evenly over its 2"~ ! response assignments keeps
every distance and sets all proper correlators to zero [14].
The task therefore reduces to choosing setting-dependent
distributions over labels whose mean product reproduces
the target correlator (Appendix A).

Second, the GHZ signs (—1)?*) are quadratic in the
setting bits, with bilinear form

DT (gy) €F2 xFy. (8)

B(x,y) = q(x+y) +q(x) +q(y)
=x-y+x®)x(y)- 9)

As a result, all nonzero Fourier coefficients of the sign
pattern have the same magnitude, and an equal-weight
mixture p of the corresponding labels reproduces the table
at v = 1/R without depending on the setting. Mixing
with uniform outcomes covers every v < 1 / R at zero cost.



At v =1, the distribution v, weights equally those labels
that match the most GHZ signs and agree with the sign
at x, as in the ansatz of Ref. [14]. Counting the overlaps
of these supports for every n gives the cost R/[2(R + 1)].
For even n, complementary settings x and x + 1 select
identical labels, which is why n =2k + 1 and n = 2k + 2
share the same cost (Appendix A). For 1/R<v <1 we
interpolate,

PO = (1= () + ), n= "L (1)
and since the common component contributes nothing to
any distance,

R(Rv —1)

Third, the same quadratic structure limits every model
from below. On a suitable set of R? settings, the sign-
weighted correlators of any deterministic label sum to at
most R, whereas a faithful model must give R%v. Re-
placing the conditional distributions on these settings by
their average changes the sum by at most 2(R? — 1)F.
Hence R?v < R+ 2(R? — 1)F, which matches Eq. (11)
(Appendix A); at v =1 this is Alai’s overlap bound [14].

All XY settings.—We now include all 2" settings, so
that both ¢y and ¢; are probed, and write F:XY (¢, 1)
for the cost of the table in Eq. (3). The settings may still
be correlated with A in an arbitrary way. Local outcome
relabelings that flip the sign of either parity class show
that the cost depends only on |cy| and |e;|; exchanging
the two settings at one site shows that it is symmetric
under |cg| <+ |c1]. For every odd n > 3, it is set by the
larger of the two:

F;Y (co,e1) = Cr(max{|co, |e1[})- (12)

To attain this value, start from an optimal model of the
diagonal table (¢,t) with ¢ = max{|co|, |c1]}. Auxiliary
random signs, drawn independently of the settings, then
reduce either component without increasing any distance.
Applying Eq. (6) to the even settings and, after a rela-
beling, to the odd ones gives the matching lower bound
(Appendix B). The smaller component is thus free.

For even n the smaller component can cost extra. As
for every n, a purely real coherence costs exactly the
Mermin value, FXY (v,0) = Cg(v). Equal components,
however, cost more,

FXY(t,t) = Cag(t), (13)

the Mermin-setting cost of n + 1 parties at visibility
t. The local region shrinks accordingly: by the Fourier
criterion [15, 16], a setting-independent model exists if
and only if |cg| + |c1] < 1/R, a diamond rather than
the odd-n square max{|co|,|c1]} < 1/R. Write ¢ =
max{|co|,|c1|}, c« = min{|co|,|c1|}, Kr = R®* + 2R — 1,
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FIG. 1. Minimal measurement dependence for the complete
X/Y experiment versus the measured coherence components,
for (a) n = 3 and (b) n = 4 (both R = 2). Thin lines are
contours of FXY at 0.05,0.10, . ..,0.30, increasing away from
the origin; the arc bounds the physical region at z = 1/2.
Shading marks the term of Eq. (12) or (14) that sets the
cost: local (white), single component (P), sum constraint (S),
and joint constraint (J). Points with the same nonnegative co
(dashed line) have the same Mermin table. The filled circles,
(4/5,0) and (4/5,2/5), both cost 1/5 in (a) but cost 1/5 and
27/125 in (b); the open squares, (1/2,0) and (1/2,1/2), both
cost 0 in (a) but cost 0 and 2/15 in (b). The diagram was
prepared with Al assistance from the analytical cost formulas.

and dg = 2R+ 1)(R+ 3)(R —1). For every even n > 4,
the complete answer is

R? - R
FXY = max{O7 Cr(cs), (e> +c<) ,
4R?2 —1 (14)
RKRC> + (R2 — 1)C< 7KR}
dr ’
which for four parties reads
FXY _ maX{O, 2cs — 1’ d(cs +ec) — 2’
3 15 (15)
14C> + 3C< — 7}
25 ’

Each term dominates in one regime (Fig. 1). Put v, =
(RP+R+2)/[2(R+1)?] and t, = (Res — 1)/(R —1).
The cost vanishes in the local diamond ¢s + ¢« < 1/R.
For 0 < ¢« < w,t,, which implies ¢s > 1/R, the larger
component alone sets the cost, Cr(cs), exactly as for
odd n (single-component regime). For v.t, < co < i,
reproducing both components requires extra dependence,
given by the last term (joint-constraint regime). For
c< > t, outside the diamond, the third term, obtained by
averaging over all 4R? settings, takes over (sum-constraint
regime).

Why does the smaller component cost extra only for
even n? Consider a setting x and its complement x + 1,
obtained by exchanging X and Y at every site. For even
n the complement has the same parity, and by Eq. (9)
the GHZ signs at the two settings differ by (—1)2(W)+x(),
a relative sign that is opposite in the two parity classes.
By Eq. (8), any local deterministic model instead gives



the relative sign (—1)!7!, the same in both classes. A
label with the correct relative sign on the complementary
pairs of one class has the wrong relative sign on every
complementary pair of the other, where it can agree with
the GHZ sign at only one of the two settings. Outside the
local diamond, once c. exceeds wv,t,, reproducing both
classes requires more dependence than either class alone.
The last term of Eq. (14) fixes this extra cost for c. < t,;
beyond that, the sum constraint takes over. For odd n the
complement has the opposite parity, and no such conflict
arises.

Appendix C gives a model at (¢s,cc) = (1,v,) with
the axis cost R/[2(R+1)], the matching lower bound from
a weighted comparison of setting pairs, and mixtures of
six models that attain the cost in every regime, for all
tables of the form of Eq. (3) with |col, |c1] < 1.

Mermin data do not fix the cost.—For every even n > 4,
take z = 1/2 and t = 1/R, and compare the coherences
(co,c1) = (t,0) and (t,t), both physical since 2/R? < 1.
Their Mermin tables coincide and sit exactly at the local
bound, yet the complete experiment costs

FXY(t,t) = R >0. (16)

FXY(t,0) =0, P

Each parity class alone admits a setting-independent
model, since Cr(1/R) = 0; only their combination re-
quires dependence. For four parties these values are 0 and
2/15. The effect persists well above the local bound. The
four-party states with (cg,c1) = (4/5,0) and (4/5,2/5)
share a Mermin table with Bell ratio 8/5, but their costs
are 1/5 and 27/125, respectively; the difference comes
entirely from the last term in Eq. (15). For three parties,
the corresponding pairs have equal costs (Fig. 1). The
cost thus depends on the state, the measured axes and
the set of settings, and not on a Bell value alone.

A bound from measured correlations.—The joint con-
straint does not rely on the GHZ form of the data. For
arbitrary even-n correlators, define the sign-weighted av-
erages over settings of even (e = 0) and odd (e = 1)

parity,

S, =2 37 (1) E(x),

x(x)=e

e=0,1. (17)

Every setting enters S, with the same weight, however
often it is chosen. Any setting-independent model obeys
RKRrSo + (R? — 1)S; < Kg, and exceeding this limit
requires

F

_ RERSy+ (R*—1)S) — K

- (18)

where F' compares all pairs of settings and the proper
correlators need not vanish (Appendix C). At n =4 the
bound reads F' > (14Sp + 351 — 7)/25. For general data
it is a lower bound; for GHZ-subspace states it is tight

in the joint-constraint regime, up to sign flips and an
exchange of the two parity classes.

Finite-sample certification.—Equation (18) can be
tested trial by trial, even when the devices remember
earlier trials. Before any data are recorded, fix the
sign and parity-class orientation of the bound, and put
a = RKR/dR, b = (R2 — 1)/dR, k = KR/dR, and
L = a + b. Choose an even setting with total prob-
ability a/L and an odd setting with probability b/L,
uniformly within each class, and call this setting dis-
tribution ¢.(x); the hidden variable may still depend
on the settings. Every trial ¢ records a raw outcome
a;; = %1 at each site, without postselection, and con-
tributes Z; = (—1)?X¢) [, a; . Let F} be the largest TV
distance between the hidden-variable distributions of trial
t for different settings, given the observed past, and let
FNS and Z be the averages of F; and Z; over N, trials.
If, given any past record, the settings are drawn from g¢,,
then with probability at least 1 — d,

Fn, > |LZ—-k—-L

21n(1/6s)
N, (19)

S

+

The hidden variables and responses may depend on the
past and drift, but not on future settings; this per-trial
model differs from the block-wise measurement depen-
dence of Ref. [23]. The certificate bounds the average of
F;, rather than each trial or a pooled outcome table, and
it needs no estimates of the exponentially many individual
correlators. Appendix D gives the proof and a version
valid for data-dependent stopping.

Real setting generators are imperfect and must be cali-
brated [19, 24]. If every setting has nonzero probability
and, given the past, the actual setting distribution lies
within TV distance ¢; of g., then Eq. (19) holds with
2L subtracted, where € is the mean of ¢;. The factor
2L cannot be reduced, even when the even and odd fre-
quencies are correct. A setting distribution known before
each trial can instead be reweighted, at the cost of larger
fluctuations (Appendix E). For a generator that draws
the parity with bounded drift and then a uniform setting
of that parity, earlier input records supply the required
error bounds (Appendix F).

Conclusion.—We have determined the minimal mea-
surement dependence of the complete X/Y experiment
on GHZ-subspace states of arbitrary coherence, for every
n > 3. For odd n, only the stronger coherence component
fixes the cost; for even n, the weaker one can raise it.
The imaginary component thus reveals dependence costs
hidden from identical, already nonlocal Mermin tables.
Although the Mermin violation grows exponentially, the
cost at fixed (cg,c1) = (v,0) approaches v/2 as n — oo,
reaching Alai’s ceiling 1/2 at v = 1 only in the limit
[14]. For even n, the joint constraint also gives a finite-
sample certificate under memory and calibrated input



errors. Nonorthogonal axes, detection loss, and other
stabilizer states remain natural extensions.

7.Y. and K.C. acknowledge support from the Strategic
Priority Research Program of the Chinese Academy of
Sciences under Grant No. XDB1680102. Z.Y. also ac-
knowledges support from the National Natural Science
Foundation of China under Grant No. 12247101. We
acknowledge Gewu Intelligence Lab for providing the col-
laborative research environment in which this project was
developed.

Data availability.—No experimental data were gener-
ated or analyzed. The results are analytical; the Ap-
pendixes give all constructions and proofs. Figure 1 is
drawn from the cost formulas, with editable drawing in
the TeX source. Small-n linear programs guided the con-
structions but enter no proof. The preceding even-setting
manuscript and source are archived at Zenodo.

Disclosure of automated assistance.—OpenAl GPT-6.1
Sol, OpenAl GPT-6 Astra, OpenAl GPT-5.6 Sol, An-
thropic Claude Opus 5.5, Anthropic Claude Fable 5, and
Grok 4.6 collectively developed and checked analytical
derivations, local models, optimality proofs, and sequen-
tial confidence and calibration bounds. The systems com-
pared literature, checked references, prepared the figure,
and revised the physical exposition and wording.

* chenkun@itp.ac.cn

[1] J. S. Bell, On the Einstein Podolsky Rosen paradox,
Physics Physique Fizika 1, 195 (1964).

[2] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Bell nonlocality, Rev. Mod. Phys. 86, 419
(2014).

[3] J. Handsteiner, A. S. Friedman, D. Rauch, J. Gallicchio, B.
Liu, H. Hosp, J. Kofler, D. Bricher, M. Fink, C. Leung, A.
Mark, H. T. Nguyen, I. Sanders, F. Steinlechner, R. Ursin,
S. Wengerowsky, A. H. Guth, D. I. Kaiser, T. Scheidl, and
A. Zeilinger, Cosmic Bell test: Measurement settings from
Milky Way stars, Phys. Rev. Lett. 118, 060401 (2017).

[4] The BIG Bell Test Collaboration, Challenging local re-
alism with human choices, Nature (London) 557, 212
(2018).

[5] M. J. W. Hall, Local deterministic model of singlet state
correlations based on relaxing measurement independence,
Phys. Rev. Lett. 105, 250404 (2010); Erratum, Phys. Rev.
Lett. 116, 219902 (2016).

[6] J. Barrett and N. Gisin, How much measurement inde-
pendence is needed to demonstrate nonlocality?, Phys.
Rev. Lett. 106, 100406 (2011).

[7] M. J. W. Hall, Relaxed Bell inequalities and Kochen—
Specker theorems, Phys. Rev. A 84, 022102 (2011).

[8] D. M. Greenberger, M. A. Horne, A. Shimony, and A.
Zeilinger, Bell’s theorem without inequalities, Am. J. Phys.
58, 1131 (1990).

[9] N. D. Mermin, Extreme quantum entanglement in a su-
perposition of macroscopically distinct states, Phys. Rev.
Lett. 65, 1838 (1990).

[10] J.-W. Pan, D. Bouwmeester, M. Daniell, H. Weinfurter,

and A. Zeilinger, Experimental test of quantum nonlocal-
ity in three-photon Greenberger-Horne—Zeilinger entan-
glement, Nature (London) 403, 515 (2000).

[11] J. Cai, J. Huang, F. Otto, Y. Li, C. de Gois, T. Jiang,
S. Cao, F. Chen, H. Fu, J. Lin, W. Xie, N. Zhou, S.
Tang, X.-Y. Li, C.-Z. Peng, X. Yuan, O. Giihne, and M.
Gong, Generalized Mermin inequalities for benchmarking
large-scale GHZ states, arXiv:2607.23574 (2026).

[12] S. S. Hossain, M. K. Molla, A. Kundu, B. Paul, I. Chat-
topadhyay, and D. Sarkar, Measurement dependence in
tripartite non-locality, Quantum Inf. Process. 23, 297
(2024); arXiv:2107.12495.

[13] R. Chaves, G. Moreno, E. Polino, D. Poderini, I. Agresti,
A. Suprano, M. R. Barros, G. Carvacho, E. Wolfe, A.
Canabarro, R. W. Spekkens, and F. Sciarrino, Causal
networks and freedom of choice in Bell’s theorem, PRX
Quantum 2, 040323 (2021).

[14] A. Alai, Exact minimum measurement dependence for
faithful local deterministic models of multipartite GHZ—
Mermin correlations, arXiv:2608.00124 (2026).

[15] R. F. Werner and M. M. Wolf, All-multipartite Bell-
correlation inequalities for two dichotomic observables
per site, Phys. Rev. A 64, 032112 (2001).

[16] M. Zukowski and C. Brukner, Bell’s theorem for general
N-qubit states, Phys. Rev. Lett. 88, 210401 (2002).

[17] A. Roy, A. Mukherjee, S. S. Bhattacharya, M. Banik,
and S. Das, Local deterministic simulation of equatorial
von Neumann measurements on tripartite GHZ state,
Quantum Inf. Process. 14, 217 (2015).

[18] P. Pal, G. Sharma, and R. Podila, Loophole-Robust Certi-
fication of Quantum Advantage, arXiv:2607.13090 (2026).

[19] D. Elkouss and S. Wehner, (Nearly) optimal P values for
all Bell inequalities, npj Quantum Inf. 2, 16026 (2016).

[20] G. Piitz, D. Rosset, T. J. Barnea, Y.-C. Liang, and N.
Gisin, Arbitrarily small amount of measurement indepen-
dence is sufficient to manifest quantum nonlocality, Phys.
Rev. Lett. 113, 190402 (2014).

[21] A. S. Friedman, A. H. Guth, M. J. W. Hall, D. I. Kaiser,
and J. Gallicchio, Relaxed Bell inequalities with arbitrary
measurement dependence for each observer, Phys. Rev.
A 99, 012121 (2019).

[22] M. J. W. Hall and C. Branciard, Measurement-
dependence cost for Bell nonlocality: Causal versus retro-
causal models, Phys. Rev. A 102, 052228 (2020).

[23] E. Y.-Z. Tan, Y. Cai, and V. Scarani, Measurement-
dependent locality beyond independent and identically
distributed runs, Phys. Rev. A 94, 032117 (2016).

[24] J. Kofler, M. Giustina, J.-A. Larsson, and M. W. Mitchell,
Requirements for a loophole-free photonic Bell test using
imperfect setting generators, Phys. Rev. A 93, 032115
(2016).

[25] J. Komiyama, E. Fouché, and J. Honda, Finite-time Anal-
ysis of Globally Nonstationary Multi-Armed Bandits, J.
Mach. Learn. Res. 25, 112 (2024).


https://doi.org/10.5281/zenodo.22732188
mailto:chenkun@itp.ac.cn

Appendix A: Cost of the Mermin settings
The dephased GHZ outcome probabilitiecs. The dephased state
1—w
0, = v|GHZ,,\GHZ, | + T(|0n><on| +[1man), 0<v<l, (A1)

has full correlator v(fl)q(x) on even-parity settings and zero nonempty proper equatorial correlators. Binary moment
inversion gives

n

14 v(—1)7%) Hal . XEAX,. (A2)

i=1

Py(alx) = 27"

The two basis populations are equal here; Appendix B treats the general populations and the full setting domain.

Recovering individual outcomes from their product. Following Ref. [14], group all assignments of individual responses
with the same deterministic full-product prediction. These groups, called fibers below, are disjoint. Uniform probabilities
within a group cancel every proper correlator while keeping the full product and the TV distances. Write the
deterministic responses as A;(0,\) = (=1)* and A;(1,\) = (—=1)®*17. Here (¢,~) is an unreduced label: v and
~ + 1 are identified only when counting Walsh characters, not when defining strategy fibers. For a fixed label
c = (¢,7), its fiber consists of the 2"~ choices of a with >, a; = ¢. If px(c) is a class distribution, the uniform lift is
Px(c, ) = px(c)/2"~ L. Hence

53 IRl a) —iy(e @) = 5 X lpele) ~py()] (A3

cC oary,a;=9¢

Flipping one output sign inside a nonempty proper subset and one outside preserves the fiber but reverses the subset
product, so its mean vanishes. Coarse graining contracts total variation by the triangle inequality; together with
Eq. (A3), this proves the reduction [14].

Fourier coefficients of the target signs. The Walsh transform is the discrete Fourier transform on binary setting
strings. It identifies the deterministic product predictions needed for a common model and counts their agreement with
the GHZ signs. All arithmetic in exponents is over Fy. Let V =X, and let Vo = {r € V: B(r,x) =0 for all x € V'}
be the radical of the polar form. For a character represented by -,

Wy =Y (—1)10Fr> w2 = |y Yy (—nrtrr (A4)
xeV reVy

The square identity follows by changing summation variables to their difference r; the inner character sum vanishes
outside V. On V, the polar form is the dot product. Its radical is trivial for odd n, and Vo = {0,1} for even n,
where 1 is the all-ones vector. Thus the odd case has R? coefficients of magnitude R. In the even case, every nonzero
coefficient has magnitude 2R, and Parseval’s identity gives exactly R? such coefficients. Characters are counted once
per coset of F3 /(1). Fourier inversion then gives Eq. (A5), including its normalization.

Explicitly, let f(x) = (—1)?®) and count each character once in X, ~ F%/(1). The signed Fourier ensemble satisfies

a2 sy = 1 (5)

¥: W4 #0

Equal weight on these deterministic classes is setting independent and realizes the faithful table at v = 1/R.
Perfect-visibility models. Both parity branches below have N = R? effective labels and

_N+R

2

G (A6)

supporting labels per setting. Two supports either coincide or intersect in h = (N + 2R)/4 labels, so their largest
distance is

F(l)=1- 2 =_—""_ (A7)



Each label is locally realizable, and the disjoint-fiber lift restores all proper marginals. These supports consist of
best-satisfying classes, as in the ansatz evaluated through n = 13 in Ref. [14]. The following counts establish the
normalization and all intersections for every n rather than assuming them.

For odd n, put £ =V and N = || = R?. Write Wy = o R and choose (—1)° = . For b € £ and ¢ € Fy, take

¢b = q(b) + 9, v¥=Db+el. (A8)

Agreement means Uy (b) = (—1)90+P)+9 = 41 Translation gives Y, Ux(b) = R. For distinct x,y, the product U, Uy
is a constant sign times the nontrivial character (—l)B("‘*‘y’b)7 whose sum is zero. Consequently the support and
intersection sizes are

 —1+U«b) N+R [+ Ux(b)][1 +Uy(b)] N +2R
G_Zb: o = : h—zb: | = :

A9
5 1 (A9)
Weight 1/(N 4+ R) on each of the 2G = N + R supported (b, €) normalizes the model and gives overlap h/G.

For even n, put d = n — 1 and write a setting as s(x) = (x, x(x)) with x € F4. Tts target bit is q(x) + x(x). Let
H; ={y : x(y) = j}, € = Ho, and N = |€| = R?. Here q, X, B use their defining formulas on FZ, and 1 € F{. The
parity-restricted Gauss sums obey

Cj= > (1)), Co+iCy=(1+4)  |Co|=|Ci| =R (A10)
YE€H;

Indeed, a vector of weight k contributes i* to the complex sum. Choose (—1)% = C;/R, put ¢ = &y, u =1+ do + 61,
and use

¢ = q(b) +c, Tn =€ vi=bi+u+te (1<i<d), be&, ecel,. (A11)

Agreement now means ¢(x+b) = 8, (x). Set Ux(b) = (—1)16+P)+3xc0 . Since x+& = H, (5, >, Ux(b) = R, giving the
same G. For displacement a = x +y, the product UxUy, is a constant sign times (—1)2P. The orthogonal complement
of £ is {0,1}. Thus the product sum vanishes for a ¢ {0,1}, and Eq. (A9) gives the same h.

For the exceptional displacement a = 1, the odd dimension d implies B(z,1) = 0, so q(z + 1) = ¢(z) + ¢(1).
Translation exchanges the parity hyperplanes, yielding Cj11 = (—I)Q(I)C’j and ;41 = d; + ¢(1), with j + 1 understood
modulo two. It follows that Uxi1 = Ux: the supports coincide. The same weight 1/(N + R) on supported (b, ¢€)
therefore gives distance zero for this pair and 1 — h/G for every generic pair. This proves the perfect-visibility upper
bound for both parities.

Why a smaller cost is impossible. We compare each setting’s hidden-variable distribution with the average over
selected settings. The deterministic correlation bound applies to that common average. Any excess target correlation
must then be supplied by changes between the conditional distributions. For odd n, select the entire even-parity
setting space X,,. For even n, select

S={(x,0):xeFy ! x(x)=0}.

In either case this subsystem has N = R? settings and a nondegenerate quadratic polar form. For every deterministic
class ¢, let gx(c) € {£1} be its full prediction multiplied by the target sign. The quadratic Walsh spectrum gives

> gx(c) <R (A12)
For an arbitrary visibility-v model define p = N~ >~ py. Since E,,_gx = v and |E,g — Eyg| < 2Dry|r, s],
Nv< R+2) Dry[px,

<R+2(N - 1)F. (A13)

The last inequality uses convexity, Drv[px,p] < N~* >y Drvpx, py|. Thus F' > (Nv — R)/[2(N —1)]. Atv =1
this is the overlap bound of Ref. [14] for this subsystem, whose maximum satisfiable count is (N + R)/2. Together
with F' > 0 and the mixture upper bound, this proves Eq. (6) for every n > 3. At perfect visibility the calibrated
even-setting law gives

Fys=F =, Fs = I =

)

W O] Do
[N}

=1k =g, Fi3=Fy=

(A14)
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Appendix B: All settings: quadratic sign patterns and odd n

The construction in Appendix A also works when all setting strings are included. Each signed character represents a
deterministic full-product response. Randomizing the individual responses within its fiber makes every proper moment
vanish without changing that product or the distances between distributions. It therefore suffices to find conditional
probabilities for the signed characters. We allow abstract outcome tables with |¢gl, |c1] < 1 in the proof; quantum
states must also satisfy the positivity condition in Eq. (1).

Cost of a quadratic pattern of correlation signs. The first step is a construction for correlations whose signs are set
by a binary quadratic function. The rank of its bilinear form determines the number of distinct agreement patterns
and their overlap, hence the optimal TV distance. Let @) be a binary quadratic function on F5*, and let its polar
form have rank 2r > 0. For the complete probability table with full correlator t(fl)Q(x), zero proper moments, and
0 <t <1, the minimum cost is Cor(t). This is a statement about probability tables and local simulation, not a
quantum realization of every Q.

An affine addition to @ only relabels signed characters. Remove its constant part, and write K for the polar radical.
The restriction Q| is linear. Extend it to a linear function ¢ on the entire space. Then Q' = @ + ¢ vanishes on K
and is constant on its cosets. A linear complement £ of K has dimension 2r and nondegenerate polar form Bg. Put
Ro=2"and N =|€| = Ré. Squaring the quadratic character sum gives

W(b) = (~1)@CItBa) gy (b)? = N (B1)
x€e€

Indeed, with difference variable d, the inner sum is a nontrivial character unless d is in the radical, leaving only d = 0.
Thus W (0) = 0 Rg for o = +£1. Choose (—1)° = o, and let x¢ be the projection along K. For every b € £ use the
affine prediction

hb(X) _ (71)Q'(b)+§+BQ(xg,b)+l(x)' (B2)

Its agreement, with the target sign is Uy (b) = (—1)@ *¢+P)+3 The sum over labels is Rg. For distinct projections
the product of two agreement signs is a nontrivial character, whose sum is zero. Therefore their agreeing supports
have sizes G = (N + Rg)/2 and intersection h = (N + 2Rg)/4. The uniform agreeing-support ensemble realizes ¢ = 1
with worst-pair distance 1 — h/G = Rg/[2(Rg + 1)]; equal projections have distance zero. The affine predictions are
products of local deterministic responses.

On the full space, the Fourier transform of (—1)% has exactly N nonzero coefficients, each of normalized magnitude
1/Rg. Equal weights 1/N on the corresponding signed characters therefore realize the target at ¢ = 1/Rg with a
common ensemble. A common zero-correlation ensemble covers smaller ¢ by mixing. Above this threshold, mix the
common and perfect ensembles on disjoint hidden-variable sectors with weight (Rgt —1)/(R¢g — 1) on the latter. This
gives Cpy, (1).

For the converse, restrict any model to £. Each deterministic signed character has quadratic signed sum at most
Rg. The mean-ensemble argument in Eq. (A13) therefore gives

Nt < Ro + 2(N — 1)F, (B3)

matching the construction. A rank-zero quadratic is affine; a common mixture of its character and its negative realizes
every t with zero cost. The apparent singularity of C; is thus not used.

Adjusting the two components for odd parties. For the GHZ quadratic, Eq. (9) has radical (1) when n is odd, hence
rank n — 1. The rank law realizes the diagonal table (t,¢) at cost Cr(t), where R = 2("~1/2_ Put ¢t = max{|cq|, |c1]}
For t > 0, choose independent signs u, w with means ¢y/t, ¢;/t. These auxiliary random signs are the flags used in
the construction. Each fixed flag pair multiplies the full output product by u on even settings and w on odd settings:
multiply one site’s outputs by u and every site’s setting-1 output by w/u. The multiplier is u(w/u)X®*) and is locally
implementable. Appending a common flag distribution on disjoint sectors leaves every pairwise TV distance unchanged.
Averaging gives the desired components and keeps all proper moments zero. The zero case uses uniform outputs.

The even-sector restriction costs at least Cg(|cg|) by Eq. (6). Translation by an odd vector maps the odd sector to
the even sector and changes ¢ only by an affine function. Its restriction thus costs at least Cr(|c1|). Their maximum
matches the flag construction, proving Eq. (12).

One nonzero component and two equal components. Adding the missing odd settings to a real-coherence model
does not increase its cost. Equal components for even parties instead use the quadratic pattern on the entire setting
space. To extend an optimal even-setting model on the real axis, average each class distribution with its image under



~ — v + 1. Even-setting predictions are unchanged, and distances cannot increase. Every resulting ensemble has
zero full prediction at every odd setting. Use their common even-setting mean for each odd setting. Its distance to
each even ensemble is at most the original worst-pair distance by convexity, while odd—odd distances vanish. The
faithful lift completes the outcome table. Restriction to even settings gives the matching lower bound. Swapping one
site’s setting labels translates x — x + e;; the induced affine sign from ¢(x + e;) = ¢(x) + B(x, ;) exchanges the axes
without changing the cost.

For even n, the full polar form is nondegenerate of rank n. The rank law on (¢,t) therefore uses 2R = 2™/2, proving
Eq. (13). Parity-dependent output flags remove either component sign. The same construction also gives, for general
even n,

F¥(eo, 1) < Cap(max{|eol, [er]}),

FXY (corer) max{cn<|co|>,cR<c1|>,

R2(|eol + lea]) —R}. (B4

4R? —1

The last lower bound averages all 4R? settings: the deterministic quadratic sum is at most 2R, whereas the target sum
is 2R?(|cg| + |e1|). These bounds agree on the axes and diagonal. The joint bound and construction in Appendix C
complete the cost away from the diagonal.

From the quantum state to the measured correlations. An equatorial observable at azimuth « has upper-right entry
e~'@. Taking the trace with Eq. (1) gives

E(x) = Re |(co — icl)ei@ﬂx\”/?)} . (B5)

Every nonempty proper product flips a proper subset of computational basis bits, so it has zero matrix elements within
the GHZ subspace. This proves the complete table and population independence. Mixtures of preparation phases
simply average the complex coherence, provided preparation is not conditioned on the later settings.

For the effective axes ® = 0, the normalized Fourier coefficients are

B(y) =27 Re |(c —ier )™ 20D/ (B6)

The necessary and sufficient full-correlation locality criterion of Werner-Wolf and Zukowski-Brukner is >y E| <1
[15, 16]. The sum here is Rmax{|col, |c1|} for odd n, and R(|co| + |c1|) for even n. This evaluates an established
criterion; it does not give the positive dependence cost by itself. Its sufficiency for our entire table follows by lifting
the common signed-character ensemble. Any unused probability weight is split equally between a character and its
negative, contributing zero full correlation. The resulting lift cancels all proper moments.

Appendix C: Complete cost for even n

Let n=2m >4, R=2""! Kr=R?>+2R—1,and dgr = (2R + 1)(R + 3)(R — 1). Local parity-dependent output
signs and one input swap reduce the components to 0 < c. < ¢~ < 1. The argument covers this entire abstract-table
triangle; physical GHZ-subspace states also satisfy ¢ + ¢ < 42(1 — z). The proof has three steps. We construct a
model at the crossover point (1,v,), derive the joint lower bound by comparing distributions for pairs of settings, and
mix six models to cover every parameter value. All three steps hold for arbitrary even n, without extrapolating a finite
optimization.

A model at the crossover between constraints. We assign probabilities to signed deterministic classes according to
the Hamming weight of v + x modulo four and whether the predicted product agrees with the target sign. This rule is
the same for every even particle number. For a signed class ¢ = (¢, ), define

roybx, k=l (o) = (~1)IORERE ()
At fixed x, the map ¢ — (r, sx) is a bijection. Put ¢ = m mod 4, G, = R(R+ 1), and

R+ R+2 R

Ty R Ty R
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For even x, assign probability 1/G. to classes with kK = ¢ (mod 4) and sx = 41, and zero otherwise. For odd x, assign
the per-class probabilities

1
= k= x = +1,
U RET1P o, s +
R+3
V= ———r—", k=0-—1, 5x=—1,
px(c) = 4R§f]§+ %)2 (C3)
_|_
= k= 1, sx = +1,
w IR(R+ 1) oc+1, s +
0, otherwise,

where residue congruences are modulo four. Summing powers of ¢ selects precisely the weights in each residue class:

3
el = 1 ¢ 2 m(m — a)
Co=#{r:|r|=a (mod4)} Z; 14" =R + Reos ———. (C4)
Hence C, = G, and C,y41 = R?. The even ensemble is normalized with signed mean one, while G,u + R?(v +w) = 1
and G.u + R*(w — v) = v,. The faithful lift completes the outcome table, so this model realizes (c,c<) = (1,v.).

To evaluate every pair, put z=x+y and d = |z|. If j = [rNz|, then ¥’ = k +d — 25 and

zl _ (_1)((21)+j+X(x)d. (C5)

The last term follows from the polar form and is essential across parity. The joint residue count is exactly

3
Z i—aé—bt(1+ é+t)n d( —|—2) (C6)

£,t=0

1
Nep(d) = —
For interior even d, only (£,t) = (0,0), (2,2) and the eight mixed even/odd index pairs survive. Their sum is 2"*1 +16R
when a = b = o, and 2" for a,b € {0 — 1,0 + 1}. Thus N,, = R?/2 + R and each adjacent-residue intersection has
size R?/2. For odd d, the character sum

> (= %Z ‘4941 —iH? =0

|r|=0 =0

splits the sigma support equally between its two adjacent images. Equation (C5) preserves the selected sign on
same-residue same-parity transitions and reverses it between the adjacent residues. Across parity it maps the even
support to the negative sigma-minus-one and positive sigma-plus-one supports. Complementing all bits fixes the sigma
residue and exchanges its neighbors.

Because 0 < u < v < w < 1/G, for R > 2, these counts give Table I. The interior odd—odd value is R/[4(R + 1)] +
R/[2(R +1)%] < f.. The model therefore has cost f., matching the axis lower bound at ¢ = 1.

TABLE I. TV distances between the conditional hidden-variable distributions for every setting-pair type of the model at (1, v.).
The faithful lift preserves all distances. Identical settings have TV zero.

Setting parities Hamming distance d TV

even/even even 0 <d<mn R?/(2G.) = f.
even/even d=n 0

even/odd any odd d 1—Gi(v+w)/2 = fu
odd/odd even 0 <d<n R*(u+w —v)/2
odd/odd d=n R*(w —v) = fu

A matching joint lower bound. Regard each setting as a graph vertex. Assign a nonnegative weight to each
unordered pair, called an edge. These weights sum to one, so the weighted average of pairwise TV distances cannot
exceed F'. Three edge types have nonzero weights, or capacities:

R+1 R—1 R2—-1

Ry T amay 07 ey (e

tgp =
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Assign tg to even—even edges except complement pairs, t¢ to every even—odd edge, and to to odd—odd complement
pairs. All other edges have zero capacity. Their respective numbers are 2R?(R? — 1), 4R*, and R?, giving total capacity
one.

For each signed class, call it type I when y(v) = m mod 2, and type II otherwise. The full quadratic Walsh sum has
magnitude 2R, and shifting v by 1 multiplies it by (—1)™tX("). Consequently, for some 7 € {41}, the even/odd sums
of sx are (27R,0) for type I and (0,27 R) for type II. This also follows directly by translating the full sum by 1, using
¢(1) = m mod 2 and B(x,1) = x(x). Moreover,

St 55 = (—1)HO G,

Type I thus has even sign counts R? + 7R and same-sign even complements, whereas its odd complements have
opposite signs. Type II has balanced even signs and opposite-sign even complements; its odd sign counts are R? + 7R.
For each deterministic class we assign a signed quantity to oriented edges. Reversing orientation reverses its sign;
this is the flow below. Its divergence is the sum of outgoing values at a setting. Bounding each value by half the edge
weight will turn the divergence inequalities into a TV lower bound. Define the flow as follows. On an even—even edge
with opposite signs, put fxy = (t5/2)sx; for equal signs put zero. For an even-to-odd edge, put fxy = (tc/2)sx for
type I, and fxy = —(tc/2)sy for type II. Reverse these edges by antisymmetry. On odd-odd complement edges put
fxy = (to/2)sx for type I, and zero for type II. The type-I signs are opposite there. Every edge obeys |fxy| < txy/2.
Direct sign counting gives the divergence at a vertex of sign s:

‘ even vertex odd vertex
I|sR?(tg/2+tc) —TRtg/2 sto/2 — TRtc - (C8)
| s(R?—1)tg/2—TRtc sR?tc
For all classes these dominate the demands
dp(s) = sR%(tg/2 +tc) — Rtg/2,  do(s) = sto/2 — Rtc. (C9)

Indeed type-I excesses are (1—7)Rtp/2 and (1—7)Rtc. The identities (R—1)tp/2 = R(R+1)tc and tp/2 = R(R+1)tc
show that type-II positive signs have even excess (1 — 7) Rt and odd excess zero. For negative signs the excesses are
(R+1)tg/2+ (R? — TR)tc and 2Rtc, respectively. All are nonnegative.

Multiply the demand inequalities by arbitrary normalized py(c) > 0, sum, and pair oriented edges. Their expectation
for the target table is

2R*[R*(tg/2 +tc)es — Rtp/2 + (to/2)cc — Rtc]
_ RKges + (R? —1)cc — Kpg

dr
< Y Fa(@px(e) = py(0)]
{x,y}.c
< Z txyDTV[px;py} < F. (CIO)
{xy}

The inequality was proved for every deterministic class before averaging. It therefore applies to arbitrary conditional
class distributions, without assuming that the model has the target’s symmetries. Restriction to one sector and
averaging over all settings also give Cr(cs) and [R?(cs + c<) — R]/(4R? — 1).

For arbitrary measured outcome tables, coarse graining onto signed classes contracts TV and preserves
. px(€)sx(c) = (—1)® E(x). The same demand expectation uses the signed parity averages Sp,S1 of Eq. (17),
without assuming they are constant within a sector. This proves Eq. (18) even for nonzero proper marginals. These are
equal-weight averages of conditional correlators, not averages over setting-source frequencies. No sign/order convention
for S, is needed for this raw lower inequality.

Models attaining the bound throughout the triangle. We attain the joint constraint and the other three terms by
mixing explicit models at six points:

0=(0,0), L=(1/R,0), T=(1/(2R),1/(2R)), U =(1,0), Vi=(1,v.), D.=(1,1). (C11)

Their costs are 0,0,0, fs, f«, R/(2R + 1). Apart from V,, they follow from the axis and diagonal constructions in
Appendix B. A common setting-independent flag on disjoint classical sectors mixes these models with cost at most the
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weighted sum. Put t, = (Res — 1)/(R — 1). The following weights are nonnegative, sum to one, and reproduce the
desired components in their regions:

¢s +c« <1/R: (wo,wr,wr)=(1—R(cs +c<),R(cs — c<),2Re),
C> > 1/Ra Ce S Uty : (wLaanwV*) = (1 —Tay o — C</U*,C</U*),

e — C< Cc — Uuly
1—wv, 1—w, ’

s > 1/R, vity <ce <t,: (wp,wy,,wp,) = (1 — &y,

2R[1 — Res + (R—1)c<] R(cs +cc) -1
ot ea 2 1R e tes (wpurun,) = (Rles - oq), MR oD eI =) oy

These regions exhaust 0 < c. < ¢s < 1. Their respective costs are zero, the axis plane, the mixed plane, and the full
quadratic-mean plane. Every upper cost is a valid lower plane, so it equals the maximum in Eq. (14). Sign flips and
the component swap complete the square. At R = 2, the model and envelope recover Eq. (15).

Appendix D: Finite-sample certificate

Equation (18) concerns the true conditional correlations. For finite data, the input distribution is chosen so that
the mean of one measured product equals the weighted correlation sum in that bound. Conditional concentration
then controls the statistical error even when responses depend on previous trials. Finite-data dependence bounds and
Bell-score tests with memory are established methods [18, 19]; their application here bounds the average resource F for
the even-party joint constraint. The following model specifies the temporal assumptions and the quantity estimated.

Sequential model and input design. Fix even n = 2m > 4, the sign/sector orientation of the witness, a sample size
Ng > 1, and 0 < d5 < 1 before the test data. Let H;_1 denote the complete observed past settings, outcomes, and
recorded public protocol choices. At each history the tested model has conditional current-input local responses,

Pi(alx, He1) = Y peA X Heo1) [ [ ar s @irte ) (D1)
A 7

Private memory and shared randomness may be included in A. Responses may drift and use arbitrary past history, but
not another party’s current input except through A, or future inputs. This causal per-trial model is not unrestricted
block-local measurement dependence [23]. For each trial, compare the hidden-variable distributions for all possible
current settings at the same observed past. Their maximum TV distance is

N
_ 1 O

F, = H)}%,XDTV[pt()\|X7Ht—1)’pt()\|y7Ht—l)] , Fn, = N E Fy. (D2)
’ S t=1

This average depends on the history actually observed and is generally random. It is not a single static optimum or
the optimum of a pooled outcome table.
With R, Kg,dr as in Eq. (14), put

K 2 K
o= FEr p= B E=1F

dp ' ~ dr T dr’

a b
L= a+b, (’/T(),ﬂ'l) = (L’L) . (D3)

The actual known setting marginal, conditional on every observed past, must obey

Pr(X, = x|H,_1) = ;TX(_’? (D4)
Both sectors have positive support. This joint correlated-setting design is not a product of independent local generators.
Equation (D4) specifies the conditional marginal of settings, not independence between settings and the current hidden
variable. A nominal programmed law or observed input frequencies alone do not establish this sampling assumption.
Every registered trial must supply a raw +1 outcome at every site. There is no data-dependent exclusion or
replacement by fractional, readout-mitigated counts. Detection, heralding, or postselection protocols require their own
trial definition and sampling argument. Selecting the witness orientation on the same test data requires a separate
multiple-testing or predictable-adaptation proof. Such procedures are not included in Eq. (19).
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From the measured score to a confidence bound. Define Z; = (—1)2(Xt) [L; @i and Y; = LZ,. Let S.; be Eq. (17)
evaluated on the conditional table at history H;_1. Applying Eq. (18) at each history and using the sampling law gives

pe = E[Y | Hi—1] = L(moSo,r + m1.51,¢) = aSo,r + bS1, < k + Fy. (D5)

Since Y; € [—L, L], the centered increment Y; — iy has conditional mean zero and lies in the history-measurable interval
[-L — pt, L — py] of length 2L. Its absolute value need not be at most L. The conditional form of Hoeffding’s lemma
gives

E[esYt—re) |}, 4] < 652L2/2, s> 0. (D6)

For completeness, if a centered variable U lies in an interval of length h, set 1(s) = InEe*Y. The exponentially tilted
distribution has variance at most h%/4, so 1" (s) < h?/4. Integrating twice from 1 (0) = ¢’(0) = 0 yields ¢ (s) < s*h?/8.
The variance bound follows from Var(U) < (EU —u_)(uy —EU) < (uy —u_)?/4 on any interval [u_,uy]. Apply this
argument conditionally with h = 2L.

Iterating conditional expectation in Eq. (D6) and applying Markov’s inequality gives

N
Pr{Z(Yt — ) > u} < ig% emsutNas"L2/2 67“2/(2N5L2), u > 0. (D7)
t=1

Choose u = Ly/2N41In(1/d,). Except on an event of probability at most Js,

1 — 21n(1/6,)
— > — - 77,
7 Et pe>LZ — L : (D8)

Combining this with Eq. (D5) and Fy, > 0 proves Eq. (19). No stationary Bernoulli parameter or independence
across trials was used. The conclusion bounds the realized average conditional diameter; it does not lower-bound the
resource of each trial. In particular, binomial inversion under a uniform conditional winning cap is a different inference
problem from an average-only resource budget [19].

Why use these even and odd sampling probabilities? For any fixed parity-zero probability p € (0,1), with uniform
strings within sectors, the unbiased importance score for a.Sy + bS5 is

}/t(p) _ {aZt/pa X(Xt)

. o)

bZy/(1—p), x(Xi)
Its worst absolute value is M (p) = max{a/p,b/(1 — p)}. The inequalities a < Mp and b < M (1 — p) imply M > a+1b,
with equality exactly at p = a/L. Our allocation therefore minimizes the worst-case score range within these fixed
two-sector importance scores. This is not global optimization of variance, power, p-values, sample complexity, or all

witnesses. Inverse-probability Bell scoring is an established method [19].
Also 0 < L < 1 for every R > 2, since

dp — (RKr+R?*—1)=R*+2R* -3R—2=(R—2)(R*+4R+5) +8>0. (D10)

The confidence penalty for this fixed score has no 2™ simultaneous- estimation prefactor. A chosen absolute error
allowance € > 0 is reached once N, > 2L?1In(1/d,)/€2. This only bounds the penalty: a physical gap may shrink with
n, and positive certification or n-independent resolution of that gap does not follow. The raw inequality is valid for
general noise, but a single score does not determine its minimal simulation cost.

An explicit stopping-safe variant. The fixed-N; confidence statement cannot silently be used at a data-dependent
stopping time. For a sequential process defined for all j > 1, retain the fixed witness and conditional sampling law
and allocate J5; = d/[j(j + 1)]. Because > .-, 1/[j(j + 1)] = 1, applying Eq. (D7) at every j and taking a countable
union gives, with probability at least 1 — &, simultaneously for all j,

F, >
! j

17, k1L HW] | (D11)
+

This permits evaluation at any almost-surely finite integer-valued stopping time. It is a conservative simultaneous
corollary, not an optimal confidence sequence; the larger penalty must not be replaced by the fixed-sample one.
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Appendix E: Imperfect setting distributions

Imperfect setting generators and conservative calibration already enter memory-robust Bell analysis [19, 24]. Our
target is the average measurement dependence defined in Appendix D, not the generator’s bias itself. There are two
cases. If the actual input probabilities are unknown, a calibrated bound on their deviation gives a systematic correction.
If they are exactly known before each trial, reweighting removes the bias. We retain the same conditional model, fixed
witness and complete raw trials.

An unknown input law with a bounded deviation. Denote the designed input distribution by ¢.(x) = ﬂx(x)/2"_1;
the star distinguishes this probability from the quadratic ¢(x). Let r:(x|H:—1) be the actual conditional setting law,
with positive support on every setting. Suppose a calibrated bound

S

1

— E1l
Nst €t (E1)

1

DTV[Ttvq*] Sgtv €=

holds at the relevant histories. Predictable envelopes suffice. Then, with probability at least 1 — d,

21n(1/5,)

Fy, 2 |LZ— k=202 = 1) | —1

(E2)

+

The envelope controls the entire joint setting law, not merely parity frequencies. If only the parity mass changes and
strings remain uniform within each sector, its TV is the absolute parity-mass deviation. Full support is a separate
assumption: a small TV tolerance alone does not ensure that every setting has positive probability.

To prove the result, set f;(x) = (—1)?®) E;(x|H;_1) € [~1,1]. On this same conditional table, the nominal score
mean is pf = LY q.(x)fi(x) = aSo s + bS1+ < k+ F;. For the actual mean py = E[LZ;|H;_1],

e — 1 = LS (%) — 4. () fu(x) < 2LD1vlre, a.] < 2Ler. (E3)

The positive and negative parts of r; — ¢, each have mass Drv[re, ¢.], which proves the factor two for any bounded
ft. The raw score LZ; still lies in [—L, L]. Apply the conditional Hoeffding argument to its actual conditional mean,
then combine its lower confidence bound with p; < k + F; + 2Le;. This proves Eq. (E2) without stationarity or
independence across trials. A fixed tolerance leaves a systematic floor 2L even as statistical fluctuation decreases.

Sharpness within deterministic local models. Choose a type-I signed class with positive even Walsh sum in
Appendix C. Its agreement signs g.(x) have even and odd sums 2R and zero. Since each sector has 2R? settings,
the nominal mean is Lmy/R = a/R = k. The odd-sector signs are balanced, so select odd settings x4 ,x_ with signs
+1,-1. For 0 < € < g«(x_), define

r(x) = ¢ (X) + edxx, — E0xx_ - (E4)

The law is normalized and positive, its TV deviation is €, and both parity masses are unchanged. Fixing the same
deterministic hidden class for every input gives F' = 0, but actual mean score k + 2Le. Thus no smaller uniform
coeflicient than 2L in the affine budget p < k + F + Ce is valid, even for local models. This is sharp systematic
sensitivity of this witness, not an optimal finite-sample tail or the minimal cost for arbitrary noise. The transferable
mass can be small at large n; saturation alone does not promise a large experimentally resolvable margin.

Known law and the statistical cost of correction. Suppose instead that the actual law is known exactly before the
current input and outcome, may depend on recorded past, and satisfies r¢(x|Hi—1) > (q.(x) for a fixed deterministic
0 < ¢ <1 at every history and setting. Use the inverse-probability score [19]

W, =L Q*(Xt)

LX) 7. (E5)

Then E[Wi|Hi—1] = uf < k + F} exactly, while |W;| < L/{. Conditional Hoeffding with this common deterministic
range gives, with probability at least 1 — d,

_ _ L [2In(1/s,) 1
> — —_ — _— = — .
P,z Wk~ ¥ L W= §t W, (E6)

+
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Known drift is removed at the price of a larger statistical range. A relative lower-probability tolerance r; > (1—1n)g. uses
¢ =1—mn. ATV tolerance alone does not provide an n-independent ratio floor: almost all mass at one small-probability
setting can disappear while TV remains small. Estimated or pooled input probabilities cannot replace the exact
conditional law in Eq. (E5). Nor does a predictable variable range justify optimizing a Chernoff parameter using a
future realized variance sum; that requires a separate self-normalized argument.

Combining calibration and sampling errors. Calibration is a separate inference task [24]. Suppose a valid external
procedure supplies an event C of probability at least 1 — d., on which all claimed conditional envelopes hold along
the tested path. The bounded-score martingale event M is proved unconditionally. On their intersection Eq. (E2)
holds, and Pr(C N M) > 1 — .1 — 0s. No independence is required; conditioning the martingale proof on calibration
success would be a different argument. A confidence bound on pooled input frequencies does not by itself supply
C. A calibration procedure under explicit generator assumptions follows in Appendix F. It does not make estimated
probabilities exact for Eq. (E5).

For a process defined for all prefixes, allocating d, ; = d5/[j(j + 1)] gives, simultaneously for all j > 1,

F;>|LZ;—k—2Lz; — L (E7)

21n[j(j + 1)/6,]
J +'

Its probability is at least 1 — 5, or 1 —d5 — dca1 When calibration covers all prefixes only on C. The same union argument
applies to Eq. (E6) with Wj, L/¢. These simultaneous statements permit any almost-surely finite integer-valued
stopping time with their larger penalties.

Why pooled input frequencies are insufficient. The following example has no measurement dependence at any trial,
yet its average input probabilities equal the design and its uncorrected score exceeds the local limit. Input bias that
changes with the past can therefore mislead a test based only on pooled frequencies. Cycle equally often through all
27+1 signed deterministic classes ¢ = (¢,7), recording the cycle in the pretrial protocol. Put g.(x) = (—1)9G)+¢+7x
and m. =Y ¢«(x)gc(x). At a trial assigned class ¢, fix A = ¢ independently of the current input, giving F; = 0, and
choose

(x) — me
re(X) = q.(x) {1 + 9()2} . (E8)
It is normalized, and positive because |m.| < 1. Sign partners ¢ and ¢ + 1 average their two input laws to g. exactly.
Thus the cycle-averaged marginal equals the design. Yet the expected signed score in a trial is m. + (1 — m?)/2. The
even-party spectrum splits the classes equally between |m.| = mo/R and m /R, so the cycle mean is

1 w2 4 72
<Z>cyc1e = 5 |:1 - 02R21] .

(E9)
For four parties this is 2107/4624 > 7/17 = k/L, although every conditional diameter vanishes. Independent input
draws across repeated cycles make pooled frequencies approach g, while the uncorrected nominal certificate becomes
positive. The calibrated bound remains valid. The relevant diagnostic is the history-conditional input law, not only its
aggregate histogram or parity frequencies.

Appendix F: Calibrating a setting generator from past inputs

The input-error correction in Appendix E requires a bound on the setting distribution before each trial. For
the bounded-drift generator specified here, past inputs supply such a bound. The construction applies established
multi-window concentration and drift-estimation tools [25] to the parity probability of the GHZ sampling protocol. It
assumes the generator properties stated next; it does not verify them.

Generator and drift assumptions. Retain the fixed even-party witness and the complete observed-history filtration
of Appendix D. Let J; = 1 select even parity and J; = 0 odd parity, with unknown predictable probability, determined
by the recorded past, w; = Pr(J; = 1|/H;—1). Conditional on both (#;_1, J¢), draw a uniform mask U; € Fgfl and
assign

Xig=Uy (i<n), Xpu=1-J+Y Uy (mod?2). (F1)

)
i<n
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Thus each sector is uniform, and

w/2n x) =0,
t/ X( ) 1 DTv[Tt,q*} = |wt — 7T0|. (F2)

(I —w)/2"7h x(x) =1,

The map within each sector is a bijection; the two sector contributions to the ¢; distance are each |w; — my|. No
setting—hidden-variable independence is imposed.

Specify deterministic acquisition constants 0 < wpin < min{mg, 71} and A, > 0 such that, almost surely at all
relevant histories,

ri(x|Hio1) = {

Wmin S Wt S 1-— Wmin |wt+1 - wt‘ S Ain' (F3)

The probability can depend on recorded past outcomes and inputs. The rate bound, full support, and mask uniformity
conditional on both history and parity are external model assumptions. Pooled frequency checks, unconditional fair
bits, or feedback stability do not establish them. This correlated joint generator is not a product of independent local
setting sources and is not a demonstrated spacelike protocol.

Calibration before each trial at a fized horizon. Before data collection fix Ny, dca € (0,1) and a finite nonempty grid
W of positive integer window lengths. Record £, = max W complete warmup trials, excluding their outcomes from the
reported score by this predetermined chronology. Score all of the next Ny complete raw trials, t = fiax+1, - . ., lnax+ Ns-
Before each scored trial ¢, compute from past parity bits only

t—1
N 1 In(2NW|/dcar)
= — h — -
Wre =7 Js, ¢ \/ Y ,
s=t—4
~ An(f+1
Ut e = |wt7( — 7T0‘ + hg + 7(2 ) (F4)

The prior interval supplies €prior = max{|wmin — o[, |1 — wmin — To|}. Store the pretrial envelope
€¢ = Min § €prior, Min u . F5
¢ = min { o i e | (F3)

Generate the input, record J; and the complete outcome string, and add its signed product Z; to the score. The
window can be chosen from this grid using the observed past; no unbudgeted window or current J; is used to calibrate
that same trial.

Here is the coverage proof. For each deterministic (¢, /), Js — ws is a martingale difference with conditional interval
length one. Conditional Hoeffding, as proved in Appendix D, gives

|

The means may be random and history-adaptive. A union bound over the N¢|W)| prescribed windows controls all
deviations by hy with probability at least 1 — d.,. Overlapping windows need not be independent. Pathwise telescoping
of Eq. (F3) yields

t—1

E’-}t,ﬁ _% Z Ws

s=t—~

> h} < 2¢720 (F6)

t—1

Wt_% Zws

s=t—~

£
Ain . Ain é‘f'l
< 7 E j:%. (F7)
Jj=1

On this simultaneous event, every u; ¢ and the prior cap bound |w; — mgl, so Eq. (F5) is valid for all scored trials. More
past inputs reduce the statistical radius but increase the drift allowance.
Intersect this event with the unconditional raw-score sampling event. With probability at least 1 — d¢a1 — ds,

—test — test

. 21n(1/6,
P> (17— —gpzten _ g, | 200/0%)

N, (F8)
N

All bars here average only the prescribed scored trials; their conditional diameters use the same full history as before.
Calibration and score data can overlap. No independence between the two confidence events or conditioning on
calibration success is used. Choose their total failure budget below one for a nonvacuous confidence level. Estimated
probabilities enter only as covered TV envelopes, not exact probabilities in the importance score of Eq. (E5).
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Calibration when the stopping time is not fized. For a process defined at all times, a separate schedule covers every
t>2and {=1,...,t—1. Allocate

Qg

2., [l D — 1)/deal]
L= ma hie = \/ ! (F9)

20 ’

The sum of oy s over all windows is dca1. Use Eq. (F5) with all preceding windows and these radii. The resulting envelope
is simultaneously valid at all times. Score trials 2,...,j 4+ 1 and apply the sampling allocation d, ; = d5/[j(7 + 1)].
With probability at least 1 — §ca1 — 05, Eq. (F8) holds for every scored prefix j, with all horizon-indexed averages and
denominators taken over these j scored trials and its sampling logarithm replaced by In[j(j+1)/ds]. It can therefore be
evaluated at any almost-surely finite integer-valued stopping time in scored-trial count. The fixed-horizon calibration
and sampling radii cannot replace these simultaneous penalties at an arbitrary stopping time.

A separately bounded imperfect mask. Let k; € [0, 1] be deterministic or H;_;-measurable and known before the
current parity, mask and outcomes are generated. If, for both parity branches at each relevant history, the conditional
mask law is within TV x; of uniform, the sector-uniform intermediate law in Eq. (F2) differs from the actual law
by at most wiks + (1 — wi)ke = K. Thus min{l,e; + K} is a joint-law envelope. If the mask contract holds only on
an external event of failure probability at most dymask, that event must cover both branches and all scored histories
simultaneously, or all times in the stopping variant. Intersect it unconditionally and add .5k once to the total risk.
Full support remains a separate requirement; TV closeness alone does not ensure it. Parity logs do not calibrate x; or
verify Eq. (F3). The procedure supplies error bounds within the stated generator model; it neither verifies randomness
without that model nor demonstrates an implemented experimental test.
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