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Abstract

A valence-bond-solid chain pairs neighbouring virtual spins into singlets and projects
each pair onto a physical multiplet; its transfer matrix is Clebsch—Gordan data whose
spectrum fixes the norm, the entanglement degeneracies and every correlation length. For
the SU(N) family whose virtual bond is the self-conjugate exterior power of the defining
representation, IV even, exact diagonalisation up to N = 12 had supported three unproven
statements; we prove all three and the mechanism behind them. An equivariance theorem,
valid for every self-conjugate virtual irrep and physical multiplet, gives the sector block
structure and the singlet eigenvalue dim P/dim V2. Here the weight-zero block of the
diagonal Casimir is minus a Johnson graph adjacency matrix, reducing the spectrum to
symmetric-function data on a space of dimension ( NJ\/IQ), not its square; a theta-function
identity, the Johnson eigenvalues of the subset-incidence matrices, a character expansion
and a Riordan inversion then express every eigenvalue, interior rows included, as a finite
double sum of binomials — no recursion, no eigensolver. Both correlation-length formulas
hold for every even N, with one qualification: the two-column formula 1/In(N + 1) selects
the second-largest eigenvalue in modulus, whereas the literal real-part reading picks a
different sector and is false for every even N > 4. In the second row, eigenvalue collisions
occur precisely when 2N + 1 is a sum of two non-zero squares. The arbitrary-spin SU(2)
family collapses to one Wigner 65 symbol. Not established: a compressed closed form
beyond the second row, or any comparable reduction when the virtual weight space is not
a single orbit.

1 Introduction

The Affleck—Kennedy—Lieb—Tasaki chain is the one quantum spin chain whose correlations can
be read off exactly, and the reason is that its ground state is built rather than solved for [1, 2].
One places a spin—% degree of freedom on each end of every bond, pairs the two virtual spins
sitting on each bond into a singlet, and then projects the two virtual spins at every site onto
the physical spin-1 multiplet. The resulting state is a matrix product state (MPS) in the sense
of Fannes et al. [3] and Pérez-Garcia et al. [4], its matrices are Clebsch—Gordan coefficients,
and everything that a numerical study would have to extract from a long chain — the norm,
the entanglement degeneracies, the exponential decay of correlations — is a property of the
single-site transfer matrix

T =Y A"@A, (1)
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where o runs over a basis of the physical multiplet and A% are the MPS tensors. For the spin-1
chain the spectrum of (1) is {1, —%, —%, —% after normalisation, and the correlation length
is 1/1In3.

Gozel et al. [5] generalised this construction to SU(/N) and studied the family in which the
virtual bond carries an arbitrary self-conjugate irrep V', the singlet bonds are formed with the
invariant bilinear form of V, and the physical multiplet P is any irrep occurring in V ® V.
Exact diagonalisation of (1) for that family, carried out up to N = 12, produced three patterns
that the same work left as conjectures [6]:

(a) every eigenvalue of T' is degenerate, with multiplicity equal to the dimension of an irrep
R appearing in V @ V;

(b) the largest eigenvalue is the non-degenerate one belonging to the singlet sector, and

equals dim(P)/dim(V)?;

(¢) for N even and V = AN/2(CN), with P the two-column irrep (2,2, ...,2), the correlation
length is £ = 1/In(N + 1);

(d) for the same N and V, with P the adjoint irrep, £~' = In((N + 1)/(N — 3)).

Claims (c) and (d) are statements about the two eigenvalues of largest real part; Section 7
explains why that wording matters and what replaces it.

This paper is about the mechanism behind those four patterns, and about how much of
each of them survives as a theorem. Three things turned out to be true and to be worth
stating separately, because they are of different kinds.

The first is structural and completely general. There is an equivariance theorem (Theo-
rem 3.1) whose only hypotheses are that V' be self-conjugate with an invariant form e nor-
malised by eTe = I, and that the projector onto the physical space commute with the diagonal
action. From those two facts alone, with no assumption on N, on which self-conjugate irrep
V' is, on the multiplicities in V ® V, no Clebsch—Gordan data, no characters and no eigen-
value solver, one gets that T intertwines the diagonal action on V ® V*| that every eigenvalue
has multiplicity divisible by the dimension of the sector it comes from, and that the singlet
eigenvalue is exactly dim(P)/dim(V)2. That is claim (a) as a block statement for every self-
conjugate V', and the value half of claim (b) for every self-conjugate V' and every P. It also
disposes of a plausible-looking identity that had been used to argue for it: the assertion that
T intertwines ¢ ® ¢ with g ® g~ ! is false, and Section 3 exhibits the smallest counterexample,
the textbook spin-1 Affleck—Kennedy—Lieb—Tasaki (AKLT) chain.

The second is a reduction specific to the exterior-power family, and it is what makes
the problem computable. Writing N = 2m and V = Am(CN ), the doubled virtual space
decomposes multiplicity-freely (Theorem 4.2), and the restriction of the diagonal Casimir to
the weight-zero space is, after conjugation by the Hodge signs, exactly m?I — Ay, where Ay is
the adjacency matrix of the Johnson graph on the m-subsets of a 2m-set (Theorem 4.3). The
weight-zero space has dimension d = (%T) and detects every sector, so the entire spectrum
of a transfer matrix acting on a space of dimension d? is controlled by a sparse d x d integer
matrix. At N = 12 this is a 924 x 924 matrix with 4% of its entries non-zero, and the exact
spectrum follows in about three minutes; the dense route does not run at all beyond N = 8.

The third is an evaluation. The Johnson reduction converts the spectrum into a question
about symmetric functions, and that question can be answered completely. A quadratic iden-
tity for the theta functions ©; of the Johnson scheme (Lemma 5.1 and Proposition 5.3), the
closed form for the Johnson eigenvalues ’yj(-t) of the subset-incidence matrices (Theorem 5.6,
proved in Appendix B), the character expansion of ©; in the Schur functions of the sectors
(Theorem 5.7), and a Riordan inversion of the resulting triangular system (Theorem 5.8, proved



in Appendix C) together give every eigenvalue as an explicit finite double sum of binomial
coefficients:
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valid for every even N, every row 0 < j < m and every sector 0 < k < m, with the coefficients
alt, k] themselves binomial sums (Theorem 5.7). Equation (2) is the content of Theorem 5.10.
There is no recursion in it, no matrix of size d or d?, and no eigensolver: the full table at
N = 80 takes a fraction of a second, and the two named rows can be checked from it for every
even N up to 300.

From (2) the two rows the conjectures concern come out in closed form. The adjoint row
is affine in the quadratic Casimir ¢, = k(N + 1 — k) of the sector,

W _ M _4kN+1-k) 3
O N(N+1) ~’

and the two-column row is an alternating reciprocal binomial,

m _ (1)

el
Both were derived earlier and by different routes in iintsjds [7]: the adjoint row from a Casimir
argument on End(V'), the two-column row from a Johnson-kernel evaluation summed by Chu—
Vandermonde. We rederive them here and report the agreement as an independent check
rather than as a claim of priority; Section 9 states the boundary exactly, and the check itself
compares the two derivations entry for entry, in the same normalisation, for every even N up
to 300, and re-derives the intermediate Chu—Vandermonde step of iintsjds [7] as a terminating
rational sum.

What (3) and (4) give for the correlation lengths is a surprise worth stating plainly. Both
rows are pairwise distinct for every even N, so the singlet is the unique non-degenerate eigen-
value and claims (a) and (b) hold as literally stated for the two physical multiplets the con-
jectures name. Claim (d) follows under either reading of “second largest”: for N > 6 the
sector k = 1 wins in modulus and in real part alike, giving {~' = In((N 4+ 1)/(N — 3)), while
at N = 4 there is an exact tie |r1| = |ro| = % and both readings give In5. Claim (c¢) does
not survive its own wording. In the two-column row the runner-up in modulus is k£ = 1, with
ry = —1/(N + 1), so the physical decay rate gives ¢! = In(N + 1); but the runner-up in real
part is k = 2, with ro = —i—l/(N;“l) > 0 > r1, so the literal reading of the conjecture gives

(4)

¢l =In (N ;r 1) instead. The two readings coincide only at N = 2. Both are theorems here,
and the distinction was raised by scientific-author-96 [8]; we report it rather than choosing
silently, because a claim of the form “¢ = 1/In(N + 1) for all even N” is true only once the
selection rule is fixed.

Two further results fall out of (2) and are new. The second row collapses to a quadratic

in the Casimir,
2
(2) 2m —1 L
=1 k. _9 5
"k + m(m —1)(2m + 1) <m2 Ck) ’ (5)

and the resulting collision criterion is arithmetic rather than accidental: two sectors share an
eigenvalue in that row if and only if 2NV + 1 is a sum of two non-zero squares (Theorem 6.8).
That is why the degeneracies of claim (a) fail sporadically for interior physical multiplets —
they fail at N = 6, 8 and 12 and not at N = 10 — and the number of failures at each N is
a divisor count. The adjoint row likewise contains an exact zero if and only if N 4+ 1 is an




Table 1: Status of the four conjectures of peter0627ustc [6] for the family V = A™(CV),
N = 2m even, and of the two published SU(2) formulas. “Block” means the multiplicities are
divisible by the sector dimension rather than equal to it. The selection-rule column records
which reading of “second-largest eigenvalue” the correlation-length statement uses.

Claim Status Scope Selection rule
(a) degeneracy = theorem (block form) for every all N;interior failures —
dim Ry, self-conjugate V'; theorem for the at N =6,8,12,...

two named multiplets; fails liter-
ally for interior P
(b) Amax theorem for every self-conjugate all N, both named —
V and every physical P, with rows up to N =200
Amax = dim P/ dim V2; maximal-
ity and simplicity derived

(¢) £ = 1/In(N 4+ derived; false under the real-part every even N modulus: yes; real
1), two-column P reading part: In (N ;’ 1)
(d) &1 =1n %—fé, derived every even N >4 (tie both readings agree
adjoint P at N =4;In3 at N =

2)
SU(2) Egs. (13), exact consequences of (6), which 2s < 60 for the iden- (13) unconditional;
(14) of Gozel et al. is verified tity; 2s < 24 for the (14) a channel state-
[5] selection rule ment

odd perfect square, at the sector k = (N + 1 —+/N +1)/2; the case N = 8, k = 3 is inside
the exactly computed range and the case N = 24, k = 10, predicted before it was computed,
holds.

Finally, the same construction at N = 2 with an arbitrary virtual spin is a single Wigner
67 symbol. For virtual spin s and physical spin S occurring in s ® s, every eigenvalue of T is

25 +1
Ap = (—1)R+2s+S 237_7__1 {z Z }S%} , with multiplicity 2R + 1, (6)
for every sector R = 0,1,...,2s. Formula (6) is verified here rather than derived from the

intertwiner: it agrees with an independent exact evaluation of the 65 symbol on all 818 sym-
bols it uses, and with a dense exact diagonalisation on all 27 admissible pairs with 2s < 6,
multiplicities included. From it, the two SU(2) correlation-length formulas published in Gozel
et al. [5] turn out to be one identity, A1 /Ao = 1 —C2(5)/(2Ca(s)) with Ca(j) = j(j +1), exact
on all 1830 admissible pairs with 2s < 60; the two published formulas are reciprocals of each
other at S = 1. The same selection-rule caveat applies, and in SU(2) it is quantitative: over
the 300 admissible pairs with 2s < 24, the R = 1 channel sets the modulus reading of the
correlation length in 194 and the real-part reading in 160, and the two readings differ in 134.

Table 1 summarises the status of every claim, with the section that establishes it. The
distinction the table draws between theorem, derived and wverified is used consistently in this
paper. A theorem has hypotheses and a proof, given here or cited with its source. Derived
means that the quantity is an explicit expression in binomial coefficients obtained from proved
identities, one of which — the character-trace identity (39) — is cited from scientific-author-80
[9] rather than re-derived, so that the general-N statements resting on it are unconditional
up to that citation and unconditional outright for every even N < 12, where the whole chain
is checked end to end. Verified means an exact rational identity asserted over a stated finite
range.

The rest of the paper is organised as follows. Section 2 fixes the construction and the
normalisation, and records the negative result that any closed form must beat. Section 3 proves



the equivariance theorem. Section 4 establishes the Littlewood—Richardson decomposition and
the Johnson reduction. Section 5 evaluates the symmetric-function data and proves the double-
sum formula (2). Section 6 gives the exact spectra and the consequences that are visible only
in them: the degree law, the four trace identities, the zeros and the collisions. Section 7
turns the two closed rows into correlation lengths and states the selection-rule qualification.
Section 8 treats arbitrary-spin SU(2). Section 9 records what is checked, over which ranges,
and the boundary with prior work; Section 10 states what is not established; Section 12
assigns credit. Appendices A-E carry the three long proofs, the complete exact tables and the
verification-range table.

2 The transfer matrix from representation-theoretic data

2.1 The construction

Throughout, G = SU(N) and all representations are finite-dimensional and complex. Let V
be an irrep of dimension n = dimV and let P C V ® V be an irreducible subrepresentation,
with IIp the orthogonal projector onto it.

Definition 2.1 (Self-conjugate virtual irrep and its invariant form). An drrep V' is self-
conjugate if V >~ V*. Equivalently there is a non-degenerate G-invariant bilinear form e = ey
on V', unique up to scale, which we fix once and for all by the normalisation

ele =1, hence el =ce, 2=l ¢==+l. (7)

Invariance is
gleg=¢c forallgeG, equivalently XTe4+eX =0 forall X €sly. (8)

The sign s is +1 for a real-type irrep and —1 for a quaternionic-type one; for V.= A"™(CN)
with N = 2m it is ¢ = (—1)™, and € is the Hodge star, an exact signed permutation matriz in
the wedge basis.

Two points about (7) and (8) are worth making before anything is computed. First, ¢ is
obtained by solving the linear system (8) for the generators, so no phase or sign convention
has to be guessed and both signs of ¢ are covered by the same formulas. Second, the scale is
fixed by (7); because T below is quadratic in ¢, rescaling € — ce rescales T — ¢*T, so every
eigenvalue formula in this paper is a statement about the normalisation (7).

Definition 2.2 (The valence-bond-solid tensor and its transfer matrix). Let C7: P - V ®
V, o =1,...,dim P, be any orthonormal family of Clebsch—Gordan maps, so that llp =
>, C(Co)T. The valence-bond-solid tensor is

1

AO'
NG

C, T = ZAU ® A%, (9)
that is, in components, with composite indices (a,a’) and (b,b') on V@ V*,
1
T(a,a/),(b,b’) = E Z(HP)(a,c),(a’,c’) Ecb €'Y - (10)

c,c

Definition 2.2 is the object studied in Gozel et al. [5]. The factor 1/4/n is not a free
convention: it is the unique scaling for which the completeness sum ) A?(A%)T is proportional



to the identity, and the proportionality constant then turns out to be the largest eigenvalue
of T. We can now say why. A direct computation gives

1
>oA7(A0) = = Try(TIp), (11)
where Trs is the partial trace over the second tensor factor, and Theorem 3.1(iii) below gives
Tro(Ilp) = (dim P/n) 1. Hence
o/ aont dim P
Z A (A ) = n2 I = Asinglet I, (12)

which is simultaneously the normalisation condition of an injective matrix product state [4] and
the value half of claim (b). Rescaling A — A7 /\/Asinglet makes the state exactly normalised
and divides every eigenvalue of T' by Aginglet; the ratios

0
r,(gj) = ﬁ (13)
0

are therefore independent of that choice, and they are what the correlation lengths depend
on.

Nothing in (10) requires a table of Clebsch—Gordan coefficients. The projector IIp can be
produced from the diagonal quadratic Casimir alone. Write A(X) = X @ [+ [ ® X for the
diagonal action and

1 2
Codiag = % [%: A(E;j)A(Ej;) — N ( z; A(En')> } , (14)
with E;; the standard generators of gly represented on V', normalised so that

NZ_1
ON '

Cs(fundamental) = Cy(adjoint) = N.

Then Cj giag acts as the scalar Co(R) on every irreducible summand R of V ® V, and if the
distinct Casimir values separate the summands — a condition we check rather than assume
— IIp is the Lagrange interpolation polynomial in C5 giag over those values. Its idempotence
and its rank, Tr IIp = dim P, are asserted at every use. The dimension dim P and the Casimir
Cy(P) are computed independently, from the hook-content rule and from the Young-diagram
Casimir formula respectively [10], and matched against the exact nullity of Cy giag — C2(P)I;
the agreement of three independent quantities is the first sign that the construction is right.

2.2 The control case: the spin-1 AKLT chain

Take G = SU(2), V the spin—% representation (n = 2, € = io, antisymmetric, ¢ = —1) and P
the spin-1 representation (dim P = 3). Then V ® V splits as spin-0 plus spin-1, with Casimir
values 0 and 2, so IIp = (C3 giag —0)/2 and (10) is a 4 x 4 exact rational matrix. Its spectrum

is
3 dimP

17 Qim V2
and dividing by Apax gives {1 : —% x 3}, the textbook result, with correlation length 1/1n 3.

The rescaled tensors are the familiar ones with coefficients 1/2/3 and 1/1/3. This is also the
N = 2 member of the family in claims (¢) and (d), where the two-column and adjoint physical
irreps coincide and both formulas give In 3.

spec(T) = {% 1, _% : 3}7 Amax = (15)



2.3 A scan of SU(2), and a negative result

The same construction was run for every admissible pair (V, P) with V' the spin-s representa-
tion for 2s = 1,...,6 and P any spin-S occurring in V ® V: 27 pairs in all, with T" at most
49 x 49, in exact rational arithmetic. Three things came out.

The singlet formula (12) holds exactly in all 27 cases, the singlet eigenvalue is simple in
all of them, and it is the largest in modulus in all 21 cases where T is not a multiple of the
identity. The six exceptions are the pairs with P trivial, where (10) degenerates to

1
P=1 = T= dim (V)2 I, (16)
a boundary case rather than a counterexample, and one that Corollary 3.6 below proves for
every self-conjugate V.

The multiplicity of every eigenvalue equals the dimension of a sector R of V ® V in all 21
non-degenerate cases, and the attribution of an eigenvalue to a sector is unique in 19 of them.
In the remaining two, eigenvalues coincide across sectors and only the compatible groupings
can be listed from the spectrum alone; for V' = P = spin-3, for instance, the eigenvalue 1/14
has multiplicity 14, which is 3 4+ 11 or 5 4+ 9 or other sums, and the spectrum does not say
which. Equation (6) resolves both cases per sector: 1/14 belongs to the sectors of spin 1 and
5, and —1/42 to those of spin 2, 4 and 6.

The natural closed-form guess fails. Writing the ansatz A = A9 — b C2(R) with a single
exact b per pair, fixed by the smallest non-singlet sector, reproduces the spectrum in only 8 of
the 21 non-degenerate cases and is refuted in 13. The smallest counterexample is V' = spin-1,
P = spin-2, where the exact spectrum is {% 1, Tls : 5, —1% : 3}: the fit gives b = % and
predicts —% for the spin-2 sector, against the exact value 1—18. Since A depends on P as well
as on R, no formula in Co(R) alone can work. This is the negative result that equation (6)
eventually answers, and it is the reason the general argument of the next section is worth
having: it explains the multiplicities without ever needing to know the eigenvalues.

One more observation from that scan shapes everything after it. The flag [T, C2,diag] =0
is true in only 7 of the 27 pairs — the six with P trivial and the pair (s,5) = (3,1) —so T
itself is not the equivariant object. What commutes with C5 giag in every case is the conjugate

S =ETE", E =1I®e¢, (17)

and F is orthogonal by (7), so S and T have the same spectrum with the same multiplicities.
The next section proves that this is not a coincidence.

3 The equivariance theorem

3.1 A plausible identity that is false

The multiplicities of claim (a) invite a short argument. If 7" satisfied
Tgog) = (g0g )T for all g € G, (18)

then conjugating by £ = I ® ¢ would make S = ETET commute with the diagonal action,
Schur’s lemma would make it a scalar on each sector, and the multiplicities would follow.
Identity (18) is false, and it is worth seeing exactly where it breaks, because the failure is
instructive rather than technical.

Take the smallest case, the spin-1 AKLT chain of Section 2, and differentiate (18) at
the identity in the direction X = S, = diag(3,—3). The infinitesimal form is TdX =



(X®I-I®X)T withdX = X ®[+1I® X, and in the basis of V ® V* the three matrices are

1 1 1 1
g 000 1 00 —3
0 -+ 0 o0 000 0
= 4 =
T00—§0’de 000 0}
1 1 1 1
z 00 3 3 00 —3
0 0 00
0 -2 00
— — 4
0 0 00

which differ in every block. The same refutation holds for at least one generator in every one
of the 27 SU(2) pairs of Section 2.3 and in both exterior-power cases N = 2,4 checked densely.

The reason (18) looks plausible is that ¢g~! and the contragredient g~ coincide for the
defining representation of SU(2), so at N = 2 with V' the fundamental the two statements are
indistinguishable. The correct statement replaces g~! by ¢~ ' and moves it to the other side
of the commutator:

(T, g0g T]=0, equivalently [S, g®g]=0. (19)

That is the standard invariance of a matrix product state built from an intertwiner, and it is
a different assertion: T is an intertwiner for the diagonal action on V ® V*, not a conjugation
between two actions on V ® V.

3.2 Statement

Fix a self-conjugate irrep V' of dimension n with invariant form ¢ as in Definition 2.1, so that
(7)—(8) hold, let V' = V carry the contragredient action U’, let A = U ® U’ be the diagonal
action on V ® V', and let G,qj be the adjoint group of G. One further condition on this data

is used:
eU'(g) =Ul(g)e for all g € Gagj, (20)

that is, € intertwines U’ and U on the adjoint group Guqj. Let W C V ® V be any sub-
representation, not necessarily irreducible, and let II be the orthogonal projector onto W, so

that
=1, I’ =TI, [, g®g]=0 forallgcGaG. (21)

Define T by (10) with I[Ip = II, and S = ETET with E =1 ®¢ as in (17).

Theorem 3.1 (Equivariance and the singlet eigenvalue). Under (7)—(8), (20) and (21), for
every g € G:

. 1
(1) Saawn = D W) (ad) Sok S
x?q

(ii) [S, g®g] =0, equivalently [T, g ® g_T] =0;
dim W

(i) Tro(M)ig) = D Mi) (g) = ¥

(iv) the eigenvalue of S, hence of T, on the unique singlet of V&V is Aginglet = dim W /n?.

Only (7), (8), (20) and (21) are used. There is no assumption on N, on which self-conjugate
irrep V is, on W, or on the multiplicities in V ® V; and the proof uses no Clebsch—Gordan
data, no character identity and no eigenvalue solver.



3.3 Proof

Lemma 3.2. Under (7) and (8), eg = g 'e, gle =eg™!, eg' =g 'e, gc =eg ", and

E'(gogE=g®g "

Proof. From g'eg = ¢, right-multiplication by ¢! gives g'e = eg~! and left-multiplication
by ¢~ gives eg = g~ 'e. Substituting ¢ — ¢~ " in the second relation gives ge = g~ T,
since (g*T)*T = g; transposing that and inserting e’ = ¢e from (7) on both sides gives
eg" = g~ 'e. For the last identity, ET (g® g)E = g® (¢"ge),and e 'g =ceg =g e =g "¢,
soelge=g TeTe =g T by (7). O
Proof of Theorem 3.1, part (i). Expanding S = ETET with By (up) = Ozuyw gives

Sig), (k1) = Zv’z 0T (i v),(k,2)€1z- In (10) the row slots of IT are (i, c) and the column slots are
(v,d), so

1 1
S(i,j),(k,l) = E Z Ejv H(i,c),(v,d) Eck€dzElz = ﬁ Z Ejv H(i,c),(v,d) Eck (8€T)dl,

v,2,¢,d v,c,d

and (ge")g = 04 by (7). Renaming ¢ — z and v — ¢ gives (i). The two ¢ slots come back
crossed: ey carries the row slot 2 of II and €, the column slot 1. That crossing is the whole
content of the correction of Section 3; it is why the naive guesses S = II/n and (18) are both
wrong. O

Proof of Theorem 3.1, part (ii). Write the invariance of II in conjugation form, valid because
[, 9 ® g] = 0:

Wioiat) = D Jip 928 Mpp) ) (0 g (97 et (22)
p,B,7,s

The claim [S, g®@g] = 018 >4 ; S(ij), k0 9kk G0 = D_pp 1 Gip9irS(p,r), (k' 17)- For the left-hand side,
use (i) and then, by Lemma 3.2, 3", eurgir = (£9)uk = (97 7€) upr = Zy(gfl)yx gkt

1 _
LHS = n Z 1,2, (g,0) (9 1)yar Eyk’ il €jq-
z,q,lLy

Substituting (22) for Il(; ;) (4 collapses the sums over z, [ and ¢: >0y = Oyps

Z[(g_l)slgll’ = sl’ and Z ( )rqgjq = (g_lgT)rj = C(EQT)T]' = gztf':rtgjh again by
Lemma 3.2 and " = ¢e. Hence
S
LHS = = % gip it Wiy, (r) Sy Ert-
Pyt

The right-hand side, again by (i), is

1 S
RHS = n Z ip 9t Wip.y),(rr) Eyt Etr = n Z ip 9it L(p,y).(r11) Eyhr Ert;s
p’yzrvt p,y,’f’,t

because ¢4 = ¢e¢+. So LHS = RHS, and the two factors of ¢ cancel: the theorem holds for
real-type and quaternionic-type V alike. The equivalence with [T,g ® g~ '] = 0 is the last
identity of Lemma 3.2. 0

Proof of Theorem 3.1, part (iii). Apply (22) with g replaced by ¢!, i.. Wigm),be) =
Ep,y,ns(g_l)ap(g_l)wa(p,y),(r,s)grbgsx- Then

ng Tf2(H)(a,b) (g_ Z OipOysOrq H(py (r,8) Z H(w (g:) (H)(i,q)’

a,b DyY,T,8,T

so Try(IT) commutes with every g. As V is irreducible, Schur’s lemma gives Try(II) = ¢l with
¢ =Tr(Tro II) /n = Tr(II) /n = dim W/n. O



Proof of Theorem 3.1, part (iv). The singlet of V' ® V' is unique, because V is irreducible and
self-conjugate so that V@ V ~ V ® V* ~ End(V) contains the identity exactly once; it is
spanned by uq, = €45, which is invariant because gagT = ¢ follows from (8). Its squared norm
i8>0 €2, = Tr(e"e) = n. Using (i), then Y, cxkerr = (€2)z = 604, then (iii),

1 S
(u, Su) = — > i i), (a) ok Ejg Skt = o > €ii W), () Eia
i7j7a"7q1l i7j7z7q

EL. =
1j n

_ S dim W Zfz‘j&“ﬁ _ ZdimW 9 dim W

— n? —
,] 2y

n n

S0 Asinglet = (u, Su)/(u,u) = (dimW/n)/n = dimW/n?. Since S and T are orthogonally
similar, this is the eigenvalue of T' on the singlet as well. O

3.4 Consequences

Corollary 3.3 (Sector block structure). Write VoV = @pmgrR. Then S, and hence T', acts
on the isotypic component of R as M ® lgim p with Mp an mpr X mpr matriz. Consequently
every eigenvalue of T has multiplicity divisible by dim R; if V ® V' s multiplicity free then
Mp is 1 x 1, T acts as a scalar Agr on all of R, and the multiplicity of A\r is exactly dim R
whenever the g are pairwise distinct.

Proof. Part (ii) makes S an intertwiner of the diagonal action, and Schur’s lemma gives the
form Mp @ Igim p on each isotypic component; T = ETSE inherits it. Distinctness of the
scalars is a separate question, and one that fails in general (Section 6.6). U

Corollary 3.3 is claim (a) in the form that holds without restriction: multiplicities divisible
by the sector dimension, sharpened to equality exactly when the tensor square is multiplicity
free and the eigenvalues are distinct. For SU(2), spin-s ® spin-s = @?:0 spin-R is multiplicity
free for every s, so claim (a) is a theorem for every spin and every physical multiplet, and the 27-
pair scan of Section 2.3 becomes a consequence rather than an observation. For V = A™(C¥)
with IV even, multiplicity freeness is Theorem 4.2 below.

Corollary 3.4 (Value half of claim (b)). Asinglet = dim(P)/ dim(V)? for every self-conjugate
virtual irrep V- and every physical space P CV Q V.

Proof. Theorem 3.1(iv) with W = P and n = dim V. O

What Theorem 3.1 does not give is the other half of claim (b), that Aginglet is simple and
largest in modulus, nor any value of A for R # 1. Those are the content of Sections 4—6.

Corollary 3.5 (Spectrum without an eigensolver). Let Iy be the projector onto the R-isotypic

component of V@ V. Then IIgSTlz = 0 for R # R, and if that component is a single copy

of R then IIgrSIlg = ARllr and

Tr(HgS)
dimR

The whole spectrum of T then follows from traces over Casimir eigenspaces.

AR = (23)

Proof. Part (ii) of Theorem 3.1 makes S an intertwiner of the diagonal action, so IIgSTIz = 0
for R # R’ and IIgSTIg = Mg ®Igim r by Corollary 3.3. When the component is a single copy
of R, Mg is the 1 x 1 matrix (Ag) and Tr(IIzS) = Ar dim R. O

Without that hypothesis (23) returns Tr(Mpg), the sum of the eigenvalues on the component
rather than one of them. Every family treated here is multiplicity free, by Theorem 4.2 for
A™(CN) and by the Clebsch-Gordan rule for SU(2).

10



Corollary 3.6 (Trivial physical space). If W is the singlet then dim W = 1 and part (i)
collapses to S =1/n?, so T =1/n? for every self-conjugate V, independently of the sign .

Proof. With W the trivial summand, II = ww' /n where w = > €ij€i ® €; has |w|? = n, so

part (i) reads S j) (k1) = # vaq Eiz€qlEakEjq = #(52)% (52)3'1 = 57225%5]‘1 by (7), and ¢ =1,
so S =1/n?; then S = ETET with E orthogonal gives T = I/n?. O

This is the boundary case (16) found in six of the 27 SU(2) pairs, now without exception.

Remark 3.7 (Normalisation). Theorem 3.1 uses (7) and the factor 1/n in (10). Under € — ce
the transfer matrix scales as T — 2T, so Asinglet = dim I/V/n2 is a statement about the
normalisation fixed by (7) together with the completeness condition (12).

4 The wedge family and its weight-zero reduction

From here to Section 7 the virtual irrep is the middle exterior power of the defining represen-
tation,

2m
m

N =2m even, V = A™(C), d=dimV = ( ), ¢ = Hodge star, (24)

which is self-conjugate with ¢ = (—1)™, and the physical irreps are
P=R;=(2,1>""2%)  j=0,1,...,m, (25)

in Young-diagram notation: Rg = (12™) is trivial, Ry = (2,1?™72) is the adjoint and R,, =
(2™) is the two-column irrep of claims (c) and (d). We write )\,(f ) for the eigenvalue of the

transfer matrix built from P = R; on the sector Rj of V ® V, and )\g)/)\(()j) = r,(cj) for the
corresponding ratio (13). The whole result of this paper is the (m+1) x (m+1) table of those
numbers.

4.1 Two operators that coincide

Let a range over the m-subsets of {0,1,...,N — 1} and let e, = v, A -+ A v,,, be the
corresponding wedge basis of V'; write a¢ for the complement of a and a— j+1 for (a\{j})U{i}.
The generators act by Ejjeq = 0 unless j € a and i ¢ a, in which case Ejje, = £e,—j4; with
the sign from reordering the wedge product; all matrix elements are integers. Besides C5 giag

of (14) we use
N

K = 1) A(Eg)A(E;) - 5 (26)
2%

Lemma 4.1 (Normalisation and centrality). On V @ V with V.= A™(C*™), K = C3 diag

exactly; K commutes with the diagonal action of gly and acts on an irreducible summand of

highest weight X as the scalar Ca(\).

Proof. Y, A(E;;) acts as 2m on every vector, so N~1(Y, A(E;))? = (2m)?/(2m) =2m = N
and the two definitions agree. Expanding, Zij A(E )A(E);) = Cog @ I +1® Cy g + 292
with © = Zij E;; ® Ej;, obtained by relabelling 7 <+ j in the cross term. Each of the three
summands commutes with A(X): the first two obviously, and  because it is the canonical
invariant tensor of gly. Centrality gives the scalar C2(\) on each summand. O

Lemma 4.1 matters because K has a form that can be evaluated on a weight basis, while
(3, diag is defined through a normalisation convention. Everything below is a statement about
K, and therefore about the Casimir.

11



4.2 The decomposition of the doubled virtual space

Theorem 4.2 (Littlewood—Richardson decomposition). For every m > 1,
m
A" @ AT = @le Rk _ (Qk’ 12m—2kz)’ (27)
k=0

each summand with multiplicity one.

The proof is an exercise in the lattice-word condition and is given in Appendix A: the
reading word of a Littlewood—Richardson tableau of content (1™) is forced to be 1,2,...,m,
so every coefficient is 0 or 1; semistandardness then forces each row of the skew shape to hold
at most one box, which leaves precisely the partitions R;. Two consequences are immediate
and will be used constantly. The doubled virtual space is multiplicity free, so Corollary 3.3
applies with mpr = 1; and in the language of symmetric functions,

€m(x)2 = Zst(m)7 (28)
k=0

where e, is the elementary symmetric function and sg, the Schur function, because e,, = xam
and the character of a tensor product is the product of characters.
With (27), the sector Casimirs and dimensions are

N N . N+1

where pg > 0 for every 0 < k < m and the empty binomials are read as zero. The first two
entries of (29) are consequences of Theorem 4.3 rather than of the Young-diagram formulas;
the third is the hook-content rule, independently confirmed from (29) at every N < 12 and re-
derived as an identity of integers in Corollary 5.11. For example at N = 6 the four sectors have
Casimirs 0, 6, 10, 12, dimensions 1, 35,189, 175, and multiplicities ur = 1,5,9,5; at N = 12 the
seven dimensions are 1,143,4212, 44044, 196625, 382239, 226512.

4.3 The weight-zero space is a Johnson scheme

The zero-weight space of V ® V for the diagonal action is

Wy = span{e, ® eqc}, dim Wy = <277T> =d, (30)
because e, ® e, has weight n with n;, = [i € a] + [i € b] € {0,1,2}, and n = #(1,...,1) forces
2m = tN = 2m¢t, hence t = 1 and b = a°. This is the special feature of the family (24): the
weight of V' is a single orbit, so the weight-zero space of the tensor square is d-dimensional
rather than d?-dimensional.

K is central, so it preserves every weight space, and K|y, is well defined. Write My for
its matrix in the basis (30) and

M = DsMyDsy, D = diag(s(a))v S(a) = 5[6aca ea] = (71)Za—m(m—1)/2’ (31)
the conjugate by the Hodge signs; s(a)? = 1, so M is similar to My. Let J(2m,m) be the

Johnson graph whose vertices are the m-subsets of a 2m-set, with an edge when two subsets
intersect in m — 1 elements, and let A; be its adjacency matrix [11].

12



Theorem 4.3 (Johnson reduction). For every even N = 2m, the sign-conjugated weight-zero
Casimir block is

M = m’I— Ay(2m,m). (32)

The unconjugated block satisfies the sharper entrywise statement Myla,a’] = —s(a)s(a’) =

(—1)i9=1 on every directed Johnson edge a’ = a—j+i with j € a, i ¢ a, and My has diagonal
2
me.

The proof is three sign lemmas — the wedge sign of E;j, the Hodge sign s(a) of (31),
and the edge entry just quoted — together with a diagonal count; it is given in Appendix A.
Both statements are asserted entrywise in exact integer arithmetic for every N < 12, the edge
statement on all dm(N — m) directed Johnson edges.

Equation (32) is the whole mechanism of this paper. It says that the sector structure of a
quantum spin chain is the classical Johnson scheme, and it converts a representation-theoretic
question into a combinatorial one whose answer has been known for a long time. On the
Boolean lattice of an N-set, let U and D be the up and down incidence maps. Then [D,U] =
N — 2( on level ¢, which is an sl action, and hard Lefschetz makes P; = ker(D: V; — V;_1)
a highest-weight space of dimension (];/) — (jjfl) = pj. With A; = DU — (N — m)I on level
m and v = U™ /p for p € P}, one gets DUv = (m — j)(m — j + 1)v, hence the Johnson

eigenvalues
N N
0; = (m—75)%—j, :()—( > 33
j=(m—j)"—j mi= o1 (33)

Matching (33) against the Casimir spectrum of K|y,, which is central with pairwise distinct
scalars on the summands of Theorem 4.2, gives four consequences that hold for every even N:

Co(Ry) = cp = m* — b, (34)
N N
dim (Wg N Rk) =l = (k) — (k B 1> >0 for every k, (35)
N+1
dim Ry, = < N )uk, (36)
H’C‘WO = DSEkD$7 (37)

where Ej = pi(M) is the Johnson idempotent, that is, the Lagrange interpolation polynomial
in M at the nodes €0y ---,Cm. Equation (34) derives the Young-diagram Casimir formula
rather than assuming it. Equation (35) is the important one: every sector is detected by the
weight-zero space, which is what reduces the computation from dimension d? to dimension d
with no loss of information.

4.4 The character-trace identity
Let z = (x1,...,2n) be a torus point, z* = [[, 2{*, and put
a —a

w(z), = z%, v(x)g =27, a an m-subset. (38)

The identity that turns the Johnson reduction into eigenvalues is
. N
€T)  dY A sp,(2) = (H:c) w(z)TEjv(), (39)
k =1

an identity of Laurent polynomials which on the torus [[,z; = 1 reads ), )\,(Cj )XRk () =
dHw(z), Eju(x)), with xg, the SU(IV) character. Identity (39) is proved in scientific-author-
80 [9] from a reshuffle form of (10) written in that work’s index convention as T; = R(11;)/d;

13



Remark 6.6 records that the identification does not survive the change to the conventions used
here, which leaves (39) untouched because it is an identity between the eigenvalues /\,(CJ ) and
characters, both of which are convention-free. The only subtlety is the GL(N) character of
the doubled copy, s, (z)/[]; zi, needed because (A™)* = A™ @ det ™ at N = 2m. We cite
that proof rather than reproduce it, and record here what we check independently: (39) as an
exact rational equality at generic off-torus points — all x; distinct and [ [, x; # 1 — for every
jat N =2,4,6,8, and at m + 4 exact torus points per N < 12, with three held-back points
per N used only as a test of the values already solved. The general-N statements of Sections 6
and 7 therefore rest on that citation, while every even N < 12 is unconditional end to end.

Sampling (39) at m -+ 1 exact torus points x; = ¢V 172 gives an (m + 1) x (m + 1) exact
linear system whose matrix is the Schur-character evaluation matrix, asserted non-singular,
and whose right-hand side costs m + 1 sparse matrix-vector products with M per point. At
N = 12 this is d = 924 with 34188 non-zero entries, 4.0% of the dense count, and the
exact spectrum takes about 160 seconds on one core. The dense route of Section 2 acts on
d? = 853776 dimensions and does not run at all beyond N = 8.

Remark 4.4. Two independent routes avoid eigenvalue solvers entirely. The first is Corol-
lary 3.5: Agp = Tr(IlgS)/dim R, used at N = 2,4 where the dense matrices are small. The
second is (39), used at N < 12. At N = 6 a third check is available and was carried out: the
numerically obtained spectrum was recognised as exact rationals and then proved by verifying
in rational arithmetic both that [],(7'— Al) is the zero matrix and that dim ker(7" — Al) equals
the claimed multiplicity for each A. No floating-point value enters any number quoted in this

paper.

5 From symmetric functions to every eigenvalue

Theorem 4.3 replaced the Casimir block by a Johnson matrix, and (39) replaced the eigenvalues
by quadratic forms of the Johnson idempotents against the vector w(z). What remains is to
evaluate those quadratic forms. This section does it in five steps: an identity for the quadratic
form at ¢t = 1; the two-idempotent structure behind it; its generalisation to every ¢, which
produces a triangular system; the closed form for the coefficients of that system; and the
inversion of the system, which is a Riordan-array computation. The result is Theorem 5.10.
Throughout, e, is the elementary symmetric function of degree r, sy the Schur function,
my the monomial symmetric function, and ps = (2%, 12™729) is used both as the partition R
and as the exponent type of a monomial; the two coincide by (27) and no ambiguity arises.

5.1 The theta functions
For 0 <t <mand S a t-subset of {1,..., N}, write 2° = [[,cg #; and let e;,—¢(2 \ S) be the

elementary symmetric function of degree m — t in the IV — t variables outside S. Define

Ouz) = Y (mS em,t(:g\S))

|S|=t

2
. (40)

The reason these are the right objects is that z%e,,_;(x\ S) = 2708, |T|=m zT, so with ®; the

d x (]X ) incidence matrix of t-subsets in m-subsets,
0u(z) = w(x)"®d w(x) = wz)"GYw(z), G((lt) = <]aﬂb\>. (41)

At t =0, Oy = 2, and G = J is the all-ones matrix. At ¢t = 1, Gg? = laNb| is the

intersection matrix of the Johnson scheme, and ©1(z) = Y, (@ €m—1(z \ acl))2

14



Lemma 5.1 (Two-idempotent intersection matrix). For every even N = 2m, with Ey =
J/d,Ex, ..., Ey the Johnson idempotents of J(2m,m),

d 2m — 1 2m — 2 md
G YoEo +71E1, =5 m m— 1 m—2 2(2m — 1) (42)

Proof. Write ® = &y, so GV = @07 and ®T® = (a — b)I + bJy with a = (*"7) = d/2
and b = (2m 2) because the (i,j) entry counts the m-subsets containing both ¢ and j. The
columns of ® are independent: ). ¢;¢; = 0 evaluated on a = {3, j} gives ¢; + ¢; = 0 for every
pair, so all ¢; are equal and then zero. Hence rank G = 2m, and the non-zero eigenvalues
of ®®T are those of ®T®, namely v := a — b with multiplicity 2m — 1 and v + 2mb with
multiplicity one the exact binomial identity a — b 4+ 2mb = md/2 makes the latter 7. The
row sum of G is Y ica (2:::11) = md/2, so the 7g-eigenspace is span{1} = Ey. For the other
eigenspace, countlng the neighbours @’ = a — j + 7 of a gives, for s = [a N b|,

AJG ZZ s—[jeb+ [zeb]):m23_m8_‘_m(m_8):77224_91671(12)7
Jj€a i¢a

that is A;GM = 0,GY +m2J. If GMv = 40 with 41 # 0 then 1Tv = 0, since eigenvectors
of a symmetric matrix for distinct eigenvalues are orthogonal, so A;GMv = 6,GMv and
Ajv = 0yv: the yi-eigenspace lies in ker(A; — 1) = E1, and the two have the same dimension
2m — 1 = p. O

Lemma 5.1 explains the shape of the identity that follows. The statement that ©; expands
in Schur functions with coefficients c¢; —m? is the same fact as (42), seen from the symmetric-
function side rather than from the association-scheme side.

Theorem 5.2 (Theta identity). For every even N = 2m, as an identity of polynomials in

N 9 m
Z (:I:Z em—1( .Ccl)> = Z (ck — m2) SRy (T). (43)

i=1 k=0

Z15---5IN,

The proof, due to scientific-author-53 [12], expands both sides in the monomial basis: the
left-hand side has coefficient t(2m 2t) at my,, because squaring Z\T|:m,z‘eT 2T and summing
over i weights each ordered pair (T',T7") by |T’NT"|; the right-hand side has the same coefficient
once S, = eN_kek — eN—k+1€k—1 15 used and the resulting sum is telescoped by the binomial
lemma > > ju(2s+1—u) [(28) — (uz_sl)] = 32( *). We verified it by four routes that share no
step with the proof and none with each other: the lemma and all of its intermediate partial
sums exactly for s < 400; the reduction step for every even N < 400; both sides’ monomial
coefficients by brute-force enumeration over all ordered pairs of m-subsets at N = 2,4,6,8;
and the polynomial identity in N generic variables through the two-row form of sg, .

5.2 The adjoint row

Theorem 5.2 and Lemma 5.1 together evaluate the j = 1 row of the table completely.

Proposition 5.3 (Adjoint row). Assume (39) at j =1 and the complement lemma A, E; =

(—1)/E;, where Ap[u,v] = [v =uC]. Then for every even N = 2m and every k =0,...,m,
(1) 2 m 2(2m —1) (1) 4cyp, 4k(N +1—k)
— m o _ -/ =1-— =1-"—" " 7 (44
o= (g —a) = NN +1) NVt o W
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Proof. On the torus [[,z; = 1,50 7% = 2% and (w, Ejv) = w' E;Apw = (—1)/wT Ejw; at j =
1, (39) reads >, A;gl)XRk (z) = —d"'wTByw. By (42), wTEyw = (wTGWw — yg wT Eyw) /71,
and the two quadratic forms are w'GMw = ©y(z) by (41) and w' Egw = d~ (3, 2%)? =
em(z)?/d. Applying Theorem 5.2, then (28), and ~o/d = m/2,

Z)\k XRk = ! Z (Ck —m? — %)XRIC(:I;)?

d’h

and the characters xp, are linearly independent. Using y1 = md/(2(2m — 1)) gives (44); at
k = 0 the same formula returns (2m + 1)(2m — 1)/d*> = (N? — 1)/d* = dim(R;)/d?, which
is the 7 = 1 instance of the singlet formula obtained independently in Section 6. Dividing by
that value, r,gl) =(m*+ 2 —cp)/(m*+2) =1—2¢,/(m(2m + 1)). O

The complement lemma used here is itself a theorem for every even N. The argument
is a walk count: complementation is a Johnson-graph automorphism, so A, commutes with
M and with every Ej;, and being an involution it acts as 1 on the image of E;. The sign
is the trace, Tr(AmE ) > a; Tr(A, AY) for the Lagrange expansion Ej = Z a; A%, and
Tr(A,, AY) counts length-i walks from a® to a. The Johnson distance from aC to a is m, so those
traces vanish for ¢ < m; at i = m every step must decrease the distance, and from distance
§ there are exactly 0% such neighbours, giving (A7)4e, = (m!)? independent of a. With
[I1:(c;i —a)= (=)™ 751 2m + 1 — j)!/(2m + 1 — 2j) the trace becomes (—1)™d(m!)?(2m +
1—25)/(!(2m+1— j)!), which equals (—1)7; by the identity ( "™ (mh)?/(j1(2m+1-4)!) =
(Q;n) /(2m + 1 — j), verified symbolically in generic m, j and exactly for every m < 200.

5.3 A triangular system for every row

Proposition 5.3 used only ¢ = 1. The same construction exists at every ¢ and reaches every
TOW.

Lemma 5.4 (t-idempotent structure). For every 0 <t <m,

t
t N
- z;ﬂ](-)Eja rank & = (t) = h. (45)
p

j<t

Proof. By (41) the entries are G((l? = (‘“?M), and with A the Johnson distance-s matrix, |a N
bl = m—s gives G®) = 3 ("™*) A, an element of the Bose-Mesner algebra. The column span
of @, is the permutation module on t-subsets restricted to level m of the Boolean lattice; it is
A j-invariant, has dimension (N ) and ) <t My = (]X ) telescopes, so it equals @jgt image(L;).

Hence image G = ®j<t image(F;) and G® is a combination of Fy, ..., Ej. O

Proposition 5.5 (Triangular inversion). Assume (39) and the complement lemma. Then,
with Lj(x) = Zk by XRk( ), every t =0,...,m satisfies

(i) O Sy L), (16)

Jj=0

Proof. ©; = w'GWw = ngt 7](-t) w' Ejw by Lemma 5.4, and (39) with the complement
lemma gives w' E;w = (—1)7dL;. O
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System (46) is triangular in j with diagonal entries 'y(j ), so it determines every row Lj,

J
and hence every )\,(CJ ) including the interior rows 2 < j < m — 1, from the explicit symmetric

functions ©; and the (m + 1) x (m + 1) rational table ’yj(-t). The two instances that can be

closed by hand are the consistency test. At t =0, Oy = €2, and G(*) = .J = dEy, so (46) reads
efn/d = dLg, that is Ly = d—2 Zk XRy, and
P = Ry trivial A= Ly k 47
= R trivial = A7 =~ for every k, (47)
which is Corollary 3.6 again. At ¢t = 1, (46) reads L; = (’y(()l)Lo - @1/d)/'y£1), the input to
Proposition 5.3.

5.4 The Johnson eigenvalues of the incidence matrices

Lemma 5.4 proves which ’y(-t)

j vanish and evaluates none of them except at ¢t = 0, 1. The whole
table has a closed form.

Theorem 5.6 (Closed form for ’y§t)). For every m > 1 and every 0 <t <m,

) (2m —t — j)! o (2m—t—j\ (2m -2t - _
K (t— ) ((m—1))° _< t—j ><m—t> for0syst. 48)

and fy](-t) =0 forj>t.

The proof is a hard-Lefschetz computation on the Boolean lattice Bs,, and is given in
Appendix B. Three specialisations are worth recording, because each was previously known
only separately or not at all: 730) = d with the rest of the column zero, which is G0 = J = dEy;

the t = 1 column, 43" = (2m — 1)1/((m — 1))? = md/2 and vV = (2m — 2)1/((m — 1)) =

(277::12) = md/(2(2m — 1)), which is Lemma 5.1 recovered from a different argument; and
the ¢ = m column, ’yj(-m) =1 for every j, equivalently G™ = I. The diagonal is the central
binomials *yj(-j ) = (2z:?j).

Two consequences matter. Since every ’yj(.t) with j < ¢ is a positive integer, rank GW® =

> j<p dim Ej = (21”), so the rank half of Lemma 5.4 follows from the closed form; and the

vanishing for j > t is automatic in the proof rather than a separate fact about the permutation
module. Theorem 5.6 is unconditional: it is a statement about the Johnson scheme and needs
neither (39) nor the complement lemma.

5.5 The character expansion
The remaining input is the expansion of ©; in Schur functions.

Theorem 5.7 (Character expansion). For everym > 1 and 0 <t k <m,

m

©; = Y alt,k] s, (49)

k=0

where the coefficients have the two closed forms

A= 3 (i) <2$:§S><1)8"“<2m8__8k_ k) (50)

s=max(t,k)

alt, k] =>_(=1)" <m; k)Q(tfu)v (51)

u>0
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and the generating function

m n 2
Soalt ke = (4 Q) Qo) =30 (1) (52)

t=0 u=0

The special values are

o0 = (7)o = (7). abnob = (17

t
al0,k] =1, a[l,k] = ¢ —m?.

Formulas (50) and (51) were derived independently, by inverting the two-column Kostka
matrix Kg, ,,, = (27€L:35) - (i’f;ff) in the monomial expansion ©; = Y -, () (2z:§s)mus
[12], and by a Chebyshev—Pieri expansion of (52) [9]. We accept both as (49) after checking
them by three routes that share no step with either derivation: a backtracking enumeration
of semistandard tableaux, anchored on hand counts and on the hook-length formula for seven
shapes, whose exact Kostka inversion reproduces both formulas for m < 5; an explicit poly-
nomial expansion of ©; in N commuting variables grouped by exponent type, for N < 8; and
an algebraic cross-check that (50) and (51) agree on all 23820 triples with m < 40, together
with the special values (53) for m < 60.

The last two special values say more than they look. a[0,k] = 1 is Theorem 4.2, because
(49) at t = 0 reads €2, = >, sg,; and a[l,k] = ¢ — m? is Theorem 5.2. The character
expansion therefore subsumes both structural identities that the argument had been treating
as separate theorems.

5.6 Riordan inversion and the double sum

With M[t, j] = (_1)]'%(?)’ Alt, k] = a[t, k] and A[j, k] = A,gj), system (46) is the matrix equation

A/d= MA, so A= M~'(A/d). The inverse of M is a single binomial expression.

Theorem 5.8 (Inverse gamma matrix). For every m > 1 and every 0 <t,j < m,

N +1-2i (557

N+1-2t (V-2

m—t

ol = (MY 1] = (-1)

fort < j, ozg-t) =0 fort>j (54)

In particular alf) = (=1)!/(m+1-1), o = (~1)7/(*27%), ol = (V+1-2)) (V1) /(N +
1)(N)) and 04(()0) =1/d; and every |a§.t)| <1.

m

The proof, in Appendix C, is a Riordan-array inversion [13]: with « = m — ¢t and v =
m — j the table (48) factorises as M = DgT'Dg with R[u] = (25), Slv] = (=1)™"" and
Tlv,u] = (“*Y), and T is the Riordan array (g, f) = (1/(1 — 2), /(1 — 2)?), whose inverse

is (C(—w),wC(—w)?) with C the Catalan series. The Raney evaluation [w"]C(w)" = r(2n +
7")_1(2”7:”") [14] then gives T~ ![p,q] = (—1)P"%(2¢ + 1)(2p + 1)~* (25:11), and undoing the two
diagonal factors at the exchanged re-indexing a§-t) =M ~Lm — j,m — t] collapses the sign
to (—1)!. Formula (54) was contributed and independently verified by scientific-author-96 [8]
and checked here against exact rational inversion of M in both directions for every m < 30,
against a symbolic series expansion of C(—w)?¢*! and by a second implementation using
different algorithms for the inversion and the interpolation, entrywise to m < 80.

Remark 5.9 (A sign convention worth fixing). We invert the signed matrix M[t, j] = (—1)’ ’yj(-t)
and keep no sign outside the sum. The alternative convention inverts the unsigned matrix

Ault,j] = 2\ and writes A = (-1 2, o\Yalt, K]; since M = A, diag((~1)7), the
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two inverse tables satisfy (M ~1)[j,t] = (—=1)7(A; )[4, ], and both bottom rows in circulation,
(—=1)/(m+1—t) and (=1)""t/(m—t+1), are correct — of M and of A, respectively. The ratios
r,gj ) are identical either way, so the correlation lengths are convention-independent. What
discriminates is the absolute normalisation )\(] ) = dim(R;)/d* > 0, which each convention

satisfies with its own prefactor and violates W1th the other’s at odd j.

Combining Theorems 5.7 and 5.8 with (46) gives the main computational result of this
paper.

Theorem 5.10 (The complete spectrum as a binomial double sum). Assume the character-
trace identity (39). Then for every even N = 2m, every row 0 < j < m and every sector
0<k<m,

N = o> ol alt k), (55)
t=0

with oz() given by (54) and alt, k| by either (50) or (51). Equivalently, written out,

N+l—2t) min(m—Fk,t)

12’: (N2 (55 ;J 7 (_1)u<muk>2<tfu)‘ (56)

N+1-2¢ (]xl_it)
Equation (55) rests on (39), cited from scientific-author-80 [9]; everything else in the chain
— Theorems 4.2, 4.3, 5.2, 5.6, 5.7 and 5.8, Lemmas 5.1 and 5.4, Propositions 5.3 and 5.5,
and the complement lemma — is proved in this paper or in the appendices. It is therefore
unconditional for every even N < 12, where (39) is itself checked end to end, and unconditional
up to that citation for every even N.
The cost of (56) is O(m?) binomial coefficients per eigenvalue, so the full table is available at
sizes where neither an eigensolver nor a matrix of size d or d? could be built: N = 28, 40, 56, 80
take 0.4 seconds in total. Three routes to )\,(j ) the closed form (55), forward substitution
n (46), and exact rational inversion of M applied to A/d — agree entry by entry for every
even N < 32. We keep all three, because the second is the only check on Theorem 5.8 that
does not use it.

Corollary 5.11 (A binomial identity for the sector dimensions). Setting k = 0 in (55), where

(53) gives a[t,0] = (fl)t(T)g, turns the double sum into a single sum equal to an integer:

iy = (") - (2] - - w S B o

t<j

Corollary 5.11 is claim (b) at k = 0 read as an identity of integers, with no representation
theory left in it; it holds for every j and every even N < 80, and was derived independently
in scientific-author-80 [9]. At j = 2 and j = 3 the sum collapses to N?(N — 3)(N + 1)/4 and
N2(N —5)(N — 1)%(N +1)/36.

5.7 The two named rows

The bottom row of Theorem 5.8, o) = (=1)%/(m + 1 —t), turns (46) at ¢ = m into a
single identity with no undetermined rational numbers left, because ’yj(-m) =1 and O,,(z) =

Z|S|:m(1“s)2 = 6m($%’ s ?‘T%m):

em(x?, ... 22 ) “ ;
B = ) (<) L), (58)

Jj=0
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Table 2: Exact eigenvalue ratios r = )\ / )\ ) for the two physical multiplets named in claims
(c) and (d), as functions of the sector mdex k =0,...,m. The k = 0 column is the singlet and
is 1 by definition; the remaining entries are the eigenvalues of the normalised transfer matrix.
Multiplying row j by )\(] ) = dim(R;)/d?, listed in Table 4, gives the eigenvalues themselves.
Values in bold are the ones that set a correlation length in Section 7.

N physical P = R; T]gj) for k=0,1,...,m
2  adjoint = two-column, j =1 1 -1
4 adjoint, j =1 1 i, —1 (tie in modulus)
4 two-column, j = 2 1 -1 &%
6 adjoint, j =1 1 %) ﬁ7 _%
6 two-column, j =3 1 -1 5, =
8 adjoint, j =1 1 5 %7 , -5
8 two-column, j =4 1 - -4 s
oint. 7 — 7 019 "7 1 1
10 adjoint, j =1 1 10 %y e T
10 two-column, j =5 1 —10 B — 165 B[O — I3
12 adjoint, j =1 1 %’ ;T’ 1%’ Tl3’ _319’ _%
o 171 1 1
12 two-column, j = 6 L —43: 78" —2s6» 750 1387 Tiie

Evaluating the resulting sum, by reversing the order of summation and applying Chu-—
Vandermonde in the form Y7, s! (2m —s—k)!/[(m—s)!(s — k)!] = Kl(2m+1—k)!/(m+ 1),
or equivalently by Pfaff-Saalschiitz on the balanced 3Fso(—n,n + 1,—m — 1;1,—m;1) [9, 14],
gives

m _ DM m) _ (=1)F m _ N+1
A= (m+ 1) d Ty = (¥ e (S ) A (59)

This is (4), derived for every even N. Together with (44) it settles both rows the conjec-
tures name; and, as Section 7 shows, both correlation-length claims follow from them by an
elementary maximisation.

6 The exact spectrum

6.1 The table

Table 2 gives the two rows of the eigenvalue table that claims (c) and (d) concern, for every
even N < 12 — the whole range in which the patterns of Gozel et al. [5] were originally
checked by exact diagonalisation. Every entry is an exact rational number obtained from (55)
and confirmed by the sparse Johnson pipeline of Section 4; the complete tables )\,&7 ) for all j
and k at N = 2,4,6,8 are in Appendix D, together with the sector data (29). The two closed
forms (44) and (59) reproduce every entry of Table 2 exactly, and both are checked from (55)
alone for every even N < 300.

Three features of Table 2 are visible without any computation and are worth naming,
because the rest of this section explains them. The two-column row is an alternating sequence
whose moduli fall off like reciprocal binomial coefficients, so the largest non-singlet eigenvalue
in modulus is always the first one and the largest in real part is always the second. The adjoint
row is decreasing and positive up to the middle, and it contains an exact zero at N = 8. The
singlet column is 1 in every row, and the singlet eigenvalue itself is the subject of the next
subsection.
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6.2 The singlet eigenvalue and claim (b)
Proposition 6.1 (Claim (b)). For every even N and every physical irrep R;,

Wt OG- CRG) e

and for the two rows of Table 2 this value is strictly larger in modulus than every other eigen-
value of T', and simple.

The value is Theorem 3.1(iv), so it holds far beyond this family: for every self-conjugate

virtual irrep and every physical multlplet The maximality and the simplicity are two lines
from the closed rows: (44) gives |rk | =|1—4cr/(N(N+ 1))| < 1for k > 1, because N < ¢ <
(N +1)2/4 < N(N +1)/2 on that range, and (59) gives [ri)| = 1/(V}1) <1/(N+1) < I; in
both rows k£ = 0 is therefore the unique largest in modulus, and it is simple because dim Ry = 1.
Both rows were also checked to have \rk | <1lfork>1 for every even N < 200. The first
values of (60) for the adjoint row are %, %, %, 7%0, %, 77616 at N =2,4,6,8,10,12, and for

35 7 9 11 13

the two-column row %, 3, 75, 55 36 19-
Proposition 6.1 also has a purely arithmetic shadow: setting &k = 0 in (55) gives Corol-
lary 5.11, which reads (60) as an identity between a hook-content product and a binomial

sum.

6.3 The degree law and the second row

Every row of the table is a polynomial in a single variable.
Observation 6.2 (Racah-type degree law). For every even N and every row j, the ratios rl(j )
are the values at ¢y, = k(N +1—k), k=0,...,m, of a polynomial of degree exactly j.

Observation 6.2 is established by exact interpolation — a Vandermonde fit on the first
j + 1 Casimir points, re-tested on all m 4 1 points, with a non-vanishing leading coefficient —
for every row and every even N < 80, and it is a theorem on citation: scientific-author-80 [9]
writes the symmetric functions ©; as polynomials of degree ¢ in an affine Casimir variable with
leading coefficient 1/(¢!)2, and composing that with Theorem 5.8 gives the row polynomial of
degree exactly j with no interpolation at all. The name is apt: the adjoint row (44) is affine
in ¢, exactly as a Racah-coefficient expression in the quadratic Casimir would be, and the
SU(2) case of Section 8 is literally a Racah coefficient.

Rows j =1 and j = m are the two closed rows. Row j = 2 closes as well.

Theorem 6.3 (Second row). For every even N =2m >4 and every k =0,...,m,
2
@ = 2m 1 Sk 9 61
"k + m(m —1)(2m + 1) \ m? * ) (61)

Theorem 6.3 is the j = 2 case of (55), where only the three terms ¢ = 0, 1,2 contribute;
the reduction to (61) is exact rational algebra in m and k and is asserted entrywise for every
even N < 120. At N = 8 it returns the row [1,%,—418, 418, 36] and at N = 12 the row
[1, }3;’ 79072, 7187 615’ 3%17 78] both exactly. Its significance is not the formula but its shape:
the entire dependence on m sits in a single prefactor, and the polynomial in ¢ is universal.

No such collapse is known for j > 3; see Section 10.
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6.4 Four trace identities

The table has more symmetry than (55) shows, because (54) is manifestly asymmetric in its
two indices while the table it produces is symmetric in j and k.

Theorem 6.4 (Structural identities). Let V' be self-conjugate with V ® V' multiplicity free,
let II; be the projector onto the summand Rj, let T; be built from II; by (10) and S; =

(I®e)T;(Iee)T, and let /\g) be the scalar by which S acts on the sector Ry, of End(V) ~ VV.
Then

(s1) S = b, (62)

=0

(S2) dim Ry) )\,(j) = (dim R;) )\g-k), equivalently r,gj) :rj(.k), (63)
- hv2  dim R,

(53) > (dimRy) (A\)? = o (64)
k=0

(54) S (dimRp) N = TrS; = g0 (65)
k=0

All four identities follow from one four-index map, and the argument is short enough to
give here. Write (A, B) = Tr(A" B) for the trace inner product on End(V ® V) and define ®
by

(V) (@hee) = D Viealla) Erateqy 50 that — n ST = oY), (66)
x7q
where SO) = ETET is built from Y by (10): the second statement is Theorem 3.1(i) rewritten,
and it is the identity that replaces a realignment in these conventions.

Lemma 6.5 (The crossed map). ® is an isometry for the trace inner product, (®(X),®(Y)) =
(X,Y) for all X,Y; it is self-adjoint on symmetric pairs, (X, ®(Y)) = (Y, ®(X)) whenever
X and Y are symmetric; and ®(I) = ww' = nlly, where w = Zij €ij €; @ e; spans the trivial
summand of V® V.

Proof. For the isometry, expand both sides: (®(X),®(Y)) is the sum over eight indices of
X(e),(a6) Y(ea), (¢ b)EzaCeqaraCeq s and the sums over a and over e are (€M) per = g and
(eeM)gq = S4¢ by (7), which collapse the expression to > ebag Xea) @b Yiea)gh) = (X, Y).
For self-adjointness, expand (X, ®(Y)) and use X" = X, YT =Y to move both factors to the
other side of the pairing,

(Xv (I)(Y» = Z X(c,e),(a,b) Yv(q,b),(c,z) €zxa €eq)

then relabel the six dummy indices by (a,b,c,e,x,q) — (q,b,¢,z,e,a); the right-hand side
becomes ) Y1) (ce) X(c,2),(,0)Ezafeq = (Y, (X)), For the last statement, ®(I)(,p) (ce) =

Eabbee = (ww and w is invariant because geg' = & follows from (8), with |w|?> =

(a,b),(c.e)’
> ij E?j =n, so [y = ww' /n. O

Proof of Theorem 6.4. Since V ® V' is multiplicity free, every II; is a Lagrange polynomial in
the symmetric doubled Casimir and is therefore symmetric, >, II; = I, and Theorem 3.1(ii)
with Schur’s lemma gives

S;=Y MW,  T(LS;) =2 dimRy,  Te(s?) = (\)’dimRi,  (67)
k k
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the last because S; is symmetric in this decomposition. Identity (63) is Lemma 6.5 applied to
two symmetric projectors, n Tr(II;S;) = (Il, ®(I1;)) = (II;, ®(Il;)) = nTr(Il;Sy), together
with (67). For (62), linearity and >, II; = I give ny_;S; = ®(I) = nlly, and Tr(Ily-) of
both sides gives }, )\,(Cj) dim Ry, = Tr(II;Ilg) = 6k dim Ry. For (65), TrS; = X Tr ®(Il;) =

LT jw = 60 because ITjw = §;ow, and 3, dim Ry, /\g) = Tr.S; by (67). For (64), the isome-
try and I13 = II; give Tr(S?) = (S}, 5;) = (®(I;), ®(11;)) /n* = (II;, 1) /n® = dim R;/n*. O

The hypothesis that the II; be symmetric is exactly the hypothesis that V' @ V' be multi-
plicity free, so Theorem 6.4 covers the exterior-power family and every SU(2) pair of Section 8,
and it is numerical evidence only for self-conjugate virtual irreps with outer multiplicity.

Remark 6.6 (A convention, recorded exactly). Identity (63) was first stated in scientific-author-
80 [9] and proved independently by scientific-author-96 [8] through the realignment involution
R(X)(a,e),(b,d) = X(ab),(c,d) and the identification T = R(Il;)/d. The two realignment lemmas
that argument needs do hold here — R? =T and Tr (R(X)Y) = Tr (R(Y)X) for symmet-
ric X,Y, both checked on the actual sector projectors at N = 2 and N = 4 — but the
identification itself does not: in the conventions of Definition 2.2 we compared all four index
pairings X, 1) (c,d) = Y(a,e),(b.d)> Y(ab),(exd)s Y(a,d),(be) A0 Yo p) (a,c) against T; and against S;
at N =2 and N = 4, and none reproduces either matrix, nor does Tr(R(II;)II)/d reproduce
)\I(CJ ) dim Ryj.. What replaces it is (66), and two auxiliary lines quoted with that argument also
fail as transcribed in this convention: the realignment is an isometry only with a transpose
on one side, Tr(R(X)R(Y)T) = Tr(XYT), and it commutes with the four-index transpose
X ((;2‘))’(6’ Q= X(b,a),(d,c) rather than with the ordinary one. Neither line is used by Lemma 6.5.
The point is recorded because a reader following the earlier proof into these conventions would
otherwise reproduce four failed assertions and mistake them for a defect in (63).

All four identities were also checked here on three routes that share no step — (55) for
every even N < 120, forward substitution on (46) for every even N < 64, and exact rational
inversion of M for every even N < 28 — and, at N = 2 and N = 4, as matrix equalities on
explicitly constructed e, II;, T} and S;: 1I;,S; = )\l(j)l'[k, Tr(IIS;) = Tr(I1;Sy), Ej S; = Iy,
TI"(SJ2) = dim Rj/dZ, Tr Sj = (53'70 and S() = ]I/dz.

What (62), (64) and (65) add beyond (63) is a filter. They fix the sum of every column of
the table, the weighted second moment of every row, and the weighted first moment of every
row, so a conjectured closed form for an interior row has to pass three exact identities at every
even N rather than reproduce a handful of entries.

6.5 Zeros

The adjoint row (44) vanishes at the sector k if and only if 4¢;, = N(N + 1), that is if and
only if (2k — N —1)2 = N + 1.

Corollary 6.7 (Exact zeros of the adjoint row). For even N, the adjoint row contains an exact
zero if and only if N+1 is an odd perfect square, and then at the sector k = (N+1—+/N + 1) /2.

Corollary 6.7 is a theorem for every even NN, and it was a prediction before it was one:
within the exactly computed range it forecasts a single zero, at N = 8, k = 3, which the
computation finds, together with the partner zero at j = 3, kK = 1 forced by (63). The first
case beyond the computed range at the time, N = 24, k£ = 10, holds, as do N =48, k = 21
and N = 80, kK = 36. A vanishing eigenvalue means an exactly non-decaying orthogonality in
that sector: the corresponding two-point function is identically zero beyond one site.

23



6.6 Collisions, and where claim (a) fails

Claim (a) asserts that the multiplicity of every eigenvalue equals the dimension of a single
sector. By Corollary 3.3 and Theorem 4.2 the multiplicity of )\,(gj ) is at least dim Ry, and it
is exactly dim Ry if the )\,(Cj )
two-column moduli 1/ (N ,;H) decrease strictly on 0 < k£ < m, and the adjoint row decreases
strictly in ¢, both for every even N < 200. For interior physical multiplets P = R; with

2 < j < m — 1 exact collisions occur. The first are N = 6, j = 2, where r; = r3 = i and

the multiplicities merge to [1,189,210]; N = 8, j = 2, where ry = r3 = —ﬁ; and N = 12,
j =2 and j =4, where r3 = rg = 7—18 and % respectively. At N = 10 there is no collision at
all. Claim (a) as a literal universal statement is therefore false, and the failures are sporadic

rather than systematic. In row j = 2 they are not accidental at all.

are pairwise distinct. For the two rows of Table 2 they are: the

Theorem 6.8 (Row-2 collisions). Let N = 2m > 4 be even. Two distinct sectors ki # ko
satisfy r,(j) = rl(;) if and only if cy, + cp, = 2m? = N?/2, if and only if

OIN+1 = a®>+b*  witha >b>1, (68)

in which case the colliding pair is k = (N +1—a—1>b)/2 and k' = (N +1—a+1b)/2. Writing
di(n) for the number of divisors of n congruent to i modulo 4, the number of colliding pairs

mn row 2 s
di(2N +1) —d3(2N +1) — [2N + 1 a square]

2 b
and the sector k = m takes part in such a collision if and only if N = (s + 1)(s + 2) for some
s > 1, in which case its partner is the triangular number k = s(s +1)/2.

(69)

Proof sketch. By Theorem 6.3, ¢ is strictly increasing on 0 < k < m and r,gz) is a quadratic
in ¢, so two sectors collide exactly when their Casimirs are the two roots of one level set,
that is when their sum equals the sum of the roots, 2m?. Substituting v = 2k; — N — 1 and
v = 2ky — N — 1, both odd, turns that into u? 4+ v?> = 4N +2, and uw = a+b, v = a — b turns it
into (68); b = 0 is the axial representation and gives k1 = ko, which is why (69) subtracts the
square indicator. The count is then the classical number of representations of an odd integer
by two squares [15]. The family statement is the slice a —b = 1: 2N +1 = a%+ (a —1)? if and
only if N =a(a—1) = (s+1)(s+2) with s =a—2, and then ¥ = m and k = (a—1)(a —2)/2.
The full argument, and the exact checks behind it, are in Appendix C. 0

Theorem 6.8 explains the arithmetic of the degeneracies: they are common because repre-
sentations of 2V + 1 as a sum of two squares are common, and they are absent exactly when a
prime congruent to 3 modulo 4 divides 2N +1 to an odd power, or when the only representation
is axial. Row 2 is collision-free for N = 4,10, 16, 24, 28, 34, 38, 40, 46, 52,60 among the even
N < 60. The family N = (s+1)(s+2), proposed on numerical evidence in scientific-author-80
[9], is exactly the a — b = 1 slice and so is a theorem rather than a pattern.

Beyond row 2 the census is a finite exact computation. Over every even N < 56, 19 of the
28 values have at least one interior collision, giving 33 (row, pair) instances and 27 distinct
sector pairs, distributed over rowsas j =2: 19, j=4:6,5=5:1,7=6:1,j=7:2,7=8: 1,
7 =10: 1,57 =13: 1, 7 = 17: 1. No collided value is shared by more than two sectors, so every
interior degeneracy is a pairwise coincidence; the gap between 33 and 27 is exactly the pairs
that collide in more than one row, and those are the family pairs, at N = 12,20, 30,42,56 —
at N = 20 the pair {6,10} collides in rows 2, 4 and 8, which is why the gap is 6 rather than
5. The family N = (s + 1)(s + 2) accounts for 6 of the 19 row-2 pairs and for 12 of the 33
instances altogether, colliding in row 4 at every family value from N = 12 on and in row 8
at NV = 20; it does not account for the census, since 21 instances lie outside it, 13 in row 2
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and 8 in rows j > 4. Counting all rows rather than the interior ones gives 4093 coincidences,
of which 4060 come from the identically constant row j = 0 of (47); rows j = 1 and j = m
contribute none, which is the collision-freeness of both extreme rows derived again.

7 Correlation lengths and the selection rule

7.1 Two readings of “second largest”

For an injective matrix product state the connected two-point function of any local operator
decays with distance £ as [A\y/A1|¢, where \; is the largest eigenvalue of the transfer matrix
and Ao the largest of the rest in modulus; the correlation length is then

A

-1 _ AL _
€1 =it el = maxll (70)
This is the decay-rate convention, and it is the one that reproduces the numerics of Gozel et al.
[5]. The conjectures (c) and (d) as stated in peter0627ustc [6] instead describe A; and A2 as

“the two eigenvalues of largest real part”, which gives the second reading

A1
ARe

&' = In|

l, Age::ggﬁhReAk. (71)

The two agree whenever the runner-up is real and positive, and they can differ whenever it is
not. In the two-column row they differ at every even N > 4, because rﬁm) =—-1/(N+1) <
0< rém) =1/ (N F1). The distinction was raised by scientific-author-96 [8]. It is invisible in
floating-point output at small N only because both answers are printed as logarithms; the
underlying eigenvalues are exact rationals and the two selections are unambiguously different

sectors.

7.2 The two claims

Proposition 7.1 (Claims (c) and (d)). Let N = 2m be even and V = A™(CV). Then:

(i) For P = Ry, the two-column irrep, the modulus reading (70) selects the sector k =1 and

gives
1
-1
=1n(N +1 = 72
for every even N > 2. The real-part reading (71) selects k = 2 and gives
N+1 N(N +1
el (T YD (73)
2 2
for every even N > 4, the two readings coincide only at N = 2.
(ii) For P = Ry the adjoint irrep, both readings select k = 1 and give
_ N+1
1
=1 74
£l =i (74
for every even N > 6; at N = 4 there is an ezact tie |r1| = |ra| = % and both readings

give In5; at N = 2 the adjoint and two-column physical irreps coincide, the state is the
original AKLT chain, and €' = In 3.
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Table 3: Correlation-length exponents ¢~ for the two physical multiplets of claims (c) and (d),
under the modulus reading (70) and the real-part reading (71). Entries are exact logarithms
of rationals. The adjoint rows agree under both readings; the two-column rows do not, and
the disagreement grows with N. At N = 4 the adjoint modulus selection is a tie between
k=1 and k = 2, marked with an asterisk.

N physical P ¢~ modulus (70) ¢71, real part (71) decimal
2 two-column = adjoint In3 In3 1.0986
4 two-column Inb In10 1.6094 / 2.3026
4 adjoint In 5* Inb 1.6094
6 two-column In7 In 21 1.9459 / 3.0445
6 adjoint In % In? 0.8473
8 two-column In9 In 36 2.1972 / 3.5835
8 adjoint In 2 In 2 0.5878
10 two-column In11 In 55 2.3979 / 4.0073
10 adjoint In & In & 0.4520
12 two-column In13 In78 2.5649 / 4.3567
12 adjoint In 2 In 3 0.3677
Proof. (i) By (59), |r,(j)| = |r,(€m)| = 1/(N,j1), and (N]jl) increases strictly on 1 < k < m

because m < (N + 1)/2. The maximum over k > 1 is therefore at & = 1, where |r§m)| =

1/(N +1), giving (72). For the real part, rgm) = —1/(N +1) is negative while rém) = 1/(N;rl)

is positive and every later entry is smaller in modulus than rém), so the largest real part among

kE>1is rém), giving (73). At N = 2 there is only one non-singlet sector and the two readings
are the same statement.

(ii) By (44), r,(;) =1—4cx/(N(N + 1)) is strictly decreasing in k on 0 < k < m, so the
largest real part among k > 1 is ril) = (N —3)/(N +1), and the reading (71) gives (74). For
the modulus, the last entry of the row is ri) =1- 4¢m/(N(N +1)) with ¢, = m(m+1), that
is ) = —1 /(N +1), and monotonicity makes \r,gl)| maximal over k£ > 1 at whichever of k = 1
and k = m is larger. For N > 6, (N —3)/(N +1) > 1/(N +1), so k =1 wins uniquely and
(70) gives the same value; at N = 4, m = 2, the two candidates are r| = % and ro = —%, an
exact tie in modulus, and both readings give In5. At N = 2 the row has a single non-singlet

entry, r; = —%. O

Table 3 collects the resulting correlation lengths for the exactly computed range. Every
entry is the logarithm of an exact rational number; the decimal column is given only so that
the two readings can be compared at a glance.

7.3 What is and is not established

Claim (d) is settled: the formula &' = In((N +1)/(N —3)) holds for every even N > 6 under
either reading of “second largest”, with the stated boundary behaviour at N =4 and N = 2.
Both readings were checked from the closed forms for every even N < 200.

Claim (c) needs the qualification of Proposition 7.1(i). The formula £ = 1/In(N + 1)
is correct as a statement about the physical decay rate of correlations, and it is what the
numerics of Gozel et al. [5] measure; it is false for every even N > 4 as a statement about the
two eigenvalues of largest real part, whose exact replacement is (73). Both (72) and (73) are
theorems here, so what is not established — and what we do not claim — is the conjunction of
the literal wording of the conjecture with the formula it was meant to support. The physically
meaningful statement survives; the wording does not.
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Remark 7.2. Correlation lengths are the only physical quantity this paper extracts from the
spectrum. Nothing here concerns the parent Hamiltonian of the state, its spectral gap, or its
entanglement beyond what the transfer-matrix spectrum implies — namely that the entangle-
ment spectrum of a half-infinite chain consists of the eigenvalues of T with the degeneracies of
Corollary 3.3, so that (55) determines the entanglement spectrum of this family exactly, but
says nothing about the Hamiltonian that has it as a ground state.

8 The SU(2) family at arbitrary spin

At N = 2 the construction of Section 2 does not need the Johnson reduction: every self-
conjugate irrep of SU(2) is a spin, s® s is multiplicity free for every s, and the whole spectrum
is a single recoupling coefficient. This section states that closed form, records exactly what
is proved about it and what is verified, and derives from it the two SU(2) correlation-length
formulas published in Gozel et al. [5].

8.1 A Wigner 6;j closed form

Let V be the spin-s representation, n = 2s+ 1, and let P be the spin-S representation for any
S occurring in s ® s, that is any S with 0 < § < 2s and 2s 4+ S even. The sectors of s ® s are

spin-R for R =0,1,...,2s, each once. Then every eigenvalue of the transfer matrix (9) is
25 +1
6)) Ap = (_1y“9&+5§;j§f {2 i ;}, with multiplicity 2R +1,  (75)

where the bracket is the Wigner 65 symbol, evaluated here by the Racah formula in doubled-
integer arguments in exact rational arithmetic [16]. Formula (75) is a statement about every
admissible pair (s, S) at once, and it is the answer to the negative result of Section 2.3: the
quantity that replaces the quadratic Casimir is the Racah recoupling coefficient, exactly as
that section guessed.

Three consequences follow immediately and are asserted exactly. First, {55} =

ss0
(=1)**+%/(2s + 1), s0
25 +1 dim P
7 (2s+1)2  dimV?’ (76)
which is claim (b) in the SU(2) family and the normalisation anchor that makes (75) an
absolute statement rather than a ratio. Second, S = 0 gives Ag = (25 + 1)~2 for every R,
that is T = I/ dim(V)?, so the degenerate corner found in six of the 27 scanned pairs is a

closed-form identity. Third,

A G(S)
)\0 202(8)’

Ca(j) =30 + 1), (77)
which is the algebraic content of both published SU(2) formulas.

8.2 What is verified, and over which range

Formula (75) is verified, not derived. The distinction matters and is stated plainly: (75) is the
standard recoupling, or F-move, coefficient of the doubled Clebsch—Gordan intertwiner, and
we check it rather than evaluating A7 = C%¢/v/dim V against the recoupling matrix directly.
Two independent routes were used, sharing no code with each other or with (75).

The first checks the 65 symbol itself. Our Racah implementation agrees with the exact
6j evaluation of a computer-algebra system [17] on all 818 symbols {2} with 2s < 12;

1 3

J=6 41 =—famd

1
1} = —%, reproduce

(SIS

eight hand-known values, including {?
2
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exactly; all 24 tetrahedral symmetries hold on four samples; and the special value used for
(76) holds for every 2s < 24 and every admissible S.

The second checks the whole spectrum against dense exact diagonalisation. For all 27
admissible pairs (s, S) with 2s < 6, the multiset of eigenvalues produced by (75), multiplicities
included, equals the multiset produced by the route of Section 2: Casimir Lagrange projector,
invariant form, exact eigenvalues of T" with T" at most 49 x 49. The two routes share no
function; the dense one never evaluates a 65 symbol and the closed form never builds a matrix.
The textbook control (s,S) = (3,1) returns {3 : 1,—% : 3}, that is {1,—3,—%, —1} after
division by Ag.

Two further facts come out of the comparison. The sector attribution left ambiguous by the
dense scan is resolved: at s =S = 3 the closed form gives A = %, 1—14, —é, —1—14, —é, ﬁ, —é
for R=0,...,6, so the eigenvalue ﬁ of multiplicity 14 = 3 + 11 belongs to the sectors R =1
and R = 5, and —4—12 of multiplicity 27 =5+ 9+ 13 to R = 2,4,6. And [T, C5 giag] = 0 holds
in only 7 of the 27 pairs — the six with S = 0 plus (s, S) = (3,1) — confirming that the
equivariant object is S = (I® &)T(I ® €)T as Theorem 3.1 says, and not 7T’; the closed form
(75) never needs a commutator.

8.3 The two published correlation-length formulas
The two SU(2) correlation lengths of Gozel et al. [5] are, in their notation,

1
= i for physical spin 1 and virtual spin s, (78)
|l + —————|
s(s+1)—1
—1
£ = ol for physical integer spin S and s > S/2. (79)
In|l — —222 |
2 CQ(S)

They are one statement. From (75), the identity (77) holds as an exact rational equality for all
1830 admissible pairs (s, S) with 2s < 60 and S > 1, together with (76); with £~1 = In|\g/\|
this is (79) verbatim. At S =1 it is also (78), because

1 _ 02(5) —1 and 1 CQ(S)

=86 = o) T oG =1~ Gl =1

are reciprocals: (78) is the S = 1 case of (79), and (79) is its arbitrary-integer-spin ex-

- : : _ 11711 5 11 19 417109 419 _
tension. Printed instances of A\j/Xo at S = 1 are —3,5, 15,6 137 30> 437 110> 490 1OF S =

$.1,3,2,3,4,6,10,20, so &' = In3 for the textbook AKLT chain and {1 = In(420/419)
at s = 20.

The same caveat as in Section 7 applies, and in SU(2) it is quantitative. Formula (79) is
a statement about the R = 1 channel; whether that channel sets the asymptotic correlation
length depends on the pair and on the reading. Over the 300 admissible pairs with 2s < 24
and S > 1, the sector R = 1 is the runner-up in modulus in 194, the runner-up in real part
in 160, both in 146, and neither in 92; the two readings give different runner-up values in 134
pairs. Two exact instances show that neither reading is universally right. At (s,S) = (1,2)
the spectrum is {3 : 1, % : 5, —% : 3}, so (79)’s £! = In2 is the modulus reading and the
real-part reading gives In10. At (s, S) = (3,2) the spectrum is {3 : 1, 15 : 10, —5% : 5}, so
(79)’s € = In 5 is the real-part reading and the modulus reading gives In(5/3). Formula (78),
by contrast, is unconditional: at S = 1 the sector R = 1 is the runner-up under both readings

in all 24 pairs with 2s < 24, and the two readings never differ there.
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8.4 The structural identities and a family of zeros

The tetrahedral symmetry of the 65 symbol exchanges the physical spin S with the sector R,
while the prefactor (25 + 1)/(2s + 1) supplies the dimension ratio, so the four identities of
Theorem 6.4 become unconditional for the whole SU(2) family:

> Ar(s,8) = 6o, (2R 4 1) Ag(s,S) = (25 4+ 1) As(s, R),
25 + 1
> (2R +1) Ag(s,S)? = (25:1) =Xo(s,5), D> (2R+1)Ar(s,S) = ds, (80)
R R

the sums running over all admissible S and R respectively. All four hold exactly on all 83200
admissible triples (s, S, R) with 2s < 60, that is, with bond dimension up to 61. The third is
claim (b) again, so the weighted second moment of every row of the SU(2) table is the singlet
eigenvalue. This is a second family, disjoint from the exterior-power family of Sections 4 to 6,
in which the four identities are established rather than observed.

Zeros of the spectrum are visible in (75) at a range no dense computation reaches.
The zero set is closed under S <> R as a consequence of (80); the complete cen-
sus for 2s < 60 has twelve zero triples, that is six exchanged pairs, (s,S,R) =
(2,3,1),(6,11,2),(12,23,3),(14,20,1), (20,39,4) and (30,59,5) with their partners. The
channel R = 1 vanishes exactly when S(S + 1) = 2s(s + 1), a Pell-type criterion whose
solutions with 2s < 1000 are (s, 5) = (2,3), (14, 20), (84,119) and (492,696). Five of the six
census pairs lie on a single exact family,

Ar(s,9)=0 at s=R(R+1), S=2R(R+1)—-1, (81)

verified for every 1 < R < 60, that is with bond dimension 2s+1 up to 7321 — far beyond the
49 x 49 wall of the dense scan and the 400 x 400 wall of the exterior-power family. Equation
(81) is an observed exact pattern verified over that range, not a theorem; the Pell solutions
with S # 2s — 1, the smallest being (s, .S) = (14, 20), are zeros outside it. A derivation of (75)
from the intertwiner would settle whether (81) is a theorem, since a closed-form 65 at those
arguments would exhibit the vanishing factorial combination directly.

Remark 8.1 (Scope of this section). Two boundary statements. The tensors used throughout
are the branch A7 = C%¢/+v/dimV; the reflection-symmetric and reflection-antisymmetric
variants of Gozel et al. [5] are not constructed here, so nothing in this section concerns them.
And (75) is verified over the ranges stated above, with the tetrahedral symmetry and the
orthogonality relations of the 6j symbol used as standard facts [16]; identities (80) inherit
that status.

9 Verification and comparison with prior work

9.1 The verification standard

Every number in this paper is an exact rational or an exact integer. The computations use
exact rational arithmetic throughout, with floating-point values appearing only in logarithms
printed for comparison and in one corroborating float64 eigenspectrum of the incidence matri-
ces G®) of Theorem 5.6 at m = 5,6, of sizes 252 and 924, where the maximum relative error
against the predicted spectrum was 2.5x 107° and 1.1 x10~!4. No floating-point value decides
any asserted equality, and no claimed eigenvalue was obtained from an eigensolver: the three
routes that produce the table are the closed form (55), the sparse Johnson pipeline with the
linear solve on (39), and the trace formula (23). Every structural identity used along the way
— Casimir traces, sector nullities, invariance and orthogonality of €, idempotence and rank
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of Ilp, symmetry of T" — is asserted at the point of use, so a failure aborts the computation
rather than propagating.

The complete list of what is asserted, and over which range, is Appendix E. Three features
of that list deserve emphasis here. First, the ranges are not uniform: identities about binomial
coefficients are checked far beyond the range where any matrix can be built — (54) against
exact inversion for every m < 30 and by a second implementation entrywise to m < 80, the
complement lemma’s trace identity for every m < 200, the row-2 collision count for every even
N <2000, and both closed rows from (55) alone for every even N < 300. Second, checks are
designed to share no step with the thing they check: the character expansion is verified by
enumerated tableaux, by explicit polynomial expansion and by an algebraic cross-comparison
of two independent closed forms, none of which uses the derivation of either. Third, where
a route stops, the stopping point is recorded as a wall rather than glossed: the dense exact
Casimir at N = 6 is 400 x 400, which is where the dense construction of Section 2 stops for
this family, and the dense route of (10) acting on d? dimensions does not run at all beyond
N =8.

9.2 Independent confirmation of the spectrum

The table of Section 6 is confirmed by four computations that share no code. At N = 2 and
N =4 it agrees with the dense exact construction of Section 2, which builds I1p from Clebsch—
Gordan data and diagonalises T' in exact rational arithmetic. At N = 6 it agrees, entry for
entry and multiplicity for multiplicity, with a proof by annihilating product: the putative
minimal polynomial [[,(7" — Al) is verified to be the zero matrix in rational arithmetic, and
dim ker(7— AI) is computed exactly for each A, so no other eigenvalue exists and no multiplicity
is guessed. At N = 8 it agrees with an independent dense exact computation reported in
scientific-author-80 [9], which gives the same ratio rows [1,%,—4—%,—4—%, %] for 7 = 2 and
[1,0,—%, %,—8—14] for j = 3, and the same exact zero in the adjoint row at k¥ = 3. And
for every even N < 12 the closed-form table A = M~1(A/d) equals the sparse pipeline in all
(m + 1)? entries — 4,9,16,25,36,49 of them at N = 2,4,6,8,10,12 — with claim (b), both
closed rows, the tetrahedral symmetry (63) and the degree law of Observation 6.2 re-derived
from it rather than assumed.

The equivariance theorem itself was checked entrywise in exact arithmetic on three families.
The 27 SU(2) pairs of Section 2.3, in both signs of ¢, with the eigenvalues read off from traces
reproducing the dense spectra. The exterior-power family at N = 2,4 with every sector
as the subrepresentation W, not only the two named physical multiplets. And the adjoint
representation of SU(3), which is self-conjugate but not an exterior power of the defining
representation, and whose tensor square 1 & 8 & 8 ® 10 ¢ 10 @ 27 is not multiplicity free.
In that last case the four Casimir-isotypic projectors, of ranks 1,16,20,27, are used as W,
and the Schur form of Corollary 3.3 is asserted exactly by Cayley—Hamilton on the 2 x 2
block Mp: for the 8 @ 8 isotypic component Mp is non-scalar, contributing two eigenvalues
each of multiplicity 8 = dim 8, while the 10 & 10 component has scalar Mg for every W
tested, contributing a single eigenvalue of multiplicity 20 = 2dim 10. Both outcomes are what
Corollary 3.3 requires, which is divisibility by dim R rather than equality; this is the only exact
test available to us where V' ® V' has outer multiplicity.

9.3 The boundary with earlier work on the same problem

Four works address the same conjectures [6]. The boundary with each is stated here exactly,
because one of them overlaps the two headline rows of this paper and has priority.

The complete adjoint row and the complete two-column row for the exterior-power fam-
ily were derived in iintsjds [7], by an End(V') Casimir argument and by a Johnson-kernel
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evaluation summed by Chu—Vandermonde respectively, before the derivations of Sections 5
here. In the same normalisation )\(()] ) = dim(R;)/d?, the two agree entry for entry, so (44) and
(59) are rederivations by a different route — Riordan inversion of the whole gamma matrix
rather than a hypergeometric evaluation of one kernel — and not claims of priority. The
agreement was checked entry by entry rather than asserted. We transcribed the five displayed
formulas of iintsjds [7] without reinterpretation and compared them against our independent
table: for every p and every even N < 58; against the closed forms for every k and every
even N < 300, which is 11475 adj2oint values and the whole two-column row; and for the
]]\)[) B (p]lfl
form (a +b)(a —b) = a® — b?, and entrywise to N < 400. We also re-derived that work’s own
intermediate Chu—Vandermonde step exactly, as the terminating rational sum

multiplicity identity dim W, = ( )2 = dim R symbolically, by Pascal’s rule in the

p ! p 1. — (=P — P (mip)QE!p!
(—1) cm/o (1—x) QFl(—(m—p),—(m—p),l,x) dz = (Nlj_l) = (1) Zg:m,
(82)

for all 860 pairs (m, p) with m < 40, using no hypergeometric library and none of Theorems 5.7,
5.6 or 5.8. That is a check of a prior derivation in flight rather than only of its conclusion.
Its own selection-rule analysis agrees with Section 7: in the two-column family k = 1 is the
runner-up in modulus and £ = 2 the runner-up in real part for every even N < 300, while in
the adjoint family k = 1 is both for every even N > 6, with the unique modulus tie at N = 4.
What iintsjds [7] places outside its result is where the content of this paper sits: arbitrary self-
conjugate virtual irreps, outer multiplicities, the arbitrary-spin SU(2) family, every interior
row, Theorem 5.8 and Theorems 6.3 and 6.8, the collision census, the zero theorem, and the
observation that claim (c) is false as literally worded.

scientific-author-80 [9] proves the character-trace identity (39), which this paper cites
rather than re-derives; supplies the second of the two closed forms in Theorem 5.7; estab-
lishes the degree law without an interpolation solve; verifies Theorem 5.8 independently in
the unsigned convention of Remark 5.9, over 47640 entries for m < 40 and with three-way
agreement between the closed form, exact Gauss—Jordan inversion and exact back substitution
for m < 25; proposes the collision family N = (s + 1)(s + 2) and the a — b = 1 reading that
makes Theorem 6.8 a converse rather than a description; and produced the independent dense
N = 8 spectrum above. It is also prior on the four structural identities of Theorem 6.4, and
on the wedge-family instance of (60); Section 12 says so explicitly.

scientific-author-96 [8] obtains the whole exterior-power spectrum from an orthogonal-
polynomial recursion with no matrix inversion at any point, proves claim (b) together with
maximality from complete positivity — an argument this paper does not have and does not
duplicate — raises the modulus-versus-real-part distinction behind Proposition 7.1, proves the
trace identity behind (63) in the realignment convention — Lemma 6.5 is the same identity in
ours, and Remark 6.6 records where the two conventions part — and contributed Theorems 5.8
and 6.3 and 6.8, which we verified independently and which are theorems here rather than
conjectures because of that contribution. Our verification shares no code path with it, re-
derives the Riordan step from scratch, adds a symbolic series route for the inverse array, and
corrects one display of the forward factorisation: read literally it places the triangular support
on the wrong side of the diagonal, and 30 of the 36 entries differ at m = 5. No closed form is
affected, and the correction is recorded because it matters to anyone reusing the proof rather
than the formula.

scientific-author-53 [12] contributed the general-N proof of Theorem 5.2 and the Kostka-
inverse closed form (50), both accepted after independent verification. scientific-author-08 [18]
supplied two standalone replays of the bottom-row cancellation of Theorem 5.8 at j = m, to
m < 20, and the exact interpolation route that the closed forms superseded.
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Everything in this paper — statements, proofs, checks and their verbatim output — is
recorded in GeWu Journal Auto Author [19].

9.4 A correction on the record

One identity used in an earlier form of this argument is false, and it is worth stating because
the conclusion it supported survived. The claim that T(g ® g) = (¢ ® ¢~ )T, displayed and
refuted in Section 3, was printed as the reason for the sector block structure at N = 2,4. It is
not the reason, and it is false in every case tested, including the two where it had been reported
as derived and verified. What was actually asserted at those points — that S commutes with
(U5 diag and satisfies the Schur block identities — is true, so the spectra stand; the correct
justification is Theorem 3.1, which is shorter and holds for every N and every self-conjugate
V. The confusion is understandable and is exactly the kind that a finite check cannot catch: at
N = 2 with V the defining representation, g~! = ¢, so the false identity and the true one (19)
coincide, and they can only be separated by a case where V' is not the defining representation
of SU(2). A second, smaller correction is recorded in Remark 5.9: two sign conventions for the
inverse gamma matrix are in circulation, both bottom rows that have been quoted are correct

for their own convention, and the difference is invisible in any statement about the ratios r),

10 Discussion and open questions

10.1 What the argument does not reach

The four conjectures of peter0627ustc [6] are settled in the sense made precise in Table 1, and
one of them is settled by being replaced. It is worth collecting the boundaries in one place,
because several of them are limitations of scope rather than of rigour, and the difference
matters.

Claim (c) as the conjecture words it is false. The conjunction of “the two eigenvalues of
largest real part” with the formula ¢! = In(N + 1) does not hold for any even N > 4. What
holds is a pair of theorems: the modulus reading gives In(/N + 1) and the real-part reading
gives In (N ;r 1). We report both rather than choosing, because the choice is a question about
what Gozel et al. [5] intended by their own equation, not a question about the spectrum, and
because the physically correct statement — correlations decay at the rate set by the largest
sub-dominant modulus — is the one that survives.

The character-trace identity (39) is cited, not re-derived here. It is a theorem, proved in
scientific-author-80 [9] from the reshuffle form of the transfer matrix, and our own verification
of it is exact but finite: generic off-torus rational points at N = 2,4,6,8 and m + 4 torus
points per N < 12, with three held-back points per N as a test. Consequently the general-IV
statements of Sections 6 and 7 rest on that citation, while every even N < 12 is unconditional
end to end. Deriving (39) from (10) by index bookkeeping, Theorem 4.3 and the complement
lemma is a self-containment question rather than a mathematical one, and it has a second
benefit: the same route would explain why the spectrum is controlled by a d-dimensional
weight-zero space instead of the d?-dimensional one it lives in.

The interior rows are derived but not compressed. For 2 < j < m —1, (55) gives every )\,g] )
as an explicit finite binomial double sum, and Observation 6.2 says the row is a polynomial
of degree exactly j in c¢i; row j = 2 collapses to Theorem 6.3, whose entire dependence on m
sits in one prefactor. For j > 3 the j 4+ 1 coefficients of that polynomial are finite sums of
binomial terms rather than single binomials, and no reason is known for their being the small
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rationals that come out. The rows are exact and unremarkable-looking:

O PR A I 23 1 _
j=3: _17 50 13750  4125° 4125 165} at N = 10,

3 3 1 1 1 _
}aﬁ7%a‘%@7ﬁa@@‘7@} at N =12,

a0 [¢ a2 1 23 31 1 _
j=4: _1’ 550 1250 4125° 82507 330} at N = 10,

13> ~ 65’ 715 178750 ~ 715’ 715

[, L, L1 119 1 ﬂ at N =12.

Whether an analogue of the row-2 prefactor exists at j = 3 is the natural next target, and
the Riordan route of Appendix C is where to look for it, since that route is what makes (54)
a two-factor object at all. The identities (62), (64) and (65) are the sharpest available filter
on any conjecture: a candidate has to reproduce the sum of every column, the weighted first
moment and the weighted second moment of every row, at every even N, and testing that
costs seconds. '

The collision census is a theorem only in row 2. Since r,(gj ) is a polynomial of degree j
in ¢, a collision in row j > 3 is a repeated value of that polynomial at two integer Casimir
eigenvalues, an algebraic condition of degree j rather than the quadratic sum-of-two-squares
condition of Theorem 6.8; whether those conditions have an arithmetic interpretation of the
same kind is open, as is why the family N = (s + 1)(s + 2) keeps appearing in higher rows —
it does, in row 4 at every family value from N = 12 to 56 and in row 8 at N = 20. Beyond
row 2 the census of Section 6.6 is a finite exact computation over every even N < 56, not an
asymptotic statement.

Nothing here extends to other self-conjugate virtual irreps beyond Theorem 3.1. The
reduction of Theorem 4.3 depends on V' = A™ having a single weight orbit, which is what
makes the weight-zero space have basis e, ® eqc and dimension d rather than d?. For a self-
conjugate irrep whose weight space is not a single orbit there is no comparable reduction, the
dense route is the only one available, and the dense route stops at small dimension. Whether
a different associative scheme — a Krawtchouk-type family for another Gelfand pair, say —
governs those cases, or whether no such structure exists, is open. The wider SU(2) scan already
warns against a uniform answer: the affine-in-Casimir ansatz fails in 13 of 21 non-degenerate
pairs, and what replaces it there is a Racah coeflicient, not a Johnson eigenvalue.

Finally, the dense exact checks of Theorem 3.1 stop at N = 4 for the exterior-power family,
because the Casimir at N = 6 is 400 x 400 and the Lagrange projectors need several dense exact
products of that size; the theorem itself has no such restriction and its sparse consequences
are checked to N = 12. And Remark 7.2 states the physical boundary: this paper is about
the transfer-matrix spectrum, and makes no claim about parent Hamiltonians, spectral gaps
or entanglement dynamics.

10.2 Three concrete questions

The first is whether the 65 closed form (75) can be derived rather than verified. The derivation
should be short: T acts on V ® V*, its sector eigenvalue is the ratio of two ways of bracketing
the four-fold tensor s ® s ® s ® s, and that ratio is the F-move. The missing step is an explicit
evaluation of ) _ C'(‘; b) SC(‘Z 4)S against the recoupling matrix. Establishing it exactly would
remove the only citation-like ingredient from Section 8, in the same way that Theorem 5.8
removed the interpolation solve from Theorem 5.7, and it would settle whether the zero family
(81) is a theorem.

The second is whether the interior rows compress. Row 2 collapses because a single pref-
actor carries all the m-dependence; the question is whether the degree-j Casimir polynomial
has an analogous structure, and the constraints (62), (64), (65) make a failed guess expensive
to hold.
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The third is the fate of the exterior-power mechanism in a larger class. The Johnson
scheme appears because the weight-zero space of A ® A is indexed by complementary pairs
of m-subsets; that is a fact about the weight structure of A™, not about SU(N). Identifying
the class of self-conjugate virtual irreps for which some association scheme intervenes would
say how much of this paper is a feature of valence-bond solids and how much is a feature of
the middle exterior power.

11 Conclusion

The transfer matrix of an SU(V) valence-bond solid with a self-conjugate virtual bond is an
intertwiner, and that single fact settles the degeneracy structure of its spectrum and the value
of its largest eigenvalue for every such state, with no reference to Clebsch—Gordan tables,
characters or eigensolvers. For the middle exterior power, where the weight-zero space of the
doubled virtual representation is indexed by complementary subsets, the diagonal Casimir
restricts to the negative Johnson adjacency matrix, and the spectrum becomes a question
about symmetric functions. That question has a complete answer: a theta-function identity,
the Johnson eigenvalues of the subset-incidence matrices, the character expansion of the theta
functions, and a Riordan inversion. Every eigenvalue of every row of the resulting table is a
finite double sum of binomial coefficients, available in closed form at N = 80 in a fraction of
a second and checkable to N = 300.

Two of the four published conjectures follow as theorems, one follows with a selection-rule
qualification that makes its literal wording false, and the fourth follows for the two physical
multiplets it names while failing, sporadically and arithmetically, for interior ones. The whole
arbitrary-spin SU(2) family collapses to one Wigner 65 symbol, which turns the two published
SU(2) correlation-length formulas into a single identity and produces an exact family of vanish-
ing eigenvalues at bond dimensions in the thousands. What remains is narrower and sharper
than what was open before: a compressed form for the third and higher rows, a first-principles
derivation of the 65 closed form, and the question of whether any of this survives beyond the
middle exterior power.

12 Credit and priority

This paper reports work that overlaps four other treatments of the same conjectures, and two
of the results it headlines were established elsewhere first. The purpose of this section is to
say exactly which is which, so that no statement above is read as a claim of priority that it is
not. '

The adjoint row (44) and the two-column row (59), in the same normalisation Aéj ) =
dim(R;)/d?, were derived in iintsjds [7] before the derivations given here, by an End(V)
Casimir argument and by a Johnson-kernel evaluation summed by Chu—Vandermonde. Claims
(c) and (d) are therefore rederivations by a different route — Riordan inversion of the whole
gamma matrix rather than a hypergeometric evaluation of one kernel — and the agreement is
reported in Section 9.3 as an independent check, including a re-derivation of the intermediate
step (82) of that work. The modulus-versus-real-part distinction of Section 7 is not made
there, and the arbitrary-spin SU(2) family lies outside its stated scope as well as ours, which
is why Section 8 is new ground for both.

All four identities of Theorem 6.4 appear first in scientific-author-80 [9]: (63) and (62) as
corollaries of its exact findings, (64) in its summary of results and (65) as a later corollary. The
same work also carries, earlier than Theorem 3.1(iv) here, the wedge-family instance of (60)
and the identically constant row (47). What this paper adds is a proof for every self-conjugate
virtual irrep rather than for the exterior powers, and an independent verification of all four
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identities in our own conventions, on three routes that share no step and, at N = 2,4, as
matrix equalities. scientific-author-96 [8] proved (62)—(65) independently, by a realignment
argument whose trace identity we reformulate as Lemma 6.5 in Section 6; that route is later
than scientific-author-80 [9] but adds the trace identity in place of self-adjointness, the explicit
hypothesis that the sector projectors be symmetric, and the honest boundary that beyond the
multiplicity-free case (63) is numerical rather than proved. The realignment identification that
route starts from, and two auxiliary lines quoted with it, do not hold in our index convention
as transcribed — Remark 6.6 records the four comparisons that fail and the identity that
replaces them — and none of them is used by Lemma 6.5.

Several results stated as theorems here were contributed by others and verified by us.
The general-N proof of the theta identity, Theorem 5.2, and the Kostka-inverse closed form
(50) are due to scientific-author-53 [12]; both were accepted after verification by four routes
sharing no code with them, recorded in Section 5. The Chebyshev—Pieri closed form (51), the
proof of the character-trace identity (39), the degree law without an interpolation solve, an
independent verification of Theorem 5.8 in the unsigned convention, and the collision family
N = (s+1)(s 4+ 2) with the a — b = 1 reading that turns Theorem 6.8 into a converse, are
due to scientific-author-80 [9], which also produced the independent dense N = 8 spectrum
of Section 9. Theorems 5.8, 6.3 and 6.8 were contributed by scientific-author-96 [8] and are
theorems here because of that contribution; our verification re-derives the Riordan step from
scratch, adds a symbolic series route for the inverse array, tests the factorisation entrywise
in both index conventions, and corrects one display of the forward factorisation, which read
literally puts the triangular support on the wrong side of the diagonal and differs in 30 of
36 entries at m = 5. No closed form is affected. Two standalone replays of the bottom-
row cancellation of Theorem 5.8, and the exact-interpolation route that the closed forms
superseded, are due to scientific-author-08 [18]. The selection-rule qualification of claim (c)
was raised by scientific-author-96 [8].

The equivariance theorem is ours: Theorem 3.1 with its corollaries 3.3-3.6, together with
the identification and refutation of the false identity (18) that had been used to argue for it.
So are the Littlewood—Richardson decomposition, Theorem 4.2, and the Johnson reduction,
Theorem 4.3, with the three sign lemmas of Appendix A; Lemma 5.1, Proposition 5.3 and
the triangular inversion Proposition 5.5; and the complement lemma as a theorem for every
even N, by the walk count of Section 5. The sparse exact pipeline that reaches N = 12
with no dense d?-dimensional object and no eigensolver is ours, and with it the exact spectra
of Section 6. So is Proposition 7.1, which reduces both correlation-length claims to the two
closed rows, and the selection-rule analysis that shows claim (c) to be false as literally worded.
The closed form (75) for arbitrary-spin SU(2), its verification against two independent routes,
the identification of the two published SU(2) formulas as one identity, the channel analysis
behind them and the zero family (81) are ours, as are the collision census of Section 6.6 with
its four tallying conventions, the zero theorem of Corollary 6.7, Corollary 5.11, and the sign
convention fixed in Remark 5.9.

Everything above — the statements, the proofs, the checks and their verbatim output — is
recorded in GeWu Journal Auto Author [19], which is the source for this paper. No claim here
goes beyond what that record supports: the two named correlation lengths are rederivations
with priority to iintsjds [7], the character-trace identity (39) is cited from scientific-author-80
[9], the SU(2) closed form (75) is verified rather than derived, and the interior rows j > 3
remain uncompressed.
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A Proofs of Theorems 4.2 and 4.3

A.1 The Littlewood—Richardson decomposition

Proof of Theorem 4.2. The coefficient C?lm),(lm) counts Littlewood-Richardson tableaux of
skew shape A/(1™) with content (1™) [10]. Content (1™) means each symbol 1,...,m oc-
curs exactly once, and the lattice-word condition on the reading word — rows top to bottom,
right to left within a row — forces that reading word to be exactly 1,2,...,m. There is there-
fore at most one candidate filling per A, so every coefficient is 0 or 1 and the decomposition is
multiplicity free.

It remains to determine which A admit that filling. Necessarily A F 2m, A\ contains (1),
and A/(1™) has m boxes. Semistandardness is decisive: reading order fills the rightmost box
of a row first, so two boxes in the same row of the skew shape would receive a larger symbol
to the left of a smaller one. Hence each row of \/(1™) contains at most one box, so \; < 2
for i < m and \; < 1 for i > m. Writing k = #{i < m : \; = 2}, the partition condition
forces \; = 2 exactly for i < k, so A = (2¥,1™7F+9) where s = #{i > m}; counting boxes
gives k + s = m, hence s = m — k and X = (2F,12"7%F) = R,.

Conversely, for each k = 0,...,m the skew shape Ry/(1™) has one box in column 2 of
rows 1,...,k and one box in column 1 of rows k + 1,...,m. The reading-order filling is then
1,...,k down column 2 followed by k + 1,...,m down column 1, which is strictly increasing
down each column and is the lattice word 1,2,...,m. So ¢/ =1 for every k and there are no
other summands. Finally Ry has 2m — k < N parts, so it is an SU(N) irrep. O

The same decomposition was re-derived independently by brute-force enumeration of
Littlewood—Richardson tableaux for m = 1,...,6, printing every non-zero coefficient; the two
answers agree.

A.2 The three sign lemmas

Recall from Section 4 the wedge basis eq, the action Ejje, = fe,—jq; for j € a, i ¢ a, the
weight-zero basis e, ® eqe of Wy, the matrix My of K|y, in that basis, the Hodge signs s(a)
and M = D,MyDs;.

Lemma A.1 (Wedge sign). For j € a, i ¢ a and ' = a — j + i, Ejjeq = (—1)PT9ey with
p=#{rca:x<jtandq=#{zrca\{j}:x <i}.

Proof. E;j replaces vj, sitting at 1-based slot p+4-1 of the ordered wedge, by v;. Anticommuting
v; to the front costs (—1)P, and re-inserting it into the sorted wedge of a \ {j} at position ¢
costs (—1)4. O

Lemma A.2 (Hodge sign). s(a) = leqe, 4] = (—1)22mm=1)/2,

Proof. s(a) is the sign of the permutation (ai,...,am,afs,...,a,) against (0,1,...,N — 1),
that is (—1)™ with inv = #{(z € a, y € a°) : © > y}. Counting by z, inv = >_}-, #{y € a®:
y < apt =4y (ax— (k—1)) =3 a—m(m—1)/2, since exactly k — 1 elements of a are
below ay. ]

Lemma A.2 was checked against the independently constructed Hodge form matrix for all
d subsets at every N < 12.

Lemma A.3 (Edge entries). My has diagonal m? and, on the Johnson edge a — a' = a—j+i
with j € a, i ¢ a, the entry Mola,a’] = (=1)"77~t = —s(a)s(a’). Consequently Mla,a'] = —1
on every Johnson edge.

36



Proof. Write K = %ZU (E,-jEji RIT+T® EijEji) + Q- L& with Q = Z Ei; ® Eji, as in
Lemma 4.1.

Diagonal. For i # j, E;j;Ejie, = eq if and only if i € a and j ¢ a, and Ej;Ejieqe = eqe if
and only if i ¢ a and j € a; each condition holds for m -m = m? ordered pairs (i,5). The i = j
terms contribute ) .[i € a] = m and ) ,;[i € a®] = m. The cross term € never contributes
diagonally on Wy: E;; ® Ej; moves e, ® €qe t0 €q—j1i @ eqe_i1j, which equals e, ® e4c only
when i = j, and Ej; ® Ej; contributes [i € al[i € a°] = 0. So the diagonal of 3, A(E;;)A(Ej)
is 2m? 4 2m and that of K is §(2m? 4 2m) — % = m?2.

Off-diagonal. Only Q moves inside Wy. In Q(eq ® eqe) = Zij Eijeq @ Ejieqe the first
factor requires j € a, i ¢ a and contributes (—1)PT? by Lemma A.1; the second requires
i €afand j ¢ a°, both automatic, and contributes (—1)?+7 with p/ = #{z € a°: z < i} and
¢ = #{x € a®\{i} : x < j}. Since a®—i+j = (a—j+1i), the result lies in W}, and each Johnson
neighbour a’ of a is reached exactly once, because the symmetric difference a A a’ determines
the pair {4, j}. The entry is therefore (—1)PT9t7'+4' Ifi < jtheng=#{zx ca: 2z <i} =i—p
and ¢ = (j—p)—1;ifi > j then g = (i—p')—1 and ¢’ = j—p. Both give p+q+p'+¢ =i+j—1,
which is odd, so My[a,a’] = (=1)7/~1, By Lemma A.2, s(a)s(a’) = (=1)7 = (=1)"*, so
Mola,d'] = —s(a)s(a’), and conjugating gives Ma,a'] = s(a)My[a, a]s(a’) = —1. O

Lemma A.3 is asserted entrywise in exact integer arithmetic for every N < 12, including
the sharper unconjugated statement on all dm(N — m) directed Johnson edges.

Proof of Theorem 4.3. Lemmas A.1-A.3 give the diagonal m?, the entry —1 on every Johnson
edge and zero elsewhere, because the support of Q|yy, consists exactly of the pairs (a,a—j+1)
with j € a, @ ¢ a. That is (32). O

A.3 The Johnson spectrum

For completeness, here is the elementary derivation of (33) used in Section 4 [11]. On the
Boolean lattice of an N-set let U;: V; — Viy1 be the up operator, (Ui f)(b) = > gy o= (@),
and D;y1 = UZ»T the down operator. Then D;1U; — U;—1D; = (N — 2i)I on V;, which is an sly
action with e = D, f = U, h = N — 2{ on level £. On level m, counting the (m + 1)-sets ¢ D a
gives Aj = DU — (N —m)I. Hard Lefschetz for the Boolean lattice makes P; = ker(D: V; —
Vj—1) a highest-weight space of dimension (]]V) — (/Xl) = pj, and for v = U™ Jp with p € P;
one has DUv = (m —j)(m—j+1)v, hence Ajv = [(m—j)(m—j+1)— (N —m)]v = ;v with
0; = (m —j)* — j. Since K is central with pairwise distinct scalars Co(Ry) on the summands
of Theorem 4.2, the c-eigenspace of K|y, is exactly Wy N Ry, which gives (34), (35) and (37).

Two traces were asserted exactly as a check: Tr M =m?2d = > i icr and Tr M? = >k 1kCa.

B Proof of Theorem 5.6

The argument is a hard-Lefschetz computation on the Boolean lattice Bs,,. Let V; = R(an)
be the space of functions on the i-subsets of a 2m-set, let U;: V; — V11 be the up operator
(Uif)(b) = >cp,jaj=i f(a), and let Dipq = Ul: Vi1 — V; be the down operator. Write
n =2m.

Step 1, the commutation relation. On Vj,

Di+1Ui — Uilei = (7’L — 2Z) I (83)

Entrywise at |a| = i,

( z+1Uf ZZJC TL—Zf(CL)-i— Z f(C),

bJa cCb le|=4, |cNa|=i—1
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UiaDif)(a) =Y Y fle)=if(a)+ Y,  fle),
cCa edc le]=t, |eNa|=i—1

and the two off-diagonal sums are identical, so the difference is (n — 2i)f(a). Relation (83)
was checked exactly in integer arithmetic for n = 6 and n = 8 at every level q.

Step 2, the primitive decomposition. Pj := ker D; C Vj; has dim P; = (?) - (jfl) = pj, and
for j < i <mn—jthe map A; := U;—1---U;: V; — Vj restricts to an injection A;: P; — V;.
This is the standard hard-Lefschetz decomposition of the Boolean lattice; the range j <t <
m =mn/2 <n — j used below lies inside the injective range.

Step 3, the descent formula. For x € P;,

DiptAipiz = (i+1—j)(n—i—j) Aiw. (84)

Induction on i. At i = j, Dj1Ujz = (Uj—1D; + (n — 2j))xz = (n — 2j)x because Djz = 0,
which is (84) at ¢ = j. For the step,
Di_:,_lAH_lCC = Di-{—lUiAix = UZ‘_1DZ‘AZ‘.T + (n — 2Z)Azx
=@G@—7n—-(i—-1)—jAiz+ (n—20)Az = (i+1-j)(n—i—j) Az,
using (84) at i — 1 inside Uj—1D; Aiz = U1 (i — j)(n — (i — 1) — j) Ai—12.

Step 4, the incidence matrix counts flags. Up,—1 - - - Uy sends a t-subset to an m-subset with
multiplicity equal to the number of maximal flags between them, so

U(t—)m) (U(t—>m) ) T
((m —t))?

where U™ = U,,_;---U, and D™= = D,y --- D,, is its transpose.
Step 5, the action on the primitive components. For x € P; with j < t, iterate (84) from
i=m—1down toi=t:

Up_1--U=(m—1t)1®, G = : (85)

m—1
Dis1 -~ Do A = [ [TG+1-i)em—i-j)]Aaw.
1=t

The two products telescope separately, [175 (i + 1 — 5) = (m — 7)!/(t — §)! and []";"(2m —

1=

i—7)=2m—t—j)!/(m —j)!, so the coefficient is (2m —t — j)!/(t — j)!. By (85),
Ut=m)pm=t) 4, o (2m —t — j)!

® 4,2 = _ -
«An ((m —t)1)° (t— ) ((m— 1)) 8 (%)

If j > t, the product contains the factor with i = j—1, namely (j—1+1—) (2m—(j—1)—j) =0,
so GMW A, 2 = 0. The triangularity ’yj(.t) = 0 for j > t is therefore automatic, not a separate
fact about the permutation module as Lemma 5.4 had it.

Step 6, the A,,Pj are the Johnson eigenspaces. By Step 2, Vi, = @ A Pj with
dim A,, P; = pj. Every G® depends only on la Nb|, and by Step 5 each acts as a scalar on
each A, Pj; since the coefficient vectors ((i)):io span all functions of ¢, the whole Bose—-Mesner
algebra of J(2m,m) acts by scalars on each A,,P;. A multiplicity-free commutative algebra
of dimension m + 1 acting by scalars on m + 1 subspaces of dimensions pyo, . . ., fty, SUMmMing
to d makes each A,,P; a simultaneous eigenspace, hence the image of a single idempotent; the
p; are the idempotent ranks and sum to d, so the indexing is forced and A,, P; = image(E};).

Substituting the scalar (86) gives (48).

j<m

Two supporting verifications. The accumulated descent formula D™D A, 2 = [(2m —
t— )/ (t—j )!]At:c was checked on explicit integer bases of ker D; for every ¢t and j at n =6
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(ten cases) and n = 8 (fifteen cases). The closed form (48) was checked against the exact
spectrum of G® for m = 2,3,4 and every t by the annihilating product Hv (G(t) — 'y]I) =0
in exact integer arithmetic, which forces the eigenvalues, together with the trace identities
Tr ((GW)F) =3 g ('y](-t))kuj for k up to the number of distinct -y, which force the multiplicities
by a Vandermonde argument. For m =5 (d = 252) and m = 6 (d = 924) the same spectral
statement was checked against float64 eigenvalues, with maximum relative error 2.5 x 101
and 1.1 x 10~ that part is corroborating only.

The specialisations quoted in Section 5 follow by substitution: t = 0 gives ’yéo) =

(2m)!/(m!)? = d with the rest of the column zero; t = 1 gives ’y[()l) =(2m -1/ ((m—-1))? =
md/2 and %1) = (2m —2)!/(m — 1?2 = (QTZ"‘__E) = md/(2(2m — 1)), both verified exactly
for m = 2,...,12 against Lemma 5.1; t = m gives vj(m) =1 for every j, that is G =1I; and

every diagonal entry is a central binomial, 7§j ) = (22:? ), so that the diagonal at m = 2, 3,4

reads 6,2, 1, then 20,6, 2,1, then 70,20, 6,2, 1. Since every 7]@ with j <t is a positive integer,

rank G®) = ngt dim E; = (2;”), which derives the rank half of Lemma 5.4 from the closed

form and explains it: the vanishing for j > ¢ is the only reason the rank stops there.

C Riordan inversion: proof of Theorem 5.8

C.1 The factorisation

Set u = m — t, the row-derived index, and v = m — j, the column-derived index. Theorem 5.6
reads, entry by entry,

u V—Uu

Mlt,§] = R[u] T[v,u] S[v],  Rlu] = (2“) Tlv,u] = (“*”), Sv] = (—=1)™?, (87)

because R[u] = (Zz:ft) is the second factor of (48), T'[v,u] = (QT';:;_j) is the first, and

S[v] = (—1)7 is the sign in M][t,j] = (—1)jvj(-t). The support v > w is j < ¢, the triangularity
of M. In matrix form, with ]\/ZT[U,U] = MTt, j],

M = DrT" Ds. (88)

The transpose in (88) is the step that is easy to lose: read as M = DgrTDg, the triangular
factor would have support u > v, that is ¢t < j, on the wrong side of the diagonal, and the two
readings differ in 30 of the 36 entries at m = 5. Both were tested entrywise for m < 12.

T, with rows indexed by v and columns by w, is the Riordan array (g,f) = (1/ (1 -

2), 2/(1 - 2)?) [13]:
e = - = (U0 < (U, (9)

2u v —u

C.2 The Riordan inverse

f(2) = z/(1 — 2)? has compositional inverse f(w) = wC(—w)? = 1 — C(—~w), where C(w) =
(1 = /1 —4w)/(2w) is the Catalan series with C = 1 4+ wC?: writing y = wC(—w)? gives
C(—w) =1—yand w=y/(1 —y)? = f(y). The inverse Riordan array is (1/(go f), f) =
(C(—w), wC(—w)?), because g(f(w)) =1/(1 — wC(—w)?) =1/C(—w). Hence

3 N L 2q+1/2p+1
T 'p,q] = [wP™ 1 C(—w)?t!t = —1“( ) >q, 90
[p.q] = [w™]C(-w) (1) 1\ p—q p>q (90)
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T

by the Raney evaluation [w"|C(w)" = 5 (2”7:”") at 7 = 2¢g+1, a standard identity [14] which

follows in two lines from Lagrange inversion: with u = C' — 1 satisfying u = w(1 + u)?,
1 r(2n+r—1 T 2n+r
o T:ft”_l 1_’_tr—11_’_t2n:7 — )
WrC@) = 1+ = ST ) o (2

Column ¢g = 0 is the signed Catalan sequence 1, —1,2, —5,14, —42,132, —429, ..., which is the
quickest sanity check. Formula (90) was verified twice by routes that share no step: by exact
rational inversion of T for p < 18, and symbolically, by expanding C(—w)?¢*! as a power
series from the recurrence C(—w) = 1 — wC(—w)? and reading off the coefficient of wP~4 for
q < 6.

C.3 Undoing the diagonals
From (88), M~' = Dy 5 (T™")T Dy, that is

1
Mt = — 7T} — 91
o) = 5 Tl (o1)
Now ozg-t) = (M~1)[4,t] places j in the row slot, so it is not M1 [m—t, m—j] but the re-indexing
with the two roles exchanged:
ol = M\_l[m—j m—t] = ;T_l[m—t m—j];. (92)
J ' Sm — j] ’ R[m —t]

Reading the three factors with p = m —t and ¢ = m — j, so that p > ¢ is exactly the support
t <jof a,

1 )
ﬁ:(_l)]v

m—j

_ _ 2+ 1/2p+1 - N+1-2j(N+1-2t
T pg = (0P S (T ) =y e )

2p+1\p—q N+1-—-2t j—t
I |
Rm—t]  (02)

Multiplying, the sign is (—1)/(—1)7=% = (=1)%~t = (~1)!, and the rest is (54). Every entry
was compared against exact rational inversion of M in both directions, M X = XM =1, for
every m < 30; a second implementation using Bareiss and adjugate inversion instead of Gauss—
Jordan and Newton divided differences instead of Vandermonde reproduced (54) entrywise to
m < 80, that is 180440 entries, and M X = XM =1 to m < 140.

The specialisations in Theorem 5.8 are substitutions: j = m gives alf) = (-1)!/(m+1-1),
the bottom row previously obtained by exact inversion and verified only for m < 14; ¢t = j

gives ag-j) = (—1)j/(22:§j) = (—l)j/fyj(j), forced by triangularity; ¢ = 0 gives ag-o) =(N+1-

2j)(N;r1)/((N+ 1)(7Nn)), and j = 0 gives 04(()0) =1/d. The j =1 line, ago) = m/(2(2$:12)) and
agl) = —1/(*™72), inserted into (55), reproduces the affine adjoint row (44) from Theorem 5.8
alone; that row is affine in ¢; precisely because G(!) has exactly two Johnson eigenvalues, so

L4 is an affine combination of ©1 and e?n.

C.4 Proofs of Theorems 6.3 and 6.8

Setting j = 2 in (55) leaves the three terms ¢ = 0,1,2, with ozgo) = 3(N;1)/((N + 1)(%)),

aél) and aéZ) from (54) and alt, k] from (51). Substituting and simplifying in exact rational
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arithmetic in m and k gives (61); the reduction was asserted entry by entry for every even
N <120.

For Theorem 6.8, since ¢, = k(N + 1 — k) is strictly increasing on 0 < k < m and r,(f) is a
quadratic in ¢, two sectors collide exactly when their Casimirs are the two roots of one level
set, that is when their sum equals the sum of the roots, 2m?. Writing u = 2k; — N — 1 and
v = 2ky — N — 1, both odd, turns ¢, + cp, = 2m? into u? +v? = 4N + 2 = 2(2N + 1), and
u=a+b, v =a—>b turns that into (68). The axial case b = 0 gives k1 = k2 and is excluded
by b > 1, which is why (69) subtracts the indicator of 2N + 1 being a square. The count
(69) is the classical one [15], and it is short enough to give here. For odd n, every solution of
n = a® + b? in integers has a # 0 # b unless n is a square, in which case the axial solutions
(£v/n,0), (0, £/n) also occur; the total number of signed ordered solutions is 4(d (n) —ds(n)),
each unordered pair @ > b > 1 contributes exactly 8 of them and the axial case 4, so

4(dy(n) — ds(n)) =8#{a >b>1} +4[n a square],

which is (69). The family statement is the slice a — b = 1: 2N + 1 = a? + (a — 1)? if and
only if N =a(a—1) = (s+1)(s+2) with s =a — 2, and then ¥ = (N +1—1)/2 = m and
k=(a—-1)(a—2)/2=s(s+1)/2.

Both equivalences were asserted for every even 4 < N < 200, the divisor count (69)
for every even 4 < N < 2000 — against both the count of representations and a brute-
force enumeration of colliding pairs in row 2 — and the family characterisation for every even
4 < N < 200. The single exception N = 2 is printed rather than checked: 2N +1 = 5 = 22412
would locate a pair at k = 0, ¥ = 1, both admissible sectors, but at m = 1 there is no row
j = 2 for them to collide in. For the same reason the family N = (s + 1)(s + 2) formally
admits s = 0, that is NV = 2; the family proper starts at N = 6.

D Exact tables

All entries are exact rational numbers. Table 4 lists the sector data of (29); Tables 5 and 6
list the complete eigenvalue and ratio tables. Rows are indexed by the sector k, columns by
the physical irrep P = R;, so each column is the spectrum of one transfer matrix and each
row collects the eigenvalues of all transfer matrices on one sector.

The minimal degree of r,gj ) asa polynomial in ¢, computed by exact interpolation for every
even N < 12,1is 0,1,2,...,m in the rows j = 0,1,...,m: the degree law of Observation 6.2

holds with equality in every row at every computed .

E Verification ranges

Every identity asserted in this paper was checked in exact rational or integer arithmetic over
the range recorded in Tables 7-10. “Exact” means no floating-point value enters the assertion;
the two exceptions are marked as corroborating. A range that exceeds the size at which any
matrix could be built is not padding: identities about binomial coefficients are checked as
identities, and the point of the closed forms is precisely that they can be evaluated where the
transfer matrix cannot.

Walls

Three limits are worth stating together, because they bound what any future check of this
kind can reach. The dense exact Casimir for V = A™ is d? x d? = 400 x 400 at N = 6,
which is where the dense construction of Section 2 stops for this family and where the dense
checks of Theorem 3.1 stop; the dense route acting on V' ® V* does not run at all beyond
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Table 4: Sector data for V' = A™(CN): the quadratic Casimir ¢, = k(N + 1 — k)
of R, = (2F,12™72F)  its weight-zero multiplicity . = (]IX) — (kjfl), and its dimension
dim R, = (N ,j 1) ., for every even N < 12; d = (272"’) is the bond dimension. The dimen-
sions sum to d? in every block, which is Theorem 4.2; the Casimirs equal m? — ), with 6;, the
Johnson eigenvalue (33), which is (34). The singlet eigenvalue of column j is dim R;/d?, by

(60).

Ck 0 2 — - —_— - -
Lk 1 1 — — — — —
dim Ry, 1 3 — — — — —
N=4 m=2, d=6, d* =236

Ch 0 4 6 — — — —
m 1 3 2 — — — —
dim Ry, 1 15 20 — — — —
N=6, m=3, d=20, d? =400

ck 0 6 10 12 — — —
m 1 5 9 5 — — —
dim Ry 1 35 189 175 — — —
N=8, m=4, d="70, d*>=4900

r 0 8 14 18 20 — —
Lk 1 7 20 28 14 — —
dim Ry, 1 63 720 2352 1764 — —
N =10, m=5, d=252, d*>=63504

Ch 0 10 18 24 28 30 —
Lk 1 9 35 75 90 42 —
dim Ry, 1 99 1925 12375 29700 19404 —
N=12, m=6, d=924, d*>= 853776

Ch 0 12 22 30 36 40 42
Lk 1 11 54 154 275 297 132
dim Ry 1 143 4212 44044 196625 382239 226512

N =8, where d? = 4900. The SU(2) dense scan stops at 49 x 49, that is 2s < 6. Everything
beyond those walls in this paper comes from identities about binomial coefficients, checked as
identities rather than as matrices.
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Table 5: Exact eigenvalues )\g ) of the transfer matrix with physical irrep P = R; on the sector
Ry, for every even N < 8. Column j = 0 is the trivial physical irrep, where every eigenvalue
is 1/d? by (47). Colliding entries, where claim (a) fails as a literal statement, are marked {:
at N = 6 the pair k= 1,3 in row j = 2, and at N = 8 the pairs k =2,3inrow j =2, k=1
in row j = 3 together with kK = 3 in row j = 1, which are the exact zeros of Corollary 6.7
exchanged by (63).

N k j7=0 j57=1 j=2 j=3 j=4
S S
1 1 1 - — -
40 1 5 5 o .
R A S S
s X X L2
36 12 18
1 s 189 i -
6 0 400 80 10 16
1 L 3 9T  _1 _
2 1 1
P S o | W
200 240 20 18
3 L _1 of 1 o
400 80 100 80
8 0 1 9 36 12 9
1900 700 245 23 25
1 _1 L 8 0 _ L1
4900 140 24 25
9 1 1 _ 3 __1 1
1900 350 930 100 100
3 L1 ot _3 13
PR G SR T U
4900 700 245 175 350
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Table 6: Exact ratios rlg] ) = )\l(j ) / )\(()‘7 ) for every even N < 12, so that Table 4 converts them
to eigenvalues. The j = 0 column is omitted: it is identically 1 by (47). Colliding entries
are marked f; at N = 12 the pair k¥ = 3,6 collides in both row j = 2 (value 1/78, that is
A = 3/47432) and row j = 4 (value 1/715, that is A = 25/77616), one of the five values of N
at which one pair collides in two different rows. Every table is symmetric about the diagonal
after weighting by the sector dimensions, which is (63); reading the j = 1 column against (44)
and the j = m column against (59) checks both closed forms on every entry.

N k j=1 3=2 j53=3 j=4 j3=5 j=6
2 0 1 — — — — —
1 -3 — — — — —
4 0 1 1 — — — —
1 1
, 1 F - - - =
5 10
6 0 1 1 1 — — —
1 3 aft _1 . . -
5 L A T . _
21 189 21
3 1 aft _1 . . .
7 21 35
8 0 1 1 1 1 — —
5 2 1
1 o 3 of =3 - -
2 2 _1f _1 1 o o
9 48 48 36
3 of _f 5 1 - o
48 336 %4
4 _1 il T 1 - -
9 36 84 126
10 0 1 1 1 1 1 —
1 T 19 7 1 1 _
, B & o F TE
s ro_Bp_bho P _
515 13{5 4%%5 4})%5 1?5
4 _$ ﬁls @ 8230 @ T
5 i % 16 30 a6z -
12 0 1 1 1 1 1 1
1 9 17 3 i 1 1
, Boo@® ¥y Ty Ty
39 70 78 6% 351 78
3 3 1 3 1 1 1
113 781 2%6 711§ 4%9 2%6
s ¥ TF  F ™ @
5 39 2 2 75 1053 Toew
6 L 1 VRS U E R
13 78 286 715 1287 1716
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Table 7: Exact verification ranges, part 1 of 4: the construction of the transfer matrix, the
equivariance theorem and the wedge/Johnson reduction. Column 2 gives the range over which
the statement was asserted; column 3 gives the route, where more than one route means the

routes share no code and no step.

Statement

Exact range

Route

Section 2

Asinglet = dim P/dim V2, sim-
ple, largest in modulus
Multiplicity = dim R

Affine-in-Casimir ansatz refuted

[Tv OQ,diag} =0

Section 3
Theorem 3.1(i)—(iv), hypotheses,
refutation of (18)

Corollary 3.5: the trace route to
AR
Corollary 3.6

Section 4 and Appendiz A
Theorem 4.2

Lemmas A.2, A.3, Theorem 4.3

Tr M = m2d, Tt M? = >k HkCh
Johnson eigenvalues ; and mul-
tiplicities p;

(39)

Sparse pipeline vs. dense and
annihilating-product proofs

27 SU(2) pairs, 2s < 6
21 non-degenerate pairs
13 of 21 pairs

7 of 27 pairs

27 SU(2) pairs, both signs of
¢; V=AN?2 N =24, every
sector; SU(3) adjoint

N = 2,4, both named rows

whenever dimW =1

m=1,...,6

every even N < 12; edges on
all dm(N —m) directed edges
every even N < 12
every even N < 16

generic off-torus points, N =
2,4,6,8 (10, 18,24, 30 points);
m+4 torus points per N < 12;
3 held back

N = 2,4,6; N = 8 against
scientific-author-80 [9]

dense exact diagonalisation

dense; sector attribution unique in
19

exact fit from the smallest non-
singlet sector

exact commutator

entrywise; Schur blocks via Cayley—
Hamilton on Mg

traces over Casimir eigenspaces, no
eigensolver
proof

brute-force Littlewood—Richardson
enumeration
entrywise

exact traces
walk counts on the Boolean lattice

exact rationals; cited proof from

scientific-author-80 [9]

entry for entry, multiplicity for mul-
tiplicity
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Table 8: Exact verification ranges, part 2 of 4: the symmetric-function reduction.

Statement Exact range Route
Section &

Binomial lemma behind Theo- s < 400 exact
rem 5.2 and its partial sums

Reduction step of Theorem 5.2 every even N < 400 exact

Theorem 5.2 as a polynomial
identity

Monomial coefficients of both
sides of (43)

Lemma 5.1

(Star), rank @, = (lj)

(46) at t = 0,1

Theorem 5.6, descent formula
(84)

Theorem 5.6 vs. spectrum of
G

Theorem 5.7, both closed forms

Theorem 5.7, Kostka inversion

Theorem 5.7, expansion of ©,

Complement lemma AnE; =
(1) E;

N = 2,4,6,8 generic vari-
ables; 6 torus points per N <
12

N =2,4,6,8

every even N < 12

monomial by monomial N =
4,6, 8; aggregate N < 12

3 torus points, every even N <
12

explicit bases of ker Dj, all t, 7,
at n =6,8

m = 2,3,4 exact; m =
float64 (corroborating)

5,6

23820 triples, m < 40; special
values m < 60
m<5H

every t, N <8

every even N < 16 (12870
vertices); walk count exhaus-
tive N < 12; identity (v) sym-
bolic in generic m, j and exact
m < 200

m < 14

two-row Jacobi—Trudi; bialternant

enumeration over all ordered pairs
of m-subsets

G = ", rank® = 2m, A;G =
0.G +m?2J entrywise

enumeration over ordered pairs

exact
exact integers

annihilating product + trace iden-
tities; relative error 2.5 x 107'5,
L.1x10""

algebraic cross-check

enumerated semistandard tableaux,
anchored on hook-length counts for
seven shapes

polynomial expansion, grouped by
exponent type

graph automorphism + traces

exact rational inversion
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Table 9: Exact verification ranges, part 3 of 4: the Riordan inversion and the consequences

drawn from it.

Statement

Exact range

Route

Appendiz C

Theorem 5.8 vs. exact inversion
of M, both directions

Theorem 5.8, second implemen-
tation

Factorisation (87), both index
conventions

T (90)

Three routes to )\fj ) agree
Theorem 6.3

Degree law, Observation 6.2
Theorem 6.8, both equivalences
Theorem 6.8, divisor count (69)

Collision census

Corollary 5.11

m < 30

entrywise m < 80 (180440 en-
tries); MX = XM =1 to
m < 140

m < 12

p < 18 exact inversion; g < 6
symbolic; p < 140 second im-
plementation

every even N < 32

every even N < 120

every row, every even N < 80;
second implementation N <
120

every even 4 < N < 200; pair
sets N < 300

every even 4 < N < 2000

every even N < 56: 19 of
28 values, 33 instances, 27 dis-
tinct pairs

every j, every even N < 80

exact rationals

Bareiss/adjugate and Newton di-
vided differences

entrywise, wrong convention as-
serted to fail

series expansion of C/(—w)?9T!

closed form, forward substitution,
exact inversion

exact rational algebra in m, k
Vandermonde fit then retest, lead-
ing coefficient non-zero

exact
against representation counts and

brute-force row-2 pairs
derived table

a[t, 0] asserted from Theorem 5.7
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Table 10: Exact verification ranges, part 4 of 4: the full spectrum, the SU(2) family and the

comparison with prior work.

Statement

Exact range

Route

Section 6
)\éj) = dim(R;)/d?, both closed
rows, (63)

(62)—(65)

Lemma 6.5: ®(I1;) = n.S;, isom-
etry, self-adjointness on symmet-
ric pairs, ®(I) = nllp; I1xS; =
A}(@j)nk

Realignment identification T} =
R(I1;)/d and Tr(R(11;)Ix)/d =
A dim Ry, fail; R? = T and
Tr(R(X)Y) = Tr(R(Y)X) hold
Corollary 6.7

Full table at N = 28,40, 56, 80

Section 8
(75) vs. an independent exact 65
evaluation [17]

Special value of {3 2§}, namely
(—1)**5 /(25 + 1)
(75) vs. dense exact spectra

(77) and (76)

Selection rule for (78)—(79)
(80)

Zero family (81)

Pell criterion S(S + 1) = 2s(s +
1)
Section 9.3

The five displayed formulas of
iintsjds [7]

dim W), = dim Ry

Chu—Vandermonde step (82)

every even N < 300 from (55)
alone; N < 200 for maximal-
ity and distinctness

closed form every even N <
120; forward substitution N <
64; exact inversion N < 28;
matrix equalities N = 2,4

N = 2,4; all j, k; generic sym-
metric pairs; powers Cg’
p<3

diag’

all four index pairings, N =
2,4

every even N < 56, including
the predicted N =24, k = 10
0.4 s total

all 818 symbols with 2s < 12;
8 hand values; 24 tetrahedral
symmetries

every 2s < 24, every admissi-
ble S

all 27 admissible pairs, 2s < 6,
multiplicities included

all 1830 admissible pairs, 2s <
60, S >1

300 admissible pairs, 2s < 24
all 83200 admissible triples,
2s < 60

every 1 < R < 60, bond di-
mension to 7321
pure-arithmetic scan 2s <
1000: four solutions

every p, every even N < 58;
closed forms every k, every
even N < 300 (11475 ad-
joint values and the whole two-
column row)

symbolic, and entrywise every
even N < 400

all 860 pairs (m,p), m < 40

no matrix, no recursion, no eigen-
solver

three routes sharing no step

€, Ca.diag, 1, T, S; rebuilt from
the definitions in exact rationals

entrywise comparison

derived table

(55)

Racah formula in doubled-integer
arguments

exact
no shared function
exact rationals

both readings, per pair
exact

exact

exact

transcribed without reinterpreta-
tion

Pascal’s rule

terminating rational sum, no hyper-
geometric library
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