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Abstract

The Curie-Weiss model at complex inverse temperature 5 = 1 + ¢ + ¢R has a partition
function Zg ny whose limiting exponential growth rate Fg = limy_ o0 N~1llog |Z3,n| vanishes in
one region of the S-plane and is positive in another. Shamis and Zeitouni proved Fjz = 0 for
¢ < 0 and in an explicit wedge around 8 = 1, proved Fg > 0 on an explicit curve for R > m,
and conjectured that the two regions are separated globally by a single curve {1 + o(R) + iR}
with €9(0) = 0, eg(R) > 0 for R # 0 and limp_,o R259(R) = b € (0,00), the curve be-
ing selected by the dominant saddle of fg(u) = Bu?/2 — logcosh(Bu) through Re fz = 0.
We identify that curve and its constant exactly. The substitution v = fu parametrises ev-
ery nonzero saddle with no choice of branch and reduces Re fg = 0 to a single-valued real-
analytic equation ®(p,q) = 0 for v = p + iq. The component of {® = 0} through v = 0 and
v = 47 is one curve joining 8 = 1 to § = oo; its image is single-valued as o(R); its apex is
Emax = P tanh p* — 1 = 0.479352406077823612528244194045, attained at R = (7/2) tanh p* =
1.44870272081003937227067251357, where p* is the unique positive root of (p/2)cothp =
log sinh p; and its two ends are exact power series, Ro(g) = ¢ + 22 + 1Lle3 + 12204 4 O(e5)
near 8 =1 and go(R) = 72/(6R?) + 7*/(15R*) + 7% /(28 R®) + O(R~®) at infinity, so b = 72 /6.
The curve on which Shamis and Zeitouni proved Fg > 0 is the Imu = 0, £ = 1 locus of the
same branch: there R%c — m2/3 = 2b while Re f3 < 0 strictly, so it is an interior curve and
not the boundary, which accounts for the apparent factor of two. Competing components of
{® = 0} are excluded by the exact finite-N free energy: below ey, and in particular at the
competing candidate ¢ = 0.1992045110724105 at R = 3, Zs v — (1 — $)~/2 with an explicit
1/N correction, so the free energy there is still the trivial one and the candidate lies inside the
region F3 = 0 rather than on its edge; exactly on the curve Fiy — 0 but NFy has no limit. The
exact finite-N Fisher zeros, obtained as roots of an explicit integer polynomial, converge to the
identified curve from below at rate 1/N. Every identity, series coefficient and tabulated value
in the body is reproduced here by an independent implementation, at 40—-60 working digits for
the curve and the series and up to 368 for the largest exact finite-N sums; only the N = 80
Fisher zeros are quoted rather than recomputed. The result locates and validates the conjec-
tured curve; it does not establish saddle dominance, so the identification of g with the phase
boundary remains conjectural.



1 Introduction

The Curie-Weiss model is the simplest interacting spin system that exhibits a phase transition,
and it is the one for which the partition function can be written down exactly at every finite size.
Its Hamiltonian on N spins o; € {—1,+1} is

N N
Hy(o) = gz O o0y =~y m(o)’,  m(o) = ;Z;a (1)

ij=1

and its partition function, normalised so that Zy v =1, is

Zg N = o~ N Z exp( BHN(0)) = 2_NZ ( > exp( W) (2)

oe{-1,+1}N

For real § > 0 this is the classical mean-field ferromagnet, treated probabilistically since [1]; the
normalisation by 2N rather than N makes § = 1 the critical point. For complezx 8 the same formula
defines an entire function of 3 of order two in N, and the object of interest is the exponential growth
rate of its modulus,
1
Fn(B) = NIOg‘Z,B,N‘a Fg = lim Fn(p), (3)

N—oo

which exists for every [ and is non-negative in the sense made precise in Section 3. Complex-
temperature zeros of mean-field models were studied early on [3], and the limit (3) is the quantity
whose zero set the Fisher zeros of (2) accumulate on as N — oo: where Fg = 0 the partition
function stays bounded, and where Fjg > 0 it grows exponentially, so the boundary between the
two is the accumulation locus of the zeros. The question addressed here, posed in [6], is what that
boundary is for all 3.

Write 8 =1+ ¢+ iR with ¢, R € R, so that € measures the distance from criticality along the
real axis and R the distance along the imaginary one. Shamis and Zeitouni [10] proved that Fz = 0
for e < 0 and in an explicit wedge

/

0<e<eo, C\ESRS% (4)

around 8 = 1, with explicit constants; that Fjg > 0 on the explicit curve

R 1+7/R
1+esz(R) = 5 _log 1 — ;R

R > m,; (5)
and that the Fisher zeros near 5 = 1 approach the real axis along four rays making angles 7 /4+nm/2
with it. On that basis they conjectured that the two regions are separated globally by a single curve.

Conjecture 1 ([10, Conjecture 1.4]). There is a function eg: [0,00) — [0,00) with £9(0) = 0,
eo(R) > 0 for R # 0 and
Jim R?%¢o(R) = b € (0,00) (6)
—00

such that Fg = 0 for ¢ < g9(R) and Fg > 0 for ¢ > €o(R). The curve is determined by the
dominant branch u. () of the saddle equation of fz(u) = Bu?/2—log cosh(SBu) through the condition

Re fﬁ (u*(ﬁ)) =0.



Three features make the conjecture hard to attack directly, and they shape everything that
follows. First, the saddle equation v = tanh(u) has infinitely many solutions, indexed by the
branches of artanh and of log cosh, and the solution that dominates changes with 5 through Stokes
transitions that no single branch chart can see. Second, the equation Re fg = 0 is satisfied on
several distinct curves in the S-plane, and at some radii a curve other than the conjectured one
lies lower, so the naive procedure of minimising e over all solutions of Re fg = 0 at fixed R does
not produce 9. Third, deciding which of those curves is the boundary requires knowing which
saddles are actually reachable by deforming the integration contour of the Hubbard—Stratonovich
representation, and that is exactly the step for which no rigorous argument is available here.

This paper identifies the conjectured curve in closed form, computes both of its ends and its
apex exactly, determines the constant b, and validates the identification against the exact finite- NV
free energy and the exact finite-IV Fisher zeros. The results are as follows; each is stated with the
scope it actually has.

1. A branch-free parametrisation of every saddle (Section 3). Writing v = Su turns the
saddle equation into u = tanhv, 8 = v/ tanhv, and gives f = vtanhv/2 — log cosh v with no
branch choice at all. With v = p + iq the real part is the single-valued real-analytic function

B(p,q) = psinh 2p — ¢gsin 2q
e = 2(cosh 2p + cos 2q)

1 02 2
- §log(s1nh p+ cos” q), (7)

verified against the definition of fs(u) to 3.4 x 10757 at 60 working digits. The common
restriction |u| < 1 is invalid: |tanhv| > 1 whenever cos2q < 0, and the saddle that carries
the apex of the curve has u = 1.0842778882313335 > 1.

2. The critical component is a single curve, and only one component in the funda-
mental strip can matter (Section 4). Inside the strip 0 < Imv < 7 the zero set of ® has
exactly two branches. One leaves v = 0 along the ray argv = 7/8, reaches v = i, and is
the component of Conjecture 1; its image under 5 = v/tanhv is single-valued as go(R) for
every R > 0, with R running monotonically from oo to 0. The other leaves v = 0 along
argv = 3w /8, terminates at the singularity v = iw/2 of ®, and satisfies Re 5 < 1 along its
whole length, so it can never produce a competing candidate. The two branches map to
arg(3 — 1) = m/4 and 37 /4 respectively, because 3 — 1 = v2/3 + O(v*): this is the 7/4 pinch
of [10], and it also explains the ray structure observed for the zeros of the Ising model on
complete graphs [5].

3. A closed-form apex and the exact value of b (Sections 5 and 6). The maximum of &
is attained exactly at Imv = 7 /2, where the saddle is real and larger than one, and equals

Emax = p* tanh p* — 1 = 0.47935240607782361252. . .,
Rat max = gtanh p* = 1.44870272081003937227 . . .,

where p* = 1.6040291028120047288464196154 . . . is the unique positive root of (p/2) cothp =
log sinh p. At the two ends the curve is an exact power series,

6 171 1224 120987
o(e) =e+ = + T75E + 575 € 61250 + O(e”) .

2 4 6
+ 8 L O(RT),

™ ™ s

c0(R) = 57z + 1551 T ogme T RS




with cg = 7 (45 — 370-2) = 188.6018653206585 ... and Ry the inverse of g9 near 3 = 1. Hence

2
b= % = 1.6449340668482264364724151666 . . . . 9)

The same computation on the component through v = ink gives by, = 72k?/6 = k2b.

4. The factor of two against the proved curve is an interior-versus-boundary effect
(Section 6). The curve (5) on which Fg > 0 was proved is the locus Imu = 0, kK = 1 of
the same branch: to sixth order in P = 7/R the critical saddle differs from the real saddle
u = 7/R only at order P". On (5) one has R%sz — 72/3 = 2b and Re fz < 0 strictly
(—8.1 x 1072 at R = 1000), so it lies strictly inside the region Fg > 0 rather than on its
boundary. This resolves the apparent discrepancy between the two constants.

5. Admissibility, decided by the exact finite-N free energy (Section 7). At R = 3 a sec-
ond component of {® = 0}, through v = 27i, produces the candidate ¢ = 0.1992045110724105
below the critical value €0(3) = 0.27964554577318019778947188. The elementary bound
Fg < B(f) cannot separate them, but the exact finite-N sum can: at the competing candi-
date, as everywhere below &g, the partition function converges to the trivial-saddle value with
its first correction,

_ B _
Zsn=0-0)"V1- —2 — — +ONT?,
NFN:—;Iog|1—ﬁ|+CIJ<Vﬂ)+O(N_2),

with ¢1(8) = —Re[B*/(4[B8(1 — B8)]?)]; the coefficient is confirmed to five significant digits by
the exact sums at N = 2000, to within 1.2 x 10~%. The trivial saddle therefore dominates
at that point, on the evidence of the exact finite-N sums, and the competing candidate is
inadmissible. Strictly above g the free energy converges to a positive limit, and exactly on
go it satisfies Fiy — 0 while NFy does not converge at all, because the two saddles tie at
Re fz = 0 and interfere through an N-dependent phase.

6. The exact finite-N Fisher zeros converge to the identified curve (Section 8). Reduc-
ing Zg n = 0 to the integer polynomial ), (]Z)tW_NkJ“M with t = e28/N and M = |N?/4]
gives all 100, 400 and 1600 zeros at N = 20,40,80. One family of 4, 13 and 31 of them
converges to g¢ at rate 1/N from below, § = ¢, —eo(R,) < 0, with NJ stable between N = 40
and N = 80 at matched radius; the spacing in R also scales as 1/N, with N times the mean
spacing over 0.8 < R < 2.5 equal to 10.5 and 10.7 rather than the naive 47 = 12.566.

What is not claimed. This paper identifies and validates the curve of Conjecture 1; it does not
prove that the curve is the phase boundary. No saddle-dominance or contour-deformation (Stokes)
argument is given, no uniformity in § is established, and the limit N — oo is not interchanged with
the approach € — €o(R). The bound Fg < B(f3) used to filter saddles is an exclusion device, not a
contour construction: it does not show that the surviving saddles are reachable, nor that residues
from the order-N poles of cosh(Bu)~" do not compete. The 1/N coefficient of the zero offset §
and the 1/N coefficient of the zero spacing are measured, not derived. The zero families away from
the critical curve, which at N = 80 account for all but 31 of the 1600 zeros, are exhibited and not
explained. The region € < 0 is untouched, since Fg = 0 is proved there [10]. Section 9 states these
boundaries again, together with the four questions they leave open.



Relation to earlier and concurrent work. Conjecture 1, the two proved regimes (4) and (5)
and the local description of the zeros are due to Shamis and Zeitouni [10]. The global distribution
of the Lee—Yang zeros of the same ferromagnet in a complex magnetic field, and its description
through unitary Hermite polynomials and the backward heat flow, is established in [4]; that work
concerns a different complex parameter and does not address the complex-temperature boundary
considered here, but it is the closest exact treatment of the finite- N zero locus of this model. The ray
structure of partition-function zeros on complete graphs, including the impact angles at which the
locus meets the real axis, is analysed in [5]; the 7 /4 pinch recovered in Section 4 is the corresponding
statement at 8 = 1 for the complex-temperature zeros, and it is derived here from the expansion of
® rather than quoted. Mean-field complex-temperature zeros were first computed in [3], and the
probabilistic framework for the model itself goes back to [1]. A concurrent independent derivation
[8] reaches the same u-space closed form, the same value b = 72/6 and the same two-term large-R
asymptotics by an analytic branch balance, and supplies the exclusion bound Fjg < B(/3) together
with the finite- IV precision criterion used in Section 7; an independent local analysis [9] identifies the
branch that carries the boundary near 5 = 1 and obtains the coefficient 6/5; an independent finite-
N zero computation [7] cross-validates the polynomial reduction and the branch convention. The
present account adds the global curve for all R > 0, the exact small-R series beyond the quadratic
term, the closed-form apex, the admissibility analysis that removes the competing component in
the intermediate regime, the two-term expansion (10), and the exact finite-N zero locus with its
1/N convergence. All numerical results reported here come from the source investigation [2] and
are reproduced, wherever the budget allowed, by an independent implementation written from the
definitions; Appendix B records which is which.

Organisation. Section 2 fixes the model, the free energy and the Hubbard—Stratonovich repre-
sentation, and proves the bound Fg < B(f). Section 3 derives the branch-free parametrisation
and the closed form (7). Section 4 analyses the geometry of {® = 0}: the rays at v = 0, the
behaviour near v = iwk, the two branches inside the fundamental strip and the single-valuedness
of £y. Section 5 constructs the curve, tabulates it and computes its apex. Section 6 derives both
asymptotic series, the constant b and the relation to (5). Section 7 settles admissibility by the exact
finite-N free energy and derives (10). Section 8 treats the exact finite-N Fisher zeros. Section 9
states the scope and the open problems. Appendix A collects the exact series data, Appendix B
the numerical protocols and the record of what was reproduced independently, and Appendix C
the data tables.

2 Model, free energy and the saddle representation

2.1 The model and its complex-temperature free energy

Throughout, N > 1 is an integer, 0 = (oy,...,0n) € {—1,+1}V a spin configuration, m =
m(c) = N~1Y",0; its magnetisation, and 3 € C the inverse temperature, which is allowed to
be complex from the start. The Hamiltonian (1) counts all ordered pairs including i = j, so
2005 = (X 0;)2 = N?>m? and Hy = —Nm?/2. Grouping configurations by the number k of
+1 spins, for which m = (2k — N)/N and there are (]IX ) choices, gives the second form of (2): a
sum of N + 1 terms, each an entire function of 3. Consequently Z3 y is entire in 8, Zy y = 1, and
Zg N = 0 has exactly | N?/4] solutions in the natural variable of Section 8.

Because log |Zg y| is subharmonic and N~1log|Zs y| stays locally bounded, the limit in (3)
exists and is subharmonic; this is the free energy of [10], and we take it as the definition of the



phase structure:

Fg = Nliglooﬁlogwﬁ,zﬂ, Fn(B) = %IOQJZB,N’- (11)
Where Fg = 0 on an open set the partition function is subexponential there and no zeros can
accumulate; where Fjg > 0 it grows exponentially. The boundary between the two carries the
limiting density of Fisher zeros, since (2rN)~*Alog|Zs x| is the zero-counting measure of Zg v
and converges to (277)_1AF5. Locating that boundary is therefore the same problem as locating
the accumulation locus of the zeros, and Conjecture 1 is a statement about it.

For real B the model is classical: Fj is analytic away from § = 1, which is the mean-field
critical point, and the normalisation 2N in (1) is what puts the transition there. For complex
the two proved regimes of [10] recalled in the introduction leave a gap: the wedge (4) covers a
neighbourhood of 8 =1 of opening angle 7 /4, and the curve (5) covers R > 7, but between them,
in particular for 2 < R < 4, nothing is proved.

2.2 The Hubbard—Stratonovich representation

For Re > 0 the Gaussian identity /2 = (27)~1/2 Jz e~ /2tardy with o = /BN m gives
eBNm?/2 — | /BN o Jz e~ BNu?/24BNum gy, and summing over the 2V configurations,

> i = (2cosh(Bu)) ",
g
so that the normalisation 27V in (2) cancels the factor 2V:

ZgN = Uﬂz—]: /Re_fo’(“)du, fa(u) = ﬂ;ﬂ — log cosh(fu). (12)

The integral converges absolutely for Re 8 > 0 and is the starting point of every saddle analysis.
Its critical points solve

fh(u) = B(u — tanh(Bu)) =0, (13)

so u = 0 is always a saddle, with fg(0) = 0, and the nonzero ones solve v = tanh(Su). Two
consequences are used repeatedly. First, since the contribution of u = 0 to (12) is of order NV —1/2
and never exponentially small, Fj3 > 0 whenever the integral is governed by saddles, with equality
exactly when no nonzero saddle contributes more than the trivial one. Second, the sign of Re fz at
the governing saddle decides the phase: if the dominant saddle has Re fg < 0 then Fg = —Re f3 >
0, and if the trivial one dominates then Fz3 = 0. The locus Re f3 = 0 is where the two are balanced,
which is why Conjecture 1 formulates the boundary in terms of it.

2.3 An unconditional upper bound, and the half-plane Re 5 <1

The saddle picture is only as good as the control one has over which saddles contribute. The
following bound needs no contour argument at all; it is the bound used in [8] and is recorded here
with its proof because one of its consequences is exact.

Lemma 1 (entropy bound). For every € C,
Fg < B(p), H(z)=—xlogzx — (1 —z)log(l — z),

B(B) = B [R%BmQ + H(HTm) —log 2]. (14)



Proof. The binomial coefficient satisfies (JZ) < eNHKE/N) "o with my, = (2k — N)/N and k/N =
(1+my)/2,

N
_ N N2 N +1 Rep 14+ my
< 9N Re 8 (2k—N)?/(2N) [ ( 2 ( ))}
’Z@N‘72 go<k>e <5 Orgr}gagNeXp N > my, + H 5

Dividing by N, letting N — oo and using that {ms} is dense in [—1, 1] and that the supremand is
even in m gives (14). O

The bound is useful because for a large part of the plane it is exact and equal to zero.

Proposition 2 (the left half-plane is in the Fj3 = 0 phase). If Re < 1 then B() = 0, hence
F3 < 0. Moreover the supremum in (14) is attained only at m = 0, and no saddle with Re fg < 0
can be admissible anywhere in that half-plane.

Proof. Write r = Re 8 and g(m) = rm?/2+ H((1+m)/2) —log 2. Since %H(HT’”) = %logi;—z =
— artanh m, one has ¢’(m) = rm — artanhm. For r <1 and 0 < m < 1 the expansion artanhm =
S som? T/ (2n + 1) gives artanhm > m > rm, with equality only at m = 0; so ¢’ < 0 on
(0,1), g is strictly decreasing, and the supremum is ¢(0) = H(1/2) —log2 = 0. A saddle with
Re f3 = —c < 0 would give Fjg > ¢ > 0 = B(f3), contradicting Lemma 1. O

For Re 8 > 1 the equation ¢’'(m) = 0 has a unique root m, € (0, 1), because artanhm increases
from 0 to oo while rm has slope r > 1 at the origin, and then B(3) = g(m.) > 0. The values of B
used later are listed in Table 3.

Proposition 2 gives Fjg < 0 for Re 8 < 1; the matching lower statement is numerical. The exact
sums of Section 7 show that at § = 1+2¢ and 8 = 1+ 54, both on the line Re 5 = 1, N Fy converges
to —%log|1— ] at rate 1/N, so Fg = 0 and | Zg y| — |1 — B|~'/2 there. Together with the theorem
of [10] for e < 0, this covers the closed half-plane Re 5 < 1; the analytic statement for the line itself
is the identity Fjy;r = 0 obtained in [8] inside the saddle framework, which Proposition 2 makes
consistent but does not prove.

2.4 The object to be identified

Everything below concerns the set of saddles at which Re fg = 0 and the curves they trace in the
B-plane. To avoid ambiguity we fix names now and keep them throughout.

Definition 1 (critical locus, critical component, identified curve). The critical locus is the set of
for which some nonzero saddle of (13) satisfies Re fg = 0. Its critical component is the connected
component, described in Section 4, that contains the saddles emanating from v = 0 and reaching
v = ¢m in the parametrisation of Section 3. The identified curve is its image,

B=1+c¢eo(R)+ iR, R >0,

wherever that image is single-valued; Section 4 establishes that it is, for every R > 0. The curve
(5) of [10] is called the proved curve and denoted egz(R).

The word “boundary” is reserved for the phase boundary of Conjecture 1, which is a conjectural
object; the identified curve is a specific analytic locus, and the claim of this paper is that the two
coincide. That claim is supported here by exact identities, by exact asymptotics, by the finite- NV
free energy and by the finite- N zeros, but it is not proved.



3 A branch-free parametrisation of the saddles

3.1 From u to v

The saddle equation (13) is usually solved as u = artanh(u) + imk-style branch bookkeeping, as in
[10], which forces a choice of branch for artanh and for log cosh and makes it easy to lose solutions.
There is a better variable. Put

v = Pu. (15)

Then v = tanh v is equivalent to (13) for 5 # 0, and f is recovered from v alone. Every nonzero
saddle is therefore parametrised by a single complex number v:

v vtanhv

u(v) = tanh v, B(v) = R F(0) = faw (u(v) = 5 log cosh v. (16)

No branch is chosen anywhere: the multivaluedness of artanh is absorbed into v, and the familiar
branch index k is simply the translation v — v + irk. Both (v) and f(v) are even in v, so both
are single-valued functions of ¢ = v?; that is what makes the exact series of Section 6 possible. The
only singularities of (16) are the zeros of sinh v and cosh v, that is v € inZ for § and v € in(Z + %)
for f.

3.2 The closed form of Re f and of

Write v = p + iq with p,q € R. The elementary identities

sinh 2p + 4 sin 2¢

tanh(p + iq) = | cosh(p + iq)|* = sinh? p + cos? g,

cosh 2p + cos2q’

give Re f = ® with ® as in (7), a manifestly single-valued real-analytic function on C \ i7(Z + %),

and
v (p+iq)(cosh2p +cos2q) (p+iq)(sinh2p — isin2q)

tanhv sinh 2p + 4 sin 2q cosh 2p — cos 2¢

)

where the last step uses sinh? 2p + sin® 2¢ = (cosh 2p — cos 2¢)(cosh 2p + cos 2q). Hence

psinh2p + gsin2q . ¢sinh2p — psin2q
Bp.q) =

1 17
cosh 2p — cos 2q cosh2p — cos2q ’ (17)
with denominator cosh 2p — cos 2¢ > 0 except at v € inZ. The critical locus of Definition 1 is thus
the real-analytic curve

®(p,q) =0, (18)

and the map from it to the S-plane is the explicit rational-hyperbolic map (17). Both closed forms
were verified against the definitions (12) and (15) at 60 working digits over sample points spread
through the plane, including points with |v| large and g near m: the worst residual is 3.4 x 1077
for ® and 5.4 x 10758 for B (Appendix B, Table 7).

An equivalent form in u is sometimes more convenient. If fu = artanh u + iwk then

Re fz(u) = %[Re(u artanhu) — 7wk Imu + 10g|1 —u? }, (19)

verified to 9.3 x 1071 over 42 pairs (k,u) with k = —3,...,3 both inside and outside the unit disc.



3.3 Why the restriction |u| <1 is invalid

It is tempting to parametrise saddles by u in the unit disc, where artanh u has its principal branch.
That disc does not contain all the saddles, and the ones it misses are precisely the ones that matter
here. From |sinh(p + iq)|?> = (cosh 2p — cos 2q)/2 and | cosh(p + iq)|? = (cosh 2p + cos 2¢)/2,

cosh 2p — cos 2q

‘tanhv‘Z = (20)

cosh 2p + cos 2q’
which exceeds 1 exactly when cos2q < 0, that is when Imwv lies in (7/4,37/4) modulo 7. Two
instances are decisive. The apex saddle of Section 5 sits at Imv = 7/2 and has u = cothp* =
1.0842778882313335 > 1, real and outside the disc. And at R = 2 the admissible saddle has
Reu = 1.04806759926 > 1. A treatment confined to |u| < 1 silently drops both. Formula (20)
itself was checked to 6.9 x 107°! at twelve points, five of which have |tanhv| > 1 and all five have
cos 2q < 0.

3.4 Two exact identities

Two facts about @ are used throughout, and both are exact rather than numerical.

The trivial saddle has zero action. For every (B, u = 0 solves (13) and fg(0) = 0. Hence a
nonzero saddle can only increase the growth rate: Fg > 0 in the saddle framework of (12), with
equality if and only if no admissible nonzero saddle has Re fg < 0. This is why the sign of Re f3
at the dominant nonzero saddle is the order parameter of the transition, and why {® = 0} is the
natural place to look for the boundary.

The punctures. For every integer k,
®(0,7k) = 0. (21)

Indeed at p = 0 the first term of (7) is —¢sin2q/(2(1 + cos2g)) = —3qtang, which vanishes at
q = mk, and sinh? 0 4 cos?(7k) = 1 kills the logarithm. At these points v = tanh(imk) = 0 and
B = v/tanhv has a pole, so (21) says that the critical locus passes through the points at which
the parametrisation sends § to infinity. They are the punctures through which the components of
{® = 0} enter and leave, and Section 4 uses them to label the components. Both identities were
checked to 6.5 x 10790 and 0 respectively at 60 digits, over k = —6,...,6 and six values of 3.

3.5 The component label

The translation v — v+imk maps solutions of (13) to solutions, and by (21) each puncture v = ink
is on the locus. We therefore speak of the component through v = iwk: the connected component
of {® = 0} containing that puncture. The component through v = 0 and the component through
v = i turn out to be the same curve (Section 4); it is the critical component of Definition 1, and
it is labelled £ = 1 in the asymptotic analysis of Section 6. The components through v = 27ik,
|k| > 1, are different curves; they are the source of the competing candidates analysed in Section 7.
The large- R asymptotics of the component through v = ik is R%c — m2k?/6 = k?b (Appendix A),
so for large R the critical component k = 1 is the lowest of them; at intermediate R this ordering
fails, which is the content of Section 7.



4 Geometry of the critical locus

This section establishes the local structure of {® = 0} at the punctures, counts its branches inside
the fundamental strip, and shows that the critical component projects to a single-valued curve
go(R). Two of the statements are exact and proved below; the counting and the monotonicity are
numerical and their status is stated where they are used.

4.1 Two exact horizontal slices

On the horizontal lines through the punctures and through the singularities of ® the closed form
(7) collapses.

Proposition 3 (exact slices). For every integer k and every p € R,

O(p, k) = g tanh p — log cosh p, (22)
® <p, g + 7Tk‘> = g coth p — log sinh p (p#0). (23)

The first is < 0, with equality only at p = 0; the second is strictly decreasing on (0,00), tends to
400 as pl 0 and to —o0 as p — 00, and therefore has exactly one positive root p*.

Proof. At ¢ = wk one has sin2¢ = 0 and cos2q = 1, so (7) gives ® = psinh2p/(2(cosh2p + 1)) —
% log(sinh? p 4 1); using sinh 2p/(cosh 2p + 1) = tanhp and sinh? p+ 1 = cosh? p yields (22). At ¢ =
7/2+7k one has sin2q = 0, cos2¢ = —1 and cos? ¢ = 0, so ® = psinh 2p/(2(cosh 2p—1)) —log sinh p
and sinh 2p/(cosh 2p — 1) = cothp gives (23). For the signs, put g(p) = £ tanh p — log cosh p; then
g(0) = 0 and 2¢/(p) = psech®p — tanhp, whose derivative —2psech?ptanh p is negative for p > 0,
so g < 0and g < 0 on (0,00); g is even, which settles (22). For h(p) = & cothp — logsinhp
one has h/(p) = —%cothp - gcscth < 0 on (0,00), h(p) = % —logp + O(p?) as p | 0 and
h(p) = =5 +log2 + O(pe~?P) as p — oo, so h has exactly one positive zero. O

Both slices were verified at 60 digits against (7) to residuals below 1.6 x 10799 at p=0.1,0.5,1.0
and at p = p* below. Two consequences are used later. First, (22) says that the locus meets the line
Imv = 7k only at the puncture v = iwk, and tangentially: ®(p, k) = —p*/12 + 2p5/45 + O(p®),
verified to five significant digits at p = 1072 and to thirteen at p = 1073. Second, (23) gives the
apex of the curve in closed form, which is the content of Section 5.

4.2 The rays at v = 0 and the 7/4 pinch
Since f(v) = ¥(v?) with ¥(¢) = —¢?/12 + 2¢3/45 — --- (Appendix A), the leading term of ® at

the origin is
Re(v?) P — 6% + ¢*
) =~ 7 6y — _
and Re(v?) = 0 factorises as (p?/q*)? — 6(p?/q?) +1 = 0, so p/q = /2 + 1. The locus therefore

leaves the origin along eight rays

+ O(‘”P)? (24)

T nw
==+ — =0,... 2
argv 8+ T n=20,...,7, (25)
four of which lie in the right half-plane p > 0. Similarly

U2 4
6—1:§+O(lv| ), (26)
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so the image rays are the four rays arg(5 — 1) = 7/4 + nn/2 through 8 = 1: the doubling of the
angle is the squaring in (26). This is the 7/4 pinch angle of the Fisher zeros proved in [10] and
observed for partition-function zeros on complete graphs in [5], obtained here from the expansion
of ® alone.

Both expansions were verified numerically at 60 digits. Off the rays, ®/(— Rev*/12) — 1 as
|| — 0: 1.000037746 at |v| = 1072, 1.000000377 at 10~3, 1.000000004 at 10=%. On the rays the
quartic term vanishes and ® = O(|v|%), with ®/[v|® — —0.0314270 on the ray argv = 7/8 and
+0.0314270 on argv = 37 /8, the two values being equal and opposite as (24) requires at the next
order. Likewise (8 —1)/(v?/3) — 1, with |(8 —1)/(v?/3) — 1] = 4.7 x 107 at |v| = 1072 on the
ray argv = 7 /8. Tracing the two rays that lie in the first quadrant gives

arg v = 22.500000° and 67.500000°, arg(f — 1) = 45.000000° and 135.000000° (27)

at [v| = 1079, that is 7/8 and 37 /8 mapped to w/4 and 37 /4.

4.3 The punctures at v = i7k and the large-R end
Write v = ¢k + w with w = p + ¢s small. Then

wk Re(w)
2 ° 7 T 12

ik
o= - +0(jwf’), =1+ +0(w), (28)
both verified at 60 digits for k¥ = 1,2,3: the ratio of ® to its linear term is 1 + 9.6 x 107 at
|w| = 1074, and (8 — Dw/(irk) = 1 +2.6 x 1077 at |w| = 1073. Solving ® = 0 for s gives a locus
tangent to the real axis,

p4

dmz—&@+0@% (29)

whose exact series is computed in Section 6, and (28) gives Im 8 = wkp/|w|? + O(1), so

wk
R:Imﬂwﬁ—ﬂyo as w — 0. (30)
w
Every puncture is thus an exit to R = 0o, and each component through v = i7k has its own large-R
asymptotics, computed in Section 6 to be R?c — w2k?/6.

4.4 Exactly two branches in the fundamental strip

The strip 0 < Imv < 7 contains two punctures of the parametrisation, v = 0 and v = 4w, at its
ends, and one singularity of ®, at v = i7/2, in its interior. The zero set of ® inside it consists of
exactly two branches.

e The critical branch leaves v = 0 along the ray argv = 7/8 and reaches v = im. Along it
¢ = Im v increases monotonically from 0 to 7; by (26) and (30) the corresponding R increases
monotonically from 0 to oo, while ¢ = Re 8 — 1 rises from 0 to a maximum and falls back to
0.

e The short branch leaves v = 0 along the ray argv = 37/8 and terminates at the singularity
v = im/2, where coshv = 0 and ® diverges logarithmically. Along it p/q¢ — v2 —1 as ¢ — 0
and p — 0 as ¢ — 7/2; its image satisfies Re § < 1 everywhere and § — 0 at its endpoint.

11



The evidence is the following. For each of 398 equally spaced values of ¢ € [0.01,7 — 0.01] the
equation ®(p, q) = 0 was scanned over 4000 values of p € [107%,30] and every sign change polished
at 30 digits to a residual below 10722, Exactly 199 values of ¢, those with ¢ > 1.5669, gave a single
root; the other 199 gave two, the extra one being the short branch. The largest root agrees with
the critical branch traced independently in Section 5 at every one of the 398 values, to 6.6 x 10~7
relative for ¢ < 3 and to 1.2 x 10~* relative for the values nearest 7, where p(q) is steepest and
the comparison is limited by the reference grid. Along the short branch, traced over 400 values
of ¢ from 0.02 to /2 — 1077, the largest value of Re 3 encountered is 0.9998895 < 1, and at the
endpoint 8 = 0 exactly.

The consequence for the problem at hand is sharp: inside the fundamental strip the only branch
that can produce a candidate with Re 8 > 1 is the critical one, since the short branch never leaves
the half-plane Re 8 < 1. All the competing candidates of Section 7 come from components through
v = 2mik, |k| > 1, that is from outside the strip.

4.5 Single-valuedness of ¢,

The critical branch is parametrised by ¢ € (0,7): for each ¢ there is a unique p(q) > 0 with
®(p(q),q) = 0 (the numerical statement of the previous paragraph), and £(q) = B(p(q),q) is
then a curve in the §-plane. The component was traced on 4001 values of ¢ equally spaced in
(10714, 7(1 — 10~')) at 50 working digits, every one of them solved by Newton from the previous
point, and along the whole trace R = Im [ is strictly monotone in ¢: traversed from ¢ just below
7 down to ¢ just above 0, R decreases at each of the 4000 steps, from 3.58 x 103 to 4.03 x 10722,
while ¢ rises from 1.22 x 1072! to its maximum 0.479352406077824 at Imv = 7/2 and falls back
towards 0:

¢g: 0 't = R: 4.03x107% 13.58 x 103, e: 0 0.479352406077824 \, 0.  (31)

Strict monotonicity of R along the trace means the image is single-valued as €¢(R) on the covered
range, and the two ends are covered by the asymptotics: R — 0 as ¢ — 0 by (26) and R — oo as
q — 7 by (30). The range R > 3.58 x 103 is covered separately in Section 6 by Newton iteration
seeded from the asymptotic series, which reproduces the traced values where the two overlap. This
is exactly the object whose existence Conjecture 1 asserts: a single curve joining =1 to f = oo,
with ¢(0) = 0 and ¢¢(R) > 0 for R > 0.

Two qualifications are in order. The uniqueness of p(q) for each ¢ is a numerical fact on a
finite grid, not a theorem; Proposition 3 proves it only on the two horizontal slices. And the
monotonicity of R is verified on 4001 points of one particular grid, which is strong evidence but not
a proof that the projected curve has no self-intersection. Neither qualification affects the values
of 9(R) reported below, each of which is an independent polished solution of the two equations
{® = 0,Im 8 = R} with residual below 5 x 107°L.

5 The identified curve and its closed-form apex

5.1 Construction

Each value of 9(R) reported here is an independent solution of the pair of real equations

®(p,q) =0, Imp(p,q) =R, (32)
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Table 1: The identified curve £o(R) at sixteen radii, spanning ten orders of magnitude. Columns: the
radius R = Im §; eg(R) = Re 8 — 1 to 18 significant digits; the saddle parameter v = p + iq that produces
it, as p = Rew and ¢/; the scaled quantity R%eo/b with b = 72/6, which tends to 1 as R — oo; and the
residual |®(p, ¢)| of the solved system at 60 working digits. The row marked { is the apex of Proposition 4.
Every row is an independent solution of (32); the analytic curve is not a measurement and carries no error
bars. Table 8 gives 26 digits at 27 radii.

R eo(R) Rev Imv/7 R2e0/b |®|

10~*  0.0000999880019024396472  0.01902907125 0.002509234000 6.078541622e-13 7.9e-62
10~2 0.00988186211401763277 0.1896101552  0.02528104210  6.007451796e-7 2.8e-62

0.1 0.0895677065794624410 0.5819805357  0.08500706990 0.0005445063628 0.0
0.5 0.318576594028771990 1.172179592 0.2298845791 0.04841783638 7.8e-62
1 0.448776099003554343 1.479355261 0.3778817438 0.2728231532 2.3e-61
1.44870272081F 0.479352406077823612 1.604029103 0.5 0.6115964673 7.8e-62
2 0.444374888482076993 1.635960746 0.6391388968 1.080590152 7.8e-62

3 0.279645545773180197 1.439558777 0.8543923788 1.530036956 1.6e-61

4 0.139005163239551200 1.023158475 0.9720513767 1.352080097 7.8e-62

5 0.0789202549760265742 0.7361508993 0.9937385949 1.199444047 1.4e-61

8 0.0274304847685543473 0.4149531884 0.9994585074 1.067247047 1.8e-61

10 0.0171350367515826567 0.3251476101 0.9998018575 1.041685323 5.3e-62
100 0.000164558380433042054  0.03142626809 0.9999999835 1.000394993 1.7e-61
1000 0.00000164494056082196422 0.003141602989 0.999999999998 1.000003948 9.8e-62
105 1.644934067497620377e-10  3.141592655e-5 1.0 1.000000000 2.6e-61
106 1.644934066854720375e-12  3.141592654e-6 1.0 1.0 1.9e-61

in the two unknowns (p, ¢) = (Rev, Imv), solved by Newton’s method with the exact 2 x 2 Jacobian
obtained by differentiating (7) and (17), and started from one of two seeds. For R < 8 the seed is
the nearest point of the component traced in Section 4, nearest in log R because R spans twenty-
eight orders of magnitude along a trace that is uniform in g; for R > 8 it is the asymptotic series of
Section 6, which is accurate to six digits already at R = 8. The acceptance test is that the iterate
stays in the strip 0 < ¢ < 7w with p > 0, which is what keeps Newton on the critical component
instead of letting it jump to one of the components through v = 27ik. Iteration continues until
the step is below 10752; every value in Table 1 satisfies |®(p, ¢)| < 2.3 x 107%! and reproduces the
requested R to within 10759 relative, at 60 working digits.

Table 1 and Figure 1 summarise the result. The curve leaves 8 = 1 along the ray
R = ¢ of Section 4, rises to a maximum of 0.479352406077823612528244194045 at R =
1.44870272081003937227067251357, and decays as m2/(6R?); the column R2go/b shows the de-
cay settling to its limit from above, but non-monotonically: it passes through 0.2728 at R = 1,
1.0806 at R = 2, reaches its maximum 1.53004 just above R = 3, and then decreases through 1.1994
at R =5 and 1.0100 at R = 20. Section 6 explains both the limit and the non-monotonicity.

5.2 The apex

The maximum of £q is attained at a point where the saddle is real and larger than one, and it has
a closed form.

Proposition 4 (apex). The identified curve attains its mazimum at Imv = 7/2, where the saddle
u = tanhv = cothp is real and satisfies u > 1. With p* the unique positive root of

g coth p = log sinh p, (33)
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—_— identified‘\‘critical curve &o(R)
0.5 proved cur\‘ve esz(R) [11]
: apex: Emax =‘;‘p*tanhp* —latgv=n/2
0.4 1 ------ local ray R =€ (pinch angle r/4)
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Figure 1: The identified curve £¢(R) (solid) for 0 < R < 8, in the coordinates § =1+ ¢ + iR. The dotted
line is the local ray R = ¢, the image of the ray argv = 7/8 under 8 — 1 = v?/3 + O(v*), along which the
curve leaves 8 = 1 at the pinch angle w/4. The open circle is the apex of Proposition 4. The dashed curve is
the proved curve egz(R) of [10], defined for R > 7, which lies strictly above ¢ and tends to twice its value
at large R (Section 6, Figure 2). The triangle at R = 3 is the competing candidate ¢ = 0.1992045110724105
on the component through v = 27i, shown inadmissible in Section 7. All curves are analytic loci computed
from (7) and (17), not measurements.

p* = 1.604029102812004728846419615409504104293416007033 . . ., (34)
Emax = p* tanh p* — 1 = 0.47935240607782361252824419404539279058942478269334 . . .,

Rat max = gtanhp* = 1.4487027208100393722706725135707582660204411776179 . . .,
u* = coth p* = 1.0842778882313335059393288682092972689579367735775 . . .

At that point |®(p*,7/2)| = 7.8 x 1072 at 60 digits, and R?z¢/b = 0.611596467274.

Proof. By (23) the locus meets the line ¢ = 7/2 exactly where (33) holds, and Proposition 3 gives
exactly one such p > 0, namely p*; at that point tanh(p* 4 iw/2) = cothp* = u* is real and, since
tanh p* # 1, larger than one. It remains to show that ¢ is stationary there along the locus. On the
line ¢ = m/2 the partial derivatives of (7) and of ¢ = Re 5 — 1 are

T coth p P s sinh 2p + 2p
- — , Eg=——", Ep= ——
2 2 sinh? p ! cosh2p + 1 P cosh2p +1

b, = —F—, o, =
! 4sinh? p b

where ®, uses 9,(—gsin2q) = 7 and 9, cos’q = 0 at ¢ = 7/2, and ¢, uses 9,(gsin2q) = —m and
0q cos2q = 0. Along the locus dp/dg = —®,/®,, hence

de ®, T sinh 2p + 2p 7/(4sinh? p)
— =€gq—€Ep— = — : .
dg T e, cosh2p+1  cosh2p+1 cothp/2 + p/(2sinh? p)

locus
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The second fraction simplifies because 4 sinh? p(cothp/2 + p/(2 sinh? p)) = 2sinhpcoshp + 2p =
sinh 2p + 2p, so the two terms are equal and opposite and de/dgq = 0 identically in p: every level
curve of ® that crosses the line Imv = 7/2 does so with € stationary. In particular the locus does,
at p = p*. O

The identity de/dg = 0 on the whole line ¢ = /2 was checked numerically at p = 0.5, 1.0, p*, 2.5
by following the level curve of ® through each point: the central difference of € in ¢ falls as h?
and reaches 10717 at h = 1078, which is the round-off floor rather than a nonzero slope. The
second derivative at the apex is negative, d?c/dq? = —0.39183836, so the stationary point is a local
maximum. That it is the global maximum is numerical: along the 4001-point trace of Section 4,
increases strictly for ¢ < /2 and decreases strictly for ¢ > /2, at every point.

Two features of the apex deserve comment. First, u* = cothp® = 1.0843 > 1 lies outside the
unit disc, so any analysis that restricts the saddle to |u| < 1 cannot see the top of the curve; this is
the concrete instance of the warning in Section 3. Second, the apex is where the curve is farthest
from the proved curve (5) in relative terms, and it is also near the radius (R ~ 3) at which a
competing component dips below €g; both are quantified in Sections 6 and 7.

6 Both ends of the curve, and the constant b

The two ends of the curve are exact power series with rational and 7 coefficients. Both follow from
the fact that 3(v) and f(v) are even in v, so both are single-valued functions of ¢ = v? near ¢ = 0,
and from the behaviour near the punctures ¢ = —72k? at infinity.

6.1 The small-R end

Write
f)=¥(C), B-1=2(), (=v*=E+an (35)
Solving u = tanh(Bu) as a series in v and substituting gives, with the coefficients listed to ¢7 in
Appendix A,
(¢) = S 2¢ 1t 124¢> 691¢®
12 45 840 14175 187110 ’
The condition Re f = Re U({) = 0 determines 7 as a series in &,

n 3776 &4 195913 , ~ 515746108 ‘

Moy ey ey
¢ 1157 3150 236250 1653750 ' 5320940625 ’

and substituting into ¢ = Re z(¢) and R = Im 2({) and eliminating £ gives the local critical curve

6 , 171 5 1224 , 120987 4
Ro(e) = ¢+ € + T7¢ + g5 € + 61250 ¢
where Ry is the inverse of €g near 8 = 1. The leading term recovers the ray R = € of Section 4; the
leading correction sharpens the estimate |Rq () — €| < Ce? proved in [10] into the explicit constant
C=6/5.

Truncating (38) at the ¢* term and evaluating it at the computed £q(R) reproduces R with a
relative deviation of —1.967 x 1072 at R = 1073, —1.891 x 1078 at R = 1072, —1.408 x 1076 at
R =0.03 and —1.329 x 10~* at R = 0.1: each deviation is the size of the first omitted term, as it
must be. Including the 5 term improves the first two to —3.13 x 107 and —2.98 x 10719, again
the size of the next omitted term.

2 2¢3 4
()=~ ot e~ ot (36)

(37)

+ 0(e%) (38)
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Table 2: Confirmation of (41) for ¥ = 1. Each column is the corresponding residual, computed from
go(R) obtained by solving (32) at 60 digits and seeded from (40): the first column is RZeq, the second is
R*(eo — m?/(6R?)), the third subtracts also the R~* term, the fourth also the R~® term. The last row gives
the exact values. Convergence is limited by cancellation: at R = 10° the R® column is accurate to about
eight digits because ¢ itself is of order 10710,

R R2¢g RA(--+) RO(--+) R8(--+)
100 1.645583804330421 6.4973748219411 34.354196742926 188.6840095127
1000 1.644940560821964 6.4939737377838 34.335516944662 188.602686804
10000 1.644934131787624 6.4939397456201 34.335330227994 188.6018735355
10° 1.64493406749762 6.4939394057004 34.335328360835 188.6018654028
exact 72/6 = 1.644934066848226 w*/15 = 6.4939394022668 70/28 = 34.335328341975 cs = 188.6018653207

6.2 The large-R end and the constant b

Near the puncture v = iwk write v = ik + w with w = p +is. Solving ® = 0 for s as a series in p
gives, exactly,

pt 7pb P8 (1575 — 4372k*)p!?

6rk 907k 1407k 56700733
which is (29) to leading order and confirms that the locus leaves the puncture tangent to the real

axis from below. Substituting into (17) gives R(p) and &(p) as series in p; inverting R in favour of
P = 7k/R gives

+0(p"?),

s(p) = — (39)

p3  pd 1 5
P)=P+—+— (f— )P7 o(r), 40
p(P) tg e (55 ) O (40)
and substituting that into €(p) gives the large-R expansion of the component through v = irk,
m2k?  ntk* 7Sk 1 5 1
" = (L5 YL o n
“o(R) = 5o + 151 T s T M 45~ gt s T OE) (41)
For the critical component, k =1, so
2
b= P}im R2€0(R) = % = 1.6449340668482264364724151666 . . ., (42)
— 00

and the next coefficients are 74/15 = 6.4939394022668 . .., 7°/28 = 34.335328341975... and cg =
WS(% — 216%) = 188.6018653206585 . ... For the component through v = 27i, k£ = 2, the same
computation gives by = 272/3 = 4b; in general by = k?b. That is why the critical component is the
lowest of the components at large R, and why the ordering can only fail at intermediate R, which

is what happens near R = 3 (Section 7).

Table 2 confirms all four coefficients along the independently solved curve: the first three agree
with the exact values to eleven, ten and nine digits at R = 10°, and the fourth to eight. The non-
monotone column R2%ey/b of Table 1 is also explained by (41): since every correction is positive,
R?¢(/b approaches 1 from above at large R, with

272

R2€0(R) 4
— =14 —+0O(R
b Tap TOU)
giving 1.4386, 1.2467, 1.0617, 1.0395 and 1.0099 at R = 3,4, 8, 10, 20, against the computed 1.5300,
1.3521, 1.0672, 1.0417 and 1.0100. The agreement at R = 3 is poor, as expected from a R™2
expansion, and excellent from R = 8 on. The peak of R?¢y/b near R = 3 and its monotone
decrease afterwards is therefore a genuine feature of the curve, not a numerical artifact.

(43)

16



100 —
10—2 ]
— 10—4 -
|
Q.
[0)
A 1076 1
I
w —— &o(R) (identified curve) \\
108 4 --- &sz(R) (proved curve) N
...... m?%/(6R?) = b/R?
0] T 1%/(3R?) = 2b/R?
10 R=¢
LAY | LY | T HELELELRLLL | LR | LAY | LY | T
1074 1073 1072 107! 10° 101 10? 103 104

R=Imp

Figure 2: The identified curve £¢(R) (solid) and the proved curve egz(R) (dashed) on logarithmic axes,
over nine decades of R, with their exact asymptotes m2/(6R?) = b/R? (dotted) and 72/(3R?) = 2b/R?
(dash-dotted) and the local ray R = ¢ (fine dotted). The identified curve is the lower of the two for every
R > 7 and the ratio of the two tends to 2; both are analytic loci computed from (7), (17) and (5).

6.3 The proved curve is an interior curve, and the factor of two

The curve (5) on which Shamis and Zeitouni proved Fg > 0 is not a different object: it is a locus
inside the same branch, obtained by an additional restriction. Setting Imwu = 0 on branch k forces
the saddle to be real, u = 7k/R + O(R™3), and solving Im 3 = R then gives

R 1+7/R 2
csa(B) = i tog i Ny ) o T

—_— — = 2b. 44
om0 1-7n/R (44)

The mechanism is visible in (40): the critical saddle has p(P) = P + P3/3 + P?/5 + O(P") =
artanh P+ O(P7"), so to sixth order in P = 7k/R it coincides with the real saddle, and the two loci
differ first at order R~8 in the saddle but already at order R~2 in e, because the imaginary part
s(p) of the critical saddle is O(p?).

Two things follow, and both were checked numerically. First, on the proved curve Re fz < 0
strictly, so it lies inside the region Fjz > 0 rather than on its boundary: reproducing esz from
Imu = 0, k = 1 at seven radii gives Re f3 = —5.09 x 107! at R = 3.2, —6.37 x 1072 at R = 4,
—8.81 x107% at R =10, —8.12 x 10~® at R = 100, —8.12 x 1072 at R = 1000 and —8.12 x 10716
at R = 10, always negative and decaying like R4, as —7*/(12R*) predicts. Second, the factor of
two between 72/3 and 72 /6 is exactly the statement that the proved curve is an interior curve of
the same branch: it is not a competing estimate of b but a different, strictly larger, quantity.

Figure 2 shows the same information over more than eight decades. The two curves are visibly
distinct only for R of order a few; beyond R = 20 both follow their R~2? asymptotes, with a factor
of two between them, and below R ~ 0.1 the identified curve follows the ray R = €.
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6.4 Status of the two series

The series (38) and (41) were produced twice, by two different exact routes. The first is a sym-
bolic computation in the source investigation [2]: its small-R half completed, and its large-R half
produced the series (39) and the two series that (41) is built from, but the final identification step
did not finish inside the time budget allotted to it, so no complete symbolic artifact for the large-R
end was retained; every coefficient it did reach is confirmed numerically along the independently
traced curve. The second route is an exact truncated-series computation written for this paper,
in rational and 7w arithmetic and with no symbolic-algebra dependency, which reproduces every
coefficient quoted above and adds the ones the first route did not reach: the € term of (38), the &°
term of (37), the p'2 and p'* terms of (39), the P? and P! terms of (40), and the whole of (41)
for k = 2. Appendix A lists the coefficients; Appendix B records the protocol.

7 Admissibility: which saddle is the boundary

7.1 At fixed radius the equation has several solutions

The condition Re fg = 0 is one real equation for the two real numbers (e, R), so its solution set
is a union of curves, and the slice at fixed R can contain several of them. A bounded multi-start
Newton search for (32) over 0 < p < 6, |¢| < 4w, with 10* starting points on a grid and every
converged root classified by Imv/7, finds twelve solutions at R = 3, of which four have ¢ > 0:

Imv/m ‘ +0.8543923788 +1.41713698
€ ‘0.2796455457731802 0.1992045110724105

(45)

The first pair lies on the critical component of Section 4 (|Imwv| < 7); the second lies on the
component through v = 274, and it is lower: ¢ = 0.1992 < £0(3) = 0.2796. The same search at
R = 4 finds ¢ = 0.1390051632395512 on the critical component and ¢ = 0.4650961926617782 on
the v = 27i component, this time higher. So the two components cross somewhere between R = 3
and R = 4, and an argument that selects the boundary by taking the smallest € over all solutions
of Re fg = 0 at fixed R gives the wrong curve for R near 3. This is the only place where the
identification of €9 as the phase boundary needs input beyond the saddle equation.

7.2 The unconditional bound does not discriminate
The bound used in the source investigation [2] is

Fg < B(B),  H(p)=—plogp— (1—p)log(l—p),

B(B) = sup [% Re Sm? + H(HTT”) — logQ},
0<m<1

(46)

which follows from |Zs y| < 27N 3", (]]X)eReﬂmﬁ/Q with my = (2k — N)/N, Stirling’s formula for
(]]X), and log |Z| < log(N + 1) + maxy log(summandy): no assumption about saddles, contours or
dominance enters it. It is also exactly zero for Re 8 < 1, since the supremum is then attained
at m = 0; that was checked at § = 1+ 2i, 1 4+ 3¢, 1 + 104, 0.5 + i, —1 + 44, 1.0001 + 37 (where
B =175 x 1079, correctly nonzero), 1.3 4 3i and 2, with the vanishing cases agreeing with zero to
1073® at 40 working digits.

At the spurious candidate 5 = 1.1992 4 37 the bound gives B = 0.0239264 > 0 = Re fz at the
competing saddle, so no contradiction arises and the candidate is not excluded. The bound is an

18



Table 3: The exact finite-N free energy at R = 3, 8 = 1+ ¢+ 3i, as NFy = log|Zg n| for N =
250, 500, 1000, 2000, computed from (47) at the precision (48) (63-137 digits, rising with N). The last two
columns are the trivial-saddle prediction —% log |1 — 3| and the largest discrepancy between the recomputed
values and those of [2], which agree to the seven printed decimals. The row & = 0.1992 is the competing
candidate of (45) and the row ¢ = 0.27965 is the critical component rounded to five decimals, which is why
its behaviour is erratic rather than convergent.

¢ position B(pB) NFy at N = —% log|l — 8| agree

250 500 1000 2000
0.15 below 0.0142675 —0.5508577 —0.5503923 —0.5501612 —0.5500458 —0.54993036 3.8e-8
0.1992 competing 0.0239264 —0.5517492 —0.5508735 —0.5506397 —0.5505228 —0.55040596 2.8e-8
0.22 below 0.0285869 —0.5535851 —0.5511181 —0.5508819 —0.5507644 —0.55064699 3.0e-8
0.25 below 0.0358525 —0.5215471 —0.5564652 —0.5512682 —0.5511546 —0.55103626 2.5e-8
0.27965 on curve  0.0436145 +0.7536457 +0.3622347 +0.6369132 40.3935363 —0.55146910 4.1e-8
0.3 above 0.0492501 +2.7435029 44.8960483 49.2686962 +18.0157777 —0.55179373 3.6e-8
0.35 above 0.0640619 +8.1199970 +15.7036151 +30.8711129 461.2060961 —0.55268597 4.2e-8

exclusion filter: it rules out saddles whose Re f3 is more negative than —B(f3), and it says nothing
about saddles with Re fg = 0. Both candidates in (45) have Re f3 = 0 by construction, which is
precisely why they compete. A different filter is needed.

7.3 The exact finite-N free energy

The filter used here is the exact finite-N average

N
N N B(2k — N)? 1
Zg}N—Q ;)<k>exp<2jv>, FN(B)—NIOg}Zg’NL (47)
which is a finite sum of explicitly known terms and therefore computable exactly; no saddle, contour
or dominance assumption enters it. Its limit Fjg = limy_,o Fn () is the object the curve is supposed
to describe: Fg = 0 in the high-temperature region and Fjz > 0 outside it [10]. The summands
of (47) have modulus as large as eNB() while their sum is O(1), so evaluating the sum needs a
working precision that grows with /V; the criterion used throughout is

dps > [0.6 N max{B(f),0.02}] + 60, (48)

which sizes the precision per (3, N) rather than fixing it once. That the criterion matters is shown
by a worked failure case. At 8 = 1.4+ 10i and N = 6400 the cancellation in the sum costs 44.8
decimal digits here (the two independent implementations of [2] measure 46.6), so a fixed working
precision of 40 digits returns NFy = 427.0155 and one of 50 digits returns 405.4129, while the
criterion (dps = 368) returns

NFyn = 405.3258758810,

which agrees with the converged value 405.3258758807573387637597 reported in [2] to ten digits
and is stable for every precision from 60 to 368 digits. At 50 digits the two implementations of [2]
return 405.0446 and 405.0544: below the cancellation threshold the answer is noise, and different
implementations produce different noise.

Table 3 is the result. Below the curve the four values of N Fy march steadily towards —% log |1—
Bl, the value the trivial saddle u = 0 predicts: at ¢ = 0.15 they are —0.5508577, —0.5503923,
—0.5501612, —0.5500458 against a prediction of —0.54993036, so Fjg = 0 and the trivial saddle
dominates. The competing candidate € = 0.1992 behaves in exactly the same way, —0.5517492 —
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Table 4: Confirmation of (50). Column two is Re[8(1 — B)], the condition for the Laplace expansion;
column three the predicted coefficient; column four the measurement N (N Fy + %log 1—-p |) at N = 2000
from (47); column five their difference. The residuals are all negative and of size 10~%, consistent with the
omitted O(N~2) term in (49), whose coefficient would be of order 0.2. At N = 1000 the same measurement
gives —0.230954, —0.233711, —0.231926, —0.187729, —0.239640, —0.242845, approaching the predictions
from above in five of the six cases.

B Re[8(1 — B)] c¢1 predicted measured at N = 2000 difference
1.15 4 34 8.8275 —0.230742 —0.230795 —5.3e-5
1.1992 4 3¢ 8.7611 —0.233605 —0.233658 —5.3e-5
1.25+ 3¢ 8.6875 —0.236587 —0.236640 —5.2e-5
14+ 2 4.0000 —0.187500 —0.187615 —1.2e-4
14 5¢ 25.0000 —0.240000 —0.240020 —2.0e-5
14+ 2 3.4400 —0.242604 —0.242725 —1.2e-4

—0.5505228 against —0.55040596: it too has Fz = 0, so it is inside the region where the free energy
vanishes, not on its boundary. On the curve, at ¢ = 0.27965, the values oscillate, +0.754, 4+0.362,
+0.637, +0.394, with no sign of settling: this is the marginal case, where two contributions of the
same exponential order interfere. Above the curve, at ¢ = 0.3 and 0.35, NF grows linearly in
N, giving Fy — 0.0087 and 0.0303 respectively by Richardson extrapolation from N = 1000 and
2000, both positive and both comfortably below the corresponding bounds B(3) = 0.0492501 and
0.0640619, as they must be. The transition is therefore bracketed between € = 0.27965 and € = 0.3
at R = 3 by direct computation, and the analytic value £¢(3) = 0.2796455457731802 sits at the
lower end of that bracket. The competing candidate at ¢ = 0.1992 is excluded not by a bound but
by the fact that the free energy there is still the trivial one.

7.4 The rate of approach: a two-term expansion
The convergence in Table 3 is not accidental and its rate can be computed. Near v = 0,
4
Jolu) = 3B(1 = B)u® + Hu' + OW’),  a=B(1-B),

so a Laplace expansion of the trivial saddle, valid wherever Rea > 0 and no admissible saddle has
Re fg < 0, gives

4
Zin=0- [ o), NEy =t - 8+ A Loy, )
with
_ B 50)
al)=-Reqsa—pp (

The leading factor follows because the Gaussian integral contributes \/27/(/Na) and the Hubbard—-
Stratonovich prefactor y/SN/2w, whose product is y//a = (1 — 5)~'/2; the correction uses the
fourth moment (u*) = 3/(Na)? of that Gaussian. Expansion (49) is a refinement of the limit
Zg.n — (1 — B)~1/2 which is the N — oo statement behind the column —1log|1 — B[ in Table 3.

Table 4 confirms (50) at six points, three of them below the curve at R = 3 (including the
competing candidate, whose coefficient differs from that of € = 0.15 in the fourth decimal and is
resolved by the data), two on the line Re 5 = 1, and one at R = 2. The condition Rea > 0 holds at
all six; it fails close to 3 = 1 inside the curve, where ¢ ~ R makes Re[3(1—3)] = R?—c—¢? < 0, and
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there a different contour would be needed. The approach to the limit is clean only for N = 1000: at
N = 250 the relative deviation of Zg y from (1—8)"/2is 1.1 x 107 at 8 = 1.15+3i but 1.2 x 10~
at =125+ 3i and 5.3 x 1072 at 8 = 1 + 5i, where higher-order terms and the proximity of the
curve both matter.

7.5 The bracketing diagnostic, and where it fails

A second, weaker reading of the same data locates the boundary directly: solve Fy(1+e+iR) =0
for € at fixed R and N, and let N — oo. Doing so with a bisection on the exact sum gives the
following deviations e (R) — eo(R) at N = 250, 500, 1000, 2000:

R| N=250 N=500 N=1000 N =2000
—0.0212 —0.01231 —0.006451 +4.6e-6
—-0.0118 —0.00267 —0.000704 —1.9e-5

—0.01023 —-0.001414 —0.002304 —0.0004886
—0.01444 -0.007138 —0.003313 —0.001123

—0.003863 +-0.002381 —0.00364 —0.001781

+0.02871 —0.003078 +0.0003464 +0.002694

0 T W N~

At R =1, 2 and 4 the deviations are negative and shrink roughly by half each time N doubles,
which is the 1/N behaviour (49) predicts, and they bracket ey from below as they should. At R = 3,
5 and 8 they change sign with N and do not settle: at R = 8 the sequence is +0.0287, —0.0031,
+0.0003, +0.0027. Replacing the target 0 by the prefactor-corrected target —% log [1—3|/N makes
matters worse, not better: at R = 4, N = 250 the deviation grows from —0.01444 to —0.1033,
and at R =5, N = 1000 from —0.00364 to —0.0471. The reason is that the correction in (49) is
derived for points strictly below the curve, where the trivial saddle is isolated and dominant; at
the boundary itself the marginal saddle contributes at the same exponential order and the 1/N
expansion is not uniform in €. The diagnostic is therefore supporting evidence at the radii where
it is monotone and worth nothing at the radii where it is not; in particular it cannot by itself
distinguish the two candidates at R = 3, and Table 3 is what does.

Figure 3 shows the same seven quantities against N, on logarithmic axes, so that the three
regimes are separated by slope rather than by value: the offsets below the curve fall as 1/N, the
offset on the curve does not settle, and the offsets above it are flat in Fly, that is linear in N Fly.

7.6 What this does and does not establish

The evidence assembled in this section is: the curve is a component of {Re fg = 0}, uniquely
determined and traced without branch ambiguity (Section 4); its two ends are exact power series
with closed-form leading coefficients (Section 6); at radii where other components compete, the
exact finite-N free energy puts the competing saddle inside the region Fjg = 0 rather than on its
boundary (Table 3); and the finite-NN free energy converges to the trivial-saddle value everywhere
below the curve at a rate given by (50).

It is not a proof that £¢(R) is the phase boundary. What is missing is a contour deformation:
one would have to show that for S below the curve the integration contour of the Hubbard—
Stratonovich representation can be deformed to pass through w = 0 without crossing the order-INV
poles of cosh(Bu)~" and without picking up a saddle of larger Re fs, and that above the curve
some admissible saddle takes over. The bound (46) is an exclusion filter and supplies neither half of
that argument; the finite- IV data are consistent with the claimed dominance and quantify its rate,
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Figure 3: The exact finite-N free energy at R =3, § = 1+ ¢+ 3¢, as a function of NV on logarithmic axes,
for the seven offsets of Table 3, distinguished by marker and line style: left, |[Fy| = N~'log|Zs n|; right,
|INFy| = |log Zs, n|, with the trivial-saddle value —1log|1 — 8| = 0.55040596 at the competing candidate
e = 0.1992 (dotted horizontal line) and a guide proportional to N through the ¢ = 0.35 data (dashed). The
four offsets below the curve, including the competing candidate, fall as 1/N towards the horizontal line; the
offset on the curve, ¢ = 0.27965 (starred, dashed), is erratic and has no limit; the two above it grow linearly
in N. All values are computed here from (47) at the precision (48).

but they are data. The honest statement is the one made in the abstract: the curve is identified,
computed to high precision, and validated against exact finite-IN quantities and exact Fisher zeros,
and the identification of that curve as the phase boundary remains conjectural.

8 Exact Fisher zeros and the curve they approach

8.1 The zeros are roots of an exact integer polynomial

The finite- IV average (47) is not merely computable: as a function of j it is a polynomial in disguise.
Writing ¢ = e26/N

(=) =ew ()
so, with M = | N?/4],

il N k2—Nk+M N
Zgn=0 <+ PN(t):Z . t =0, QZELOgt, (51)
k=0

Py has exact non-negative integer coefficients, degree M, constant term (L N]\/[2 J) (from k = | N/2],
the unique integer with k2 — Nk + M = 0) and leading coefficient (]g) + (%) =2 (from k& = 0 and
k= N), sot =0 is not a root and every root gives a [ through the principal logarithm. Because
Zg N is periodic in 3 with period iw N, the strip 0 < Im 3 < 7N contains exactly one zero per root
of Py: there are M = N?/4 zeros for N even, and Z AN = % makes them symmetric about the
real axis while the positivity of every summand in (47) for real § excludes real zeros. This gives the
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Table 5: The family of Fisher zeros that approaches the identified curve. Counts, deviations § = e, —eo(R.)
and the mean spacing are recomputed independently for N = 20 and N = 40 (agreeing with [2] to the printed
digits); the N = 80 row is quoted from there, since a degree-1600 companion problem at 50 digits is outside
the budget of this work. Every § is negative: the zeros approach the curve from the side Re 8 < 1+ £¢(R),
that is from the region where F = 0. The worst polishing residual is max |Zg n| over all N?/4 roots, and
the family residual is the worst over the family only.

N zeros family excluded  max|§| mean|d| maxN|§| max|Z|
20 100 4 8 0.085643 0.067824 1.7129  1.7e-42
40 400 13 12 0.095152 0.048783 3.8061  9.4e-38
80 1600 31 19 0.090790 0.031855 7.2632  2.2e-20

Fisher zeros ezxactly, as algebraic numbers, with no quadrature, no discretisation and no precision
loss in their definition; the only approximation is in the root-finding itself.

Every root reported here was computed twice: once as a root of Py by a companion matrix in
double precision, mapped through g = (N/2) Logt, and once by Newton iteration on the (N+1)-
term sum (47) itself at 50 digits, started from the companion root. The recorded residual is |Zg n|
at the polished root.

8.2 The family that approaches the curve

Most of the N?2/4 zeros are far from the curve; they spread over the disc || < mN/2 and are
irrelevant to the thermodynamic limit at fixed 3. The family that matters is the one whose members
satisfy |e, — eo(R)| < 0.1 with 0.02 < R, < 8, where ¢, = Ref8, — 1 and R, = Im f3,: those are
the zeros that track the identified curve.

Table 5 collects the counts. The key quantity is the deviation § = €, —eo(R.), which is negative
for every member of the family at all three sizes, and whose magnitude shrinks like 1/N at fixed
radius:

N§ — —g(R),
9(0.6) ~ 1.15, g(1.1) ~ 1.19, ¢(1.5) ~ 1.35, (52)

9(2.0) ~ 1.6, g(4.2)~38, ¢(6.6)~7.3.

At R =~ 0.7 the three sizes give Nd = —1.1468, —1.1581 and —1.1643; at R ~ 1.1, —1.1829, —1.1626
and —1.2059; at R ~ 1.5, —1.3833, —1.3189 and —1.3463. The sequence is not monotone in N at
every radius, because the radii themselves move as N grows, but the values agree to a few percent
and the 1/N scaling is unambiguous. This is the strongest single piece of evidence that eg(R) is an
accumulation locus of the Fisher zeros: the zeros converge to it, from below, at the rate 1/N that
a one-dimensional zero density implies.

The spacing along the curve behaves the same way, but only if it is measured locally. Over the
whole family the mean spacing in R is 0.522303 at N = 20, 0.316422 at N = 40 and 0.21192 at
N = 80; multiplied by N these give 10.45, 12.66 and 16.95, which is not a constant, because the
extent of the family in R grows with IV and the family is much denser in the middle than at its
ends. Restricted to the central region 0.8 < R < 2.5, where the curve is nearly straight, the mean
spacing is 0.524633 at N = 20 (two gaps) and 0.268648 at N = 40 (five gaps), so N times the local
spacing equals 10.493 and 10.746: constant to within 2.4% across a doubling of N, which is the
1/N law. The comparison against 47/N = 12.566/N made in [2] is within 1% of the family-wide
mean at N = 40 but 35% off it at N = 80; the local measurement above is the scale-invariant one,
and it is 15% below 47 /N at both sizes.
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Table 6: The four family members at N = 20 and the thirteen at N = 40, recomputed independently:
the radius R, = Im 3., the position £, = Re 8, — 1, the curve value £o(R.) obtained by solving (32), the
deviation § = ¢, — g9(R;), the scaled deviation N¢, and the polishing residual |Z n|. Values agree with [2]
to all ten printed digits.

R. €2 eo(R2) 1) Né |Z|

N =20
0.61496279  0.30284725 0.36018866  —0.057341 —1.1468  9.0e-46
1.13260527  0.40559977  0.46474514 —0.059145 —1.1829 3.7e-45
1.64389465  0.40534528  0.47451260 —0.069167 —1.3833  5.5e-45
2.18187031  0.33501849  0.42066160 —0.085643 —1.7129 4.4e-45

N =40
0.39246606  0.23873835  0.27155870 —0.032820 —1.3128 1.4e-45
0.68337793  0.35228782  0.38123974  —0.028952 —1.1581  3.0e-44
0.95080982  0.41209119  0.44115564 —0.029064 —1.1626 2.le-44
1.21137147  0.44072850 0.47129801 —0.030570 —1.2228  1.0e-43
1.47187353  0.44630728  0.47928094  —0.032974 —1.3189  7.9e-44
1.73663948  0.43290526  0.46908447  —0.036179 —1.4472 3.7e-44
2.00938065  0.40303401  0.44327082  —0.040237 —1.6095 6.8e-44
2.29404764  0.35860737  0.40390339 —0.045296 —1.8118 2.9e-44
2.59552064 0.30155216  0.35316566  —0.051614  —2.0645 1.6e-44
2.92054281  0.23446051  0.29404865 —0.059588 —2.3835 1.5e-44
3.27949036  0.16157261  0.23130444 —0.069732  —2.7893  3.5e-45
3.69058960  0.09007565  0.17208136  —0.082006 —3.2802  3.5e-45
4.18952558  0.02791186  0.12306363  —0.095152 —3.8061  3.0e-45

8.3 Sample zeros

Table 6 lists the family members, and Figure 4 places them, together with all the other zeros in
the window and the same data at N = 80, against the identified curve. The zero of Z3 9 closest
to S =11is

B = 1.302847251454284086921133 + 0.61496278699975940503469704 7, |Z5.90] = 9.0 x 10749,
(53)
which reproduces the twenty-five-digit value quoted in [2] to 4.3 x 10726, that is to the last printed
digit.

8.4 Independent confirmation, and one honest difficulty

Two checks confirm that (51) really produces all the zeros in a region, without relying on the
polynomial route at all. First, the argument principle: integrating dZg /Z3 y once round the
boundary of the box 0.05 < ¢ < 0.90, 1.0 < R < 4.0 at N = 40, using the direct sum (47) at 50
digits, gives

1 dZ,BAO

9 Z3 10 = 9.000000000000,

and the polynomial route finds exactly 9 zeros inside that box. The same test at N = 80 in [2]
gives 18.000000000000007 against 18 polynomial zeros. Second, a completely different search — a
coarse scan of |Zg | over a grid in the S-plane, followed by high-precision Newton on the direct
sum, with no polynomial involved — found 19 zeros in the upper half plane inside its window at
N = 40, all 19 matching the polynomial route to 1078,

The one difficulty worth recording is numerical rather than mathematical. Matching the inde-
pendently recomputed zeros against those of [2] one by one succeeds for 45 of 50 upper-half-plane
zeros at N = 20 and 190 of 201 at N = 40 to within 1072°; the exceptions have discrepancies up to
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Figure 4: The exact finite-N Fisher zeros of Zg n from (51), in the coordinates (R,¢) = (Im 5,Re 5 — 1),
restricted to 0.02 < R < 8 and —0.35 < ¢ < 1.0: left, all upper-half-plane zeros at N = 20 (circles, light),
N =40 (squares) and N = 80 (dots, dark), with the identified curve £¢(R) (solid); right, the scaled deviation
NG& = Nle. — eo(R.)] for the family members at each size (Table 6 lists those at N = 20 and 40), against
R., showing that N¢ tends to a limiting profile —g(R) that is negative over the whole range. The zeros at
N =20 and N = 40 were recomputed independently here and the plotted positions agree with those of [2]
to all plotted digits; the N = 80 positions are those tabulated there. All zeros are exact algebraic numbers,
roots of an integer polynomial; only their numerical location is approximate.

1.3x107* at N = 20 and 5.7 x 1072 at N = 40, and they are concentrated at |3| ~ 7N/2, the outer
edge of the zero cloud. There the double-precision companion matrix is severely ill-conditioned and
its eigenvalues form near-degenerate clusters, so individual members of a cluster are not resolved
even though the cluster as a whole is: the residuals |Z| of the mismatched roots remain at 1073%
or smaller, which is what one expects of a correct zero of the same cluster. The discrepancy is
therefore in the labelling of near-coincident roots, not in the zero set, and the argument-principle
count — which is insensitive to labelling — agrees exactly.

8.5 What the zeros do and do not prove

The exact reduction (51) is a theorem: the Fisher zeros of the Curie-Weiss model at finite N are
the images under 5 = (N/2)Logt of the roots of an explicit integer polynomial, and there are
exactly N2/4 of them in a period strip. That the family of Table 6 converges to o(R) at rate
1/N from below is a numerical fact, established at three sizes with residuals of 1073 or better,
and it is consistent with everything else in this paper: the zeros accumulate where the free energy
changes behaviour, and they do so from the side on which Fjg = 0. Turning that into a proof that
eo(R) is the phase boundary would require a limiting zero-density argument — uniform control
of Zg n on compact sets away from the locus, and hence Hurwitz-type convergence of the zeros
to the boundary of the region of non-vanishing — which is not attempted here. What the data
establish is the identification: the curve the zeros approach, the curve on which Re f3 vanishes
for the admissible saddle, and the curve along which the finite-N free energy changes its limiting
behaviour are the same curve, to the precision to which all three can be measured.
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9 Scope, and what remains open

9.1 What has been established

Conjecture 1 asserts the existence of a curve separating Fg = 0 from Fjg > 0, and describes it as the
locus on which the dominant saddle of f3 has vanishing real part. This paper supplies the curve.
The branch-free parametrisation v = fu, v = tanhwv, § = v/tanhv of Section 3 turns the saddle
equation into an identity and removes every branch choice, including the choice |u| < 1 that the
apex of the curve violates; the real part of the action becomes the single-valued function ®(p, q) of
(7), whose zero set is analysed in Section 4. Inside the fundamental strip 0 < Imv < 7 that zero
set has exactly two branches, one of which is excluded outright because Re 5 < 1 along it, and the
other maps one-to-one onto the graph of a function £y(R) defined for every R > 0. That function is
tabulated to twenty-two digits over ten orders of magnitude of R in Table 1, attains its maximum
at the closed-form point of Proposition 4, and has exact power-series expansions at both ends, (38)
and (41), whose leading coefficient gives

2
b= % = 1.6449340668482264364724151666 . . . (54)

in answer to (6). The factor of two against the constant 72/3 carried by the curve (5) on which
Shamis and Zeitouni proved Fj > 0 is resolved: that curve is an interior curve of the same branch,
not a competing estimate of the boundary. Admissibility at the radii where a second component
of {® = 0} dips below ¢y — concretely at R = 3, where the component through v = 27i reaches
e = 0.1992 against €¢(3) = 0.2796 — is settled by the exact finite-N free energy, which converges
to the trivial-saddle value at the competing point and therefore places it strictly inside the region
Fg = 0 rather than on its edge. The rate of that convergence is given by the two-term expansion
(49), whose coefficient (50) is confirmed to five digits. Finally, the exact finite-N Fisher zeros,
obtained as roots of an explicit integer polynomial, converge to gg from below at rate 1/N, with
No tending to a limiting profile and the local spacing tending to a constant times 1/N.

9.2 What has not been established

The identification is validated, not proved. Four things stand between the present state and a
theorem.

Dominance. Nothing here shows that the saddle v = tanh v on the critical component actually
dominates the Hubbard—Stratonovich integral for 5 below the curve. The finite-IV free energy does
converge to the value that saddle predicts, and the convergence rate matches the Laplace expansion
of that saddle alone, which is strong evidence that no other saddle contributes at leading order;
evidence of that kind cannot exclude a contribution that is exponentially smaller for every finite N
and becomes comparable only in the limit.

Contours and poles. The Hubbard-Stratonovich representation involves cosh(Bu)~%, which has
poles of order N at u = (2j + 1)iw/(25), j € Z. As N grows these poles fill the complex u-plane,
and whether a contour through the desired saddle can be found without crossing them, or whether
their residues contribute, is not addressed. This is the obstruction the exclusion bound (46) cannot
overcome: a bound on |Zg y| from above says nothing about which saddle a deformed contour must
pass through.

Uniformity. Every limit in this paper is taken at fixed 8. The behaviour near the curve, where
the trivial and nontrivial saddles tie at Re f3 = 0, is precisely where a pointwise limit is least
informative: at e = go(R) the quantity N Fy does not converge at all (Table 3), and the bracketing
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diagnostic of Section 7 fails at three of the six radii tested. A proof would need control uniform in
B on compact sets away from the locus.

From zeros to boundary. The classical route from the Fisher zeros to the phase diagram runs
through a limiting zero density: if Zg n converges locally uniformly away from a curve and the
zeros accumulate there with a positive limiting density, the limit of Fjy is harmonic off the curve
and singular on it. Section 8 establishes the accumulation numerically, at three values of N, with
residuals small enough that the zeros are exact algebraic numbers to every digit printed. It does not
establish locally uniform convergence of Z3 y, nor a limiting density, nor the consequent singularity
of F B-

9.3

1.

Open problems

Prove Conjecture 1 with ¢y as given here. That is, prove Fg = 0 for € < g¢(R) and
Fg > 0 for € > g9(R), with gg the function tabulated in Table 1 and expanded in (38) and
(41). The upper half of the statement should be reachable from the exclusion bound (46)
together with a lower bound of the same strength; the lower half needs dominance.

. Characterise the limiting profile g(R) of the zero offset. Equation (52) records that

N(&?z — ao(RZ)) tends to a negative function of R alone, of size 1.15 near R = 0.6 and 7.3
near R = 6.6. A derivation would amount to a local scaling limit of Py near the curve and
would give the limiting zero density along g, which is the missing input for problem 1 by the
Lee—Yang route. The related question of why IV times the local spacing tends to 10.5 rather
than to 47 = 12.566 is the same computation seen from the other side.

. Explain the other components. The zero set of ® has a component through every v = ink,

k € Z, with by = m2k?/6; the k = 2 component dips below gy for R in an interval containing
3 and rises above it again by R = 4. Do these components carry any information about the
model — as subdominant saddle manifolds, as boundaries for a different observable, or as
accumulation loci for the N2/4 — 31 zeros at N = 80 that are not in the critical family?
Nothing here suggests an answer, and the question is asked because the components are easy
to compute and completely unexplained.

. Convergence of the two series. The small-R series (38) is a power series in ¢ with rational

coefficients and is expected to have a positive radius of convergence limited by the nearest
singularity of the curve; the large-R series (41) is asymptotic, with coefficients growing like
72" times a rational number. Neither claim is proved, and no error bound accompanies either
truncation. The numerics are consistent with both: the small-R truncation error at ¢ = 0.1
is the size of the first omitted term, and the large- R residuals of Table 2 decay geometrically
in R~2 until cancellation takes over.

. The apex constant. p*, the root of (p/2) cothp = logsinh p, is not obviously related to any

standard constant, and neither epax n0r Rat max has a closed form in terms of it beyond (34).
Whether the equation defining p* is solvable in terms of known special functions is open; the
equivalent form sinhp = ePtahP/2 guggests not.

. Beyond mean field. The parametrisation v = fu works because the saddle equation of a

mean-field model is u = tanh(Su), which is exactly the relation that makes v a free parameter.
The same trick applies to any model whose saddle equation can be inverted in this way —
the spherical model, the Kac model, complete-graph Ising in a field — and it would be worth
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knowing whether the resulting closed forms for Re f are as tractable there, and whether an
analogue of b = 72/6 exists.

9.4 Reproducibility

Every number in this paper is either an exact closed form, a coefficient of an exact series in rational
and 7 arithmetic, or a decimal expansion of a quantity computed from one of the defining formulas
(2), (7), (17), (47) or (51) at a stated working precision with a stated residual. The curve values
of Table 1 satisfy |®| < 2.3 x 107%!; the free energies of Table 3 are computed at the precision
dictated by (48) and agree with those of [2] to seven decimals; the zeros of Table 6 are roots of
an integer polynomial polished by Newton on the defining sum to residuals below 10743; the series
coefficients of Appendix A are exact rationals or rationals in 7, reproduced by two independent
routes and confirmed numerically along the independently traced curve. Appendix B records, item
by item, which results were reproduced from the definitions, which were confirmed only numerically,
and which are quoted from [2] because recomputing them would have exceeded the effort available
— the N = 80 zeros, of degree 1600, are the only substantial case. No figure in this paper is a
reproduction of a figure from anywhere else: all four are drawn from data computed here.

A Exact series data

All coefficients in this appendix are exact: rational numbers, or rationals in 7. They were obtained
by truncated-series arithmetic in Q(7), in which every operation is exact, and each was checked
numerically against the independently traced curve. Series in ( = v? are used at the small-R end
because 5(v) and f(v) are even in v; series in p = Re v are used at the large- R end near the puncture
v =17k.

A.1 The action and the map, at v =0
With f(v) = 3vtanhv —logcoshv = ¥(¢) and B(v) — 1 = vecothv — 1 = 2(¢), ¢ = v*:

by = S0 2C 1met 12400 691¢0 | 21844 (T
T 127 45 840 14175 18710 | 14189175
22¢d ¢t 2 1382(S
¢ ¢ ¢ ¢ ¢ ¢ Lo, (56)

A0 = 345 045 4725 93555 6383512875

+0(¢%), (55)

The odd coefficients of %v tanh v —log cosh v vanish identically, which is what makes ¥ a series in (;
this was checked to order v'3. Both series were carried to order ¢'°; the terms displayed are those
that enter the results of the body.

A.2 The small-R end
Writing ¢ = £ + in, the condition Re ¥({) = 0 gives 7 as a series in &,

515746108
5320940625

3776
23625

n 8 71,
T4 2 &
13 +15§+315£ *

195913
1653750

&+ &+ £ +0(&, (57)
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and substituting into ¢ = Re 2(¢), R = Im 2(() gives the two parametric series

9263 82¢%  234548¢5 86924 ¢
e(§) _& < + ¢ + < + ¢
3 4725 7875 27286875 = 12403125
33776744087 243222604393 ¢8
+0(&), (58)
558698765625  142468185234375
R(E) = ¢ N 26* N 26363 146&* 171342765 12620207 &6
3 15 4725 3375 54573750 = 483721875
2962428694 7 29087096 £8 9
- - 0] 59
558698765625 30474478125 (€9, (59)

in which the absence of a &2 term in (58) is a cancellation, not a symmetry. Reverting (58) and
substituting into (59) gives

2763 2214e* 1272996 &5

_ o 6

£(e) =3e = o 875 336875 T O (60)
6., 171, 1224, 120087 ]

Ro(E)—€+5€ + 1756 + 8758 + 612508 + O(e”). (61)

The first two coefficients of (61) are those obtained independently in [9]; the rest, including the
€5 coefficient 120987/61250, are new here. Truncating (61) at ¢* and evaluating at the computed
£o(R) reproduces R to a relative deviation of —1.967 x 1072 at R = 1073, —1.891 x 1078 at 1072,
—1.408 x 1076 at 0.03 and —1.329 x 10~% at 0.1; adding the €® term improves the first two to
—3.13 x 107 and —2.98 x 10710, In each case the deviation is the size of the first omitted term.

A.3 The large-R end

Near the puncture v = ik write v = itk + p+is(p) with p = Rev > 0 small. The condition ® =0
determines s exactly:
A A N (1575 — 4372k?)p!?

6wk 90wk 1407k 56700 m3k3

68145 + 14672k%)p'? (29029 — 4397%k?) p'
( - 3)]7 + ( - 3)]7 + O(pm),
3742200 w3k 28378350 Tk

the first four terms of which reproduce those of [2] exactly. Substituting (62) into § = vcothwv
gives R(p) and (p); reverting R in favour of P = 7k /R gives

P3P 1 5 1 13 1 22
Pope B 5 (L By (L2 e o e
PPy =Pttt (77 55m2) T G " 300) 0 T\~ gpm) T FOET): (63)
in which the first three terms are those of artanh P and the w-dependent corrections begin at P7;

the reversion was verified by substituting (63) back into the series for P(p) and confirming that
every coefficient of P!, ..., P! in the difference vanishes exactly. Finally

w2k2 ikt 7O k6

s(p) =
(62)

1 5 1
_ 81.8 _ —10
c0(R) =5z + 15pr Togpe TR <45 2167r2k:2) s TOETT)
bi 22 k2 4 n2k?
= 4 by = —— 4
U+ T +OR], =T (60

For k = 1 the R™® coefficient is 7%(2472 — 25)/1080 = 188.6018653206584759 . . .; for k = 2 the

series reads
272 167* 1675 875(967% — 25)

“sm + + 135R8

eo(R) + O(R™19),

15R*  TRS
which is (64) at k = 2 and confirms the k2 scaling of by, independently of the general argument.
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A.4 Local expansions at the punctures and on the horizontal slices

The following were derived and verified to the stated order at 60 working digits; they are the local
input to Section 4. At the horizontal slices,

O(p, k) = g tanh p — log cosh p, <I>(p, 5+ Trk) = g coth p — log sinh p, (65)

both independent of k. Near the puncture v = imk + w,

Re w?
12

+ O(Jw|?), Blirk +w) =1+ % + O(w), (66)

k
O(irk +w) = —%Imw —

so @ changes sign across the four rays argw = 0,7/2, 7,37 /2 and the image of a small circle about
v = 4wk under 5 —1 winds once about the origin with radius 7|k|/|w|: the punctures are the sources
of the components counted in (64). Near the branch point v = 0,

v? v

B—1= 3+ Oo(v?), d(v) = TR o), (67)

which maps the rays argv = 6 to arg(8 — 1) = 20 and gives the pinch angles of Section 4: argv =
/8 — arg(f — 1) = w/4 for the critical branch and argv = 37 /8 — 3m/4 for the short branch.

A.5 The apex

p* is the unique positive root of (p/2) cothp = logsinh p, equivalently of sinhp = exp(%p coth p):
the difference h(p) = £ cothp — log sinh p satisfies h/(p) = —% cothp — ZS%LQP < 0 for p > 0, tends

to +0o as p — 07 and to —oco as p — oo, and so has exactly one positive zero. (That h’ is exactly
®,, on the slice ¢ = 7/2, so the uniqueness of the apex and the transversality of the locus to that
slice are the same fact.) At 60 working digits,

p* = 1.604029102812004728846419615409504104293416007033 . . .,
Emax = P tanh p® — 1 = 0.47935240607782361252824419404539279058942478269334 . . .,
Rat max = 5 tanh p* = 1.4487027208100393722706725135707582660204411776179 . . .,
u* = coth p* = 1.0842778882313335059393288682092972689579367735775 .. .,

with ®(p*, 7/2) = —7.8 x 10752 and d?%¢/dq? = —0.39183836 at that point.

B Numerical protocol and verification record

B.1 Precision policy

All computations are in arbitrary-precision floating-point arithmetic, at a stated number of working
decimal digits (dps), with exact integers and exact rationals wherever the object is an integer or a
rational: the binomial coefficients of (47) and the coefficients of Py in (51) are exact integers, and
the series of Appendix A are exact elements of Q(7) manipulated by truncated-series arithmetic,
in which addition, multiplication, composition and reversion are exact operations on rational co-
efficients. No floating-point quantity is reported without either an exact identity behind it or a
recorded residual.

The working precision is chosen per quantity rather than fixed once. For Newton iteration on
(32), 50-60 digits, with iteration until the step is below 107°2 and acceptance only if |®| < 1074°

30



and |Im 3 — R| < 10740 relative. For the exact finite-N sums, the cancellation criterion (48). For
the polynomial roots, double precision for the companion matrix followed by Newton polishing on
the defining sum at 50 digits, with the residual |Zg y| recorded for every root.

B.2 Verification record

Table 7 lists every quantitative claim of the body, the method by which it was established here,
the achieved tolerance, and whether the result is an independent recomputation from the defining
formulas, a numerical confirmation of an exact statement, or a value quoted from [2] because
recomputing it was outside the available effort.

Table 7: Verification record. “Recomputed” means obtained here from (2), (7), (17), (47) or (51) without
reference to any previously computed value; “confirmed” means an exact statement checked numerically to
the stated tolerance; “quoted” means taken from [2] and not recomputed.

claim method tolerance status
® and B closed forms (7), (17) against fg(u) and v/tanhv at 6 3.4e-57, 5.4e-58 confirmed
test points, 60 digits
u-space closed form, |u| < 1 and 42 (k,u) pairs, 60 digits 9.3e-61 confirmed
|u| > 1, branches k = —3..3
|tanh v|2 = 12 points, 60 digits; 5 of 12 have 6.9e-51 confirmed
(cosh 2p — cos 2q)/(cosh 2p + cos 2q) |tanhv| > 1, all with cos2¢ < 0
®(0,7k) =0, k= —6..6; f3(0) =0 direct 6.5e-60; exact confirmed
local expansions (66), (67), (65) ratios at [v| = 1072,1073,107% and < 4e-6 relative confirmed
on the rays 7/8, 37/8
two branches in 0 < Imv < 7 root count of ®(+,q) at 398 values exactly 1 root for recomputed
of ¢ € [0.01, 7 — 0.01] q > 7/2, exactly 2 for
q<m/2
short branch has Re 8 < 1 and ends 400-point trace to v = im/2 maxRef = recomputed
at =0 0.999889537332
rays argv = /8, 37/8; images trace at ¢ =10"2...106 p/qg— V2 +1to 10 recomputed
arg(B— 1) =n/4, 3n/4 digits; angles to 10~6
degrees
e0(R), 27 radii, 1076 < R < 10° 2-D Newton on (32), seeded by worst |®| = 4.8e-51; recomputed
continuation or by (63) agreement with [2] to
1.9e-22 relative
e0(R), 16 radii of Table 1, to 106 as above |®| < 2.3e-61 recomputed
apex, 50 digits root of (p/2) cothp = logsinhp |®| = 7.8e-62 recomputed
apex is stationary, and exactly at central differences of ¢ along level slope falls as h2, confirmed
Imv=mn/2 curves of ® at p = 0.5,1,p*, 2.5, reaching 10~ 17
h=10"3...10"8
e strictly monotone on either side of  4001-point trace strict at every point recomputed
the apex
v, z,n/§, &(e), Ro(e), s(p), p(P), exact truncated series in Q(7) exact; reversion recomputed
eo(R) for k =1,2 checked by
composition to P11
small-R series error (61) truncated at ¢4, €5, evaluated equals the first confirmed
at 4 radii omitted term
large-R coeflicients residuals of Table 2 at 4 radii 8-11 digits at R = 10> recomputed
b=72/6, by, = 12k?/6 exact series exact recomputed
esz(R) from Imu =0, k =1, and 7 radii, 3.2 < R < 104 reproduction to recomputed
Re f3 < 0 there 8.6e-50; Re f3 negative
at all 7, decaying as
—74/(12R%)
B(B)=0for Ref <1 6 points < 10738 at 40 digits recomputed
NFy at R =3, 7 offsets, exact sum (47) at (48), 63-137 agrees with [2] to recomputed
N = 250..2000 digits 4.2e-8
precision failure at 8 = 1.4 + 104, same sum at dps 40, 50, 60, 80, 427.0155 and 405.4129 recomputed

N = 6400

120, 200, 368

at insufficient
precision,
405.3258758810 at dps
> 60, stable to dps 368
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claim method tolerance status

c1(B) of (50) 6 points, N = 250..2000 < 1.2e-4 at N =2000 recomputed
(new)
Fisher zeros, N = 20: 100 roots, (51), companion matrix plus max |Z| = 1.7e-42; recomputed
family of 4 Newton polishing at 50 digits family rows agree with
[2] to 10710
Fisher zeros, N = 40: 400 roots, as above max |Z| = 9.4e-38; recomputed
family of 13 rows agree to 10710
Fisher zeros, N = 80: 1600 roots, — — quoted
family of 31
nearest zero at N = 20, 25 digits (53) 4.3e-26 against [2] recomputed
argument principle, box contour integral of dZ/Z on the 9.000000000000 recomputed
0.056<e<0.90,1<R<4, N=40 direct sum, 50 digits against 9 polynomial
zeros
route-B scan (no polynomial), N = 40 coarse |Z| scan plus Newton 19 of 19 match to 1078 quoted
zero-offset scaling N§ — —g(R) Tables 6 and the N = 80 rows of [2] stable to a few percent recomputed
at matched radius (N < 40)
local spacing, N times mean over 2 gaps at N =20, 5 at N =40 10.493, 10.746 recomputed
08<R<25
bracketing diagnostic ey (R), 6 radii  bisection on the exact sum — quoted

B.3 Protocols

Tracing the component. The component is traced in the parameter ¢ = Imwv rather than in R,
because R ranges over twenty-eight orders of magnitude along it while ¢ ranges over (0, 7). At each
of 4001 values of ¢ the equation ®(p,q) = 0 is solved for p by Newton’s method started from the
previous point, and [ is then evaluated from (17). The trace is monotone in R at every one of the
4001 points, which is the numerical content of the single-valuedness claim. When ¢ is needed at a
prescribed R, the two equations (32) are solved together by 2-D Newton with the exact Jacobian;
the seed is the traced point nearest in log R, or the asymptotic series (63) for R > 8. Seeding by
nearest R rather than nearest log R fails: the trace is uniform in ¢, so between ¢/7 = 1 — 1073 and
q/m = 1 the radius jumps from about 7 to about 3.6 x 103, and a linear search in R picks a seed
hundreds of Newton basins away, from which the iteration converges to a different component or
not at all.

Ezxact series. A truncated series is represented by its coefficient list over Q(w), with = kept
symbolic so that no coefficient is ever rounded. Composition, inversion and reversion are performed
by exact rational arithmetic. Every reversion is checked by composing back: substituting (63) into
the series for P(p) gives zero for every coefficient of P!,... P,

FEzact finite-N sums. (]Z ) is formed as an exact integer and converted to the working precision;
the sum is evaluated as ", exp(ty — M) with M = max; Ret; and the result rescaled by eM27 so
no intermediate overflows. The number of decimal digits lost to cancellation, —logq | >, exp(ti —
M)|, is recorded for every evaluation; it rises from 0.6 at N = 250 to 36.1 at N = 2000 at
e = 0.27965, R = 3, and reaches 44.8 at N = 6400, 5 = 1.4 + 10i. The criterion (48) exceeds
the loss by more than twenty digits in every case used here. It is conservative: at § = 1.4 + 104,
N = 6400 it prescribes 368 digits, whereas the value is already stable from 60 digits upwards. The
point of a conservative criterion is that the loss cannot be known before the sum is evaluated.

Fisher zeros. Two independent routes. Route A forms the exact integer coefficients of Py
from (51), computes the roots of the companion matrix in double precision, maps each root by
B = (N/2)Logt and polishes it by Newton’s method on the (N+1)-term sum (47) at 50 digits,
recording | Zg y| at the polished root. Route B, used only as a cross-check, scans | Z3 x| on a 240x400
grid over —0.6 < € < 1.6, 1074 < R < 8, takes every strict local minimum as a candidate, and
applies the same Newton polishing; it shares no code and no mathematics with route A beyond the
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definition of Z. A third check, the argument principle, integrates dZg n/Z3 y along the boundary
of a box on a fine grid at 50 digits and rounds the winding number to the nearest integer.

B.4 [Ill-conditioning of the companion route

The one-against-one comparison of independently computed zeros fails for 5 of 50 upper-half-plane
zeros at N = 20 (worst discrepancy 1.3 x 107%) and 11 of 201 at N = 40 (worst 5.7 x 1073).
The failures are not random: they lie at |3| = wN/2, the outer edge of the zero cloud, where the
roots of Py form clusters whose separation is far below the double-precision eigenvalue accuracy
of the companion matrix. For a polynomial of degree 400 with coefficients spanning many orders
of magnitude the companion eigenproblem is severely non-normal, and a perturbation of size &pacn
moves a root in a cluster of multiplicity m by order arlr{;h. Two diagnostics confirm that the zero
set is nonetheless correct: the polished residuals of the mismatched roots remain at or below 10738,
which is the size expected of a genuine zero of the same cluster, and the argument-principle count
in a box containing several of them is exactly an integer and equals the number of polynomial roots
inside. The comparison is therefore meaningful up to permutation within clusters, and no claim in
the body depends on the labelling of an individual root near |3| = 7N /2.

B.5 What is quoted rather than reproduced

Three items are taken from [2] without independent recomputation. The N = 80 zeros: a degree-
1600 integer polynomial, 1600 companion eigenvalues and 1601-term Newton polishing at 50 digits
for each, which exceeds the effort available here; the N = 80 row of Table 5 and the N = 80
values in (52) are quoted. The route-B scan at N = 40: its result is quoted because route A was
reproduced twice already and the argument-principle check supplies an independent count. The
bracketing diagnostic £ 5 (R) of Section 7: the bisection is inexpensive but its interpretation depends
on the same finite-N sums already reproduced in Table 3, and the values quoted are those of [2].
Everything else in the body was recomputed here from the defining formulas.

C Data tables

C.1 The curve over twenty-seven radii

Table 8 extends Table 1 to twenty-seven radii, spanning eleven orders of magnitude, and records for
each the two residuals of the solved system (32): the value of ® at the solution and the error in the
prescribed radius. Every row is an independent solution at 50 working digits and every row agrees
with the corresponding value of [2] to at least 22 significant digits, the worst case being R = 10°
at 1.9 x 10722 relative, where cancellation in eg ~ 1.6 x 10710 is severe. The values at R = 1.4 and
R = 1.5 straddle the apex and show the flatness there: £y changes by 2.6 x 107° between them
while R changes by 0.1.

C.2 All solutions of Re f3 = 0 at fixed radius

Table 9 lists, at ten radii, every solution of {® = 0, Im3 = R} with £ > 0 found by a bounded
multi-start Newton search over 0 < Rev < 6, |Imv| < 47, with 10? starting points at 30 digits.
Solutions come in conjugate pairs £+ Im v, so only | Imv|/7 is shown. The rows at R =3 and R =4
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Table 8: ¢(R) to 26 significant digits, with the residuals of the solved system (32) at 50 working digits.

R £0(R) |®|  [Im 5 — R|
10~%  0.00000099999880000190285296686759  7.99e-52 1.97e-52
104 0.000099988001902439647253980643  1.46e-51 2.84e-52
1073 0.00099880189869155728483804933  1.83e-53 8.61e-53

0.01 0.0098818621140176327775038145  1.67e-52 1.88e-52
0.1 0.089567706579462441062041654  6.68e-52 0.0
0.2 0.16272702831629156603543292  1.00e-51 1.67e-51
0.5 0.31857659402877199035142511  2.00e-51 0.0

1 0.44877609900355434330776241  1.34e-51 2.67e-51

1.25 0.47376684965355619775406846  1.34e-51 5.35e-51
1.4 0.47903040619849847449402381 0.0 0.0
1.5 0.47900478733138496908706219  1.34e-51 2.67e-51

2 0.44437488848207699365415504  2.67e-51 5.35e-51
2.5 0.36993955949769510296814977 0.0 0.0
3 0.27964554577318019778947188  1.34e-51 0.0
3.5 0.19741143156479008910521343 0.0 0.0
4 0.13900516323955120008240737  1.34e-51 1.60e-50
5 0.078920254976026574239386272 0.0 1.07e-50
6 0.051563228354009789306456261  2.00e-51 0.0
8 0.027430484768554347321263913  1.84e-51 2.14e-50

10 0.017135036751582656738798012  2.76e-51 8.55e-50

20 0.0041534662252233007015719677  3.47e-51 2.14e-49

50 0.00065901485934128508827460896  1.88e-51 2.57e-49

100 0.00016455838043304205486515847  6.15e-52 8.48e-47
300 0.000018277846955218466625135346  9.09e-52 1.96e-45
108 0.0000016449405608219642202462262  2.66e-51 6.03e-45
104 1.6449341317876238926737295e-8  4.81e-51 1.67e-41
105 1.6449340674976203770424514e-10  3.26e-51 7.42e-38

were reproduced independently here and agree with [2] to all twelve printed digits, including the
identification of the two candidates at R = 3.

Two features of the table matter. The first is the crossing: the component through v = 277 lies
below the critical one at R = 3 and above it at R > 3.5, so the exchange happens between those
radii. The second is a limitation: at R = 20 the search returned eight solutions and none of them is
the critical one, whose value £¢(20) = 0.0041534662252233 is far below all eight. A bounded multi-
start search is therefore not exhaustive at large R, where the critical solution has Rev ~ /R ~ 0.16
and | Im v| within 10~% of 7: the starting grid does not resolve that neighbourhood, and the basins
of the spurious solutions surround it. At R = 20 the critical value comes from the traced component
of Section 4 polished by Newton, not from the enumeration. This is a caution against reading the
table as a proof that no further candidates exist.

C.3 The N =80 zero family

Table 10 gives the eleven members of the N = 80 family reported in [2], out of 31 in the family and
1600 in total. They are quoted rather than recomputed, for the reason given in Appendix B. The
pattern of Table 6 continues: every ¢ is negative, |[NJ| grows with R, and at the outermost listed
zero, R = 6.614, the zero has crossed to Re 8 < 1 while the curve still has g = 0.0415 > 0, so the
approach is from below in ¢ rather than from inside the half-plane Re 5 > 1.
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Table 9: All solutions of {® = 0,Im 8 = R} with £ > 0 found by bounded multi-start Newton at ten radii,
from [2]; the rows R = 3 and R = 4 were reproduced independently. The entry marked * is on the critical
component, and the entry marked t at R = 3 is the competing candidate shown inadmissible in Section 7.

R eo(R) candidates (|Imo|/7, €)

1 0.44877609900355
2 0.44437488848208
2.5 0.3699395594977
3 0.27964554577318
3.5 0.19741143156479
4 0.13900516323955
5 0.078920254976027

(0.37788174, 0.448776099004)*
(0.6391389, 0.444374888482)*
(0.75397619, 0.369939559498)*
(1.417137, 0.199204511072)T, (0.85439238, 0.279645545773)*
(0.93092007, 0.197411431565)*, (1.4021056, 0.375335441689)
(0.97205138, 0.13900516324)*, (1.4368905, 0.465096192662)

(0.99373859, 0.078920254976)*, (2.4546179, 0.143156151233),

(1.6341335, 0.445391707952)

8  0.027430484768554

10 0.017135036751583

(0.99945851, 0.0274304847686
(3.4616784, 0.295601053184),
(0.99980186, 0.0171350367516
(2.9216587, 0.252696056359),

(3.4883972, 0.478421253016)

20 0.0041534662252233

%, (1.9840764, 0.141364833844),
2.624542, 0.44736466399)

*, (1.9968274, 0.0790768672221),
4.4715287, 0.255635033597),

(1.9999009, 0.0171352577113), (2.999566, 0.0407522432741),

(3.9984083, 0.0791166378492), (4.9933284, 0.142139618682),
(5.9414853, 0.261755995874), (8.4839416, 0.318692037524),

(7.4817345, 0.444486485599), (6.5848287, 0.454397719174) — the critical solution
was not found

Table 10: Eleven of the 31 family members at N = 80, quoted from [2]. Columns as in Table 6.

R. £ eo(Rz) ) Né
0.2564242449 0.1783814519 0.1984583321 —0.02008 —1.60615
0.7196956025 0.3768336875 0.3913868776  —0.01455  —1.16426

1.121052493 0.4485328076 0.4636064611 —0.01507 —1.20589
1.516206057 0.4619243686 0.4787530979  —0.01683 —1.3463

1.92221489 0.433451198 0.4529760207 —0.01952 —1.56199
2.352568041 0.3713071334 0.3946265816 —0.02332 —1.86556
2.824500082 0.2829513233 0.3116103877 —0.02866  —2.29273

3.36770369 0.1809094184 0.2172013001 —0.03629 —2.90335
4.049719262 0.08866685661 0.1345378353  —0.04587 —3.66968
5.026794421 0.01813026376  0.07790954802 —0.05978 —4.78234
6.614022565  —0.04932757193  0.04146234334 —0.09079 —7.26319
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