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Abstract

The fermionic interaction distance Dr(p) = infyer 3[|p— o1 mea-
sures how far an entanglement spectrum lies from the set F of spectra
of free (Gaussian) fermion states, and vanishes exactly on the Zgn
fixed-point states whose free descriptions are known. Three conjec-
tures concern the flat spectrum p(N) of rank N: that Dx(p(N)) =
D*(N) = 3 — 2 — 2/z with x = N/2U°82N]: that doubling a spec-
trum leaves Dr unchanged; and that sup, Dr(p) = 3 — 2v/2. We
treat all three as one finite-dimensional variational problem, because
every free spectrum is a product of two-level factors whose atoms are
subset products of mode ratios. We derive D*(N) rather than quote
it, and prove that the ansatz producing it is the unique maximiser of
its own one-parameter family, with the normaliser sitting exactly on
the boundary Z = N. A block reduction then collapses the objective
onto sector boxes indexed by the numbers a of zero modes and b of
positive modes, and four families of sectors are eliminated in closed
form for every rank: a > n, b < 2, a+b < n,and a =n—1 at
every b. Everything else is reduced, exactly and in both directions,
to the non-existence of interior local maxima of the sector objective,
with a necessary condition any such maximum must satisfy; the resid-
ual family is finite in width at each zero-mode count and open from
the sector (n — 2,3) on. For the doubling conjecture we prove an ex-
act decomposition Spax(2N) = max(Smax(N), 2o(2N)) that settles,
by an equality, every doubled competitor whose free spectrum carries
a zero mode, and reduces the flat-spectrum case to one explicit family.
Finally, exact interval branch and bound certifies two-sided brackets
D¥¥(p(N)) € [D*(N) — e, D*(N)] at 22 ranks, 660 sectors, with the
largest certified excess € = 4.382 x 1075, None of the three conjectures
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is proved: the brackets bound the covered family, the doubling conjec-
ture remains open even on flat spectra, and 3 — 2v/2 is established as
the supremum of the ansatz values only.

1 Introduction

An entanglement spectrum is the list of eigenvalues of the reduced density
matrix of a subsystem, sorted decreasingly. For a topologically ordered
ground state it carries more information than the entanglement entropy
alone: the pattern of degeneracies distinguishes phases that the entropy
cannot [5]. It is therefore natural to ask, given a spectrum, whether some
simple class of states can reproduce it. The class that has proven most useful
here is the class of free fermion states, also called Gaussian states, whose
reduced density matrices are completely determined by two-point correlation
functions [1, 7]. The fermionic interaction distance quantifies the question:
for a density matrix p,

Dr(p) = inf 5llp—oalh, (1)
where F is the set of reduced density matrices of free fermion states. Because
both spectra may be sorted before comparison and the trace norm of a
difference of commuting diagonal matrices is a function of the eigenvalue
lists alone, Dx is a function of the entanglement spectrum. It vanishes
exactly when the spectrum admits a free description, and this is how it has
been used: the Zon parafermion-chain, string-net and Walker—Wang fixed-
point states all have D = 0, so they admit exact free fermion descriptions,
while spectra away from those fixed points do not [3, 6].

The fixed points just mentioned have maximally degenerate entangle-
ment spectra: their nonzero eigenvalues are all equal. That makes the flat
spectrum the natural test case, and it is the object of this paper. For an
integer N > 2 let

5(N) = (%,...,%,o,o,...) 2)

N entries

be the flat spectrum of rank N, and write
N
n=|logg N| >1, v=o, € [1,2). (3)

When N = 2" the spectrum p(2") is itself free: n zero-energy modes give
2" equal atoms of weight 27", so Dz(p(2")) = 0. When N is not a power
of two the spectrum is not free, and the question is how far from free it is.
An explicit competitor shows that it is not very far: n zero modes together
with one further mode of ratio r = x — 1 produce a free spectrum whose



distance to p(N) is

2 2 — -1
DN) = 3—a— 2 = @Zale=D) 0,3—2v2]. (4
x T
Three conjectures, posed in the course of using Dr as a diagnostic, concern

this value and two related identities [3].

Conjecture 1 (flat-spectrum conjecture, (A)). For every integer N > 2,
Dr(p(N)) = D*(N).

Conjecture 2 (zero-mode or doubling conjecture, (B)). For every spectrum
p, Dr(3(p @ p)) = Dx(p).

Conjecture 3 (global maximum, (C)). sup, Dr(p) = 3 — 2v/2.

Conjecture 1 was known exactly only for N < 6, and supported up to
N = 28 by numerical minimisation over the mode energies [3, 6]. Such
a minimisation cannot exclude a better free spectrum sitting in an unex-
plored basin, which is precisely the gap between “numerically observed”
and “certified” that this paper addresses. For Conjecture 2 only the easy
direction is classical: adding a single zero mode to a competitor shows
D;(%(p @ p)) < Dgx(p) for every p. For Conjecture 3 only the rank-four
case was proved.

What this paper establishes

The three conjectures are aspects of one finite-dimensional variational prob-
lem, because every free spectrum is a product of two-level factors. Writing
the mode ratios r; = p;/(1 —p;) € (0, 1], where p; € (0, %] is the occupation
of the j-th entanglement mode, a free spectrum is the decreasing rearrange-
ment of o, = t,(r)/Z(r), where t,(r) runs over the 2™ subset products
[Tjesrs and Z(r) = [I7L;(1 + r;), with the number of modes m > 0 it-
self free [1, 7]. Conjecture 1 is then the statement that a certain overlap
functional never exceeds an explicit value, and the whole analysis becomes
an exercise in controlling subset products. Sections 3 to 11 develop it; the

results are:

1. The ansatz value, derived and unique (§4). D*(N) is obtained
from the one-parameter family of n zero modes plus one further mode,
and the overlap of that family is shown to be strictly increasing then
strictly decreasing in the single free ratio, with its unique maximum
at r = x — 1, where the normaliser satisfies Z = 2"(1+r) = N exactly.
The normalisation boundary is optimal, not incidental.

2. An exact block reduction (§5). For a spectrum with a zero modes
and b positive modes the 2¢t°-atom objective collapses onto the 2° sub-
set products of the positive modes, with an explicit fractional weight on



the boundary atom, so the sector objective depends on a only through
y = N/2% In subset-sum coordinates the distance splits exactly as
D = Exc + T into a clipped overshoot and a displaced tail, and only
the first [y] atoms carry any weight.

3. Four infinite families of sectors eliminated for every rank
(8§86-9). Every free spectrum with at least n zero modes satisfies
Dx(p(N);o) > D*(N) with equality exactly at the ansatz; every spec-
trum with at most two positive modes does too; so does every spectrum
with at most n modes in total; and so does the sector a = n — 1 for
every b, the widest of the four, which contains the sector (n—1,3) and
is closed by a mode-count descent driven by a rank lower bound.

4. An exact reduction of everything else (§10). Conjecture 1 holds
at every rank if and only if no sector objective has an interior local
maximum above S*(N) = 1 — D*(N), and any such maximum must
satisfy an explicit algebraic condition, sharpened to b— 1 conditions by
a concavity argument. The residual family has finitely many positive
modes at each zero-mode count and is open from the sector (n — 2, 3)
on.

5. Certified brackets at fixed rank (§11, Table 1, Figure 1). Exact
rational interval branch and bound discharges all 660 sectors with
0<a<n 0<b<n+3 at 22 ranks, giving the two-sided bracket
DY (p(N)) € [D*(N) — ee, D*(N)] with the largest certified excess
ge = 4.382 x 1075 at N = 25. The excess decays linearly in the box
width across the five tolerances of the ladder and cannot vanish at
any finite resolution, because every residual closed box contains a face
point where the overlap equals S* exactly.

6. An exact decomposition of the doubling problem (§12).
Smax(2N) = max(Smax(N),Zo(QN)), where Xy restricts the supre-
mum to spectra without zero modes. Every doubled sector carrying a
zero mode is settled by an equality of overlaps, every doubled sector
with at most n + 1 modes by coarse graining, and Conjecture 2
on flat spectra is reduced to one explicit family and derived from
Conjecture 1 at the doubled rank alone.

7. The maximal ansatz value (§13). supy D*(N) = 3 —2+/2, attained
along  — 1/2; by the Main Theorem no spectrum with at least n zero
modes is closer to F than its own flat target.

What this paper does not establish

Conjecture 1 is not proved: the sectors it leaves are exactly those in which
an interior local maximum could hide, and their exclusion is supported by



a local search that can miss a narrow basin (§10, Appendix D). The cer-
tified brackets bound D%V, the distance minimised over covered sectors;
transferring them to Dy itself requires a bound on the uncovered family
U(N) ={(a,b) : a <n—1, b >n+ 4}, which is open (§11). Conjecture 2
is not proved, not even on the flat family, and off the flat family nothing is
proved: five apparent counterexamples found by unconstrained multistart
optimisation are shown to be optimiser artefacts, with the exact structure of
the near-optimal free spectrum identified (§12, Appendix D). Conjecture 3
is not proved for all spectra; what is proved is the corresponding statement
about the ansatz values, plus the rank-four maximum of 1/6 from the earlier
literature [6].

Shape of the argument

The reduction of §5 converts the variational problem into a statement about
which subset products are heavy: an atom is clipped exactly when its sub-
set product sg exceeds Z,/y, and the objective is a weighted sum of clipped
atoms. Two tools then do most of the work. The first is support count-
ing: only [y]| atoms carry weight, which bounds the objective crudely but
eliminates whole blocks of sectors. The second is concavity in a single mode
bias: inside a chamber where the ordering of subset products is fixed, the
objective is continuous, piecewise affine and concave in each p;, with an ex-
plicitly monotone slope. Concavity converts an optimisation problem into a
comparison of endpoint and critical values, which is what makes the sector-
by-sector eliminations exact rather than numerical. Where concavity leaves
a single hard chamber, the objective is bounded by a quartic whose sign is
decided by an exact argument (Appendix B). The certificates of §11 use the
same decomposition, replacing analysis with interval arithmetic on boxes
and re-verifying every survivor in exact rational arithmetic.

Section 2 records where the problem comes from and what was known.
Section 3 fixes the model and conventions. Sections 4-9 contain the analysis.
Section 10 states the reduction to interior maxima, §11 the certificates, §12
the doubling problem and §13 the maximal value. Section 14 collects the
open problems and the boundaries of every result. Appendices A-D hold
the case analyses, the polynomial sign lemmas, the certification protocol and
the exploratory searches.

2 Where the problem comes from

2.1 Free descriptions of topological fixed points

A state of a fermionic lattice system is free, or Gaussian, when its density ma-
trix is a polynomial of even degree in the Majorana operators, equivalently
when all its higher correlators are determined by the two-point function [1].



For such a state the reduced density matrix of a region is again Gaussian,
and Peschel’s formula expresses it as a product of two-level factors built
from the eigenvalues of the correlation matrix restricted to the region [7].
Concretely, if v1,... vy, € [0,1] are those eigenvalues then, in the basis of
eigenmodes of the correlation matrix,

pa = @ (v {1+ (1 =) [0)0]), (5)

j=1

so the entanglement spectrum is the multiset of the 2™ products
[TjesviIligs(1 —v;), S €{1,...,m}. The product form is the reason the
interaction distance is computable at all: the free set is parametrised by m
numbers rather than by an arbitrary density matrix.

The interaction distance was introduced to ask whether an interacting
topological phase admits such a description [6]. The answer at the exactly
solvable fixed points is yes: for the Zon parafermion chain, the string-net
and the Walker—Wang fixed-point states the entanglement spectrum is re-
produced exactly by a free fermion state, Dr = 0 [3, 6]. Those spectra are
flat, of rank N = 2™, which is why the flat spectra p(IN) are the right objects
to study: they are the fixed points themselves when N is a power of two, and
their neighbourhood in N is where the free description starts to fail. Away
from the fixed point the distance grows, and the observed behaviour is that
flat spectra of rank N # 2" approach a limiting distance 3 — 2v/2 ~ 0.1716
[6]. Extending the free description away from the fixed point, part (D) of
the problem record, is outside the scope of this paper and is not addressed
here [3].

2.2 Prior status of the three conjectures

Conjecture 1 is the statement that the explicit competitor of (4) is optimal.
Before this work it was proved for N < 6 and supported for larger N by
numerical minimisation over the mode energies with local methods, up to
N = 28 [3]. Two features of that evidence matter for what follows. First,
a local minimiser cannot exclude a better free spectrum in an unexplored
basin, and the objective is piecewise affine rather than smooth, so gradient
information is weak. Second, the observed maximisers always sit at a special
point: the normaliser Z =[] j(l +r;) equals N, and the largest mode ratio
equals x — 1. Theorem 9 below shows this is a consequence of the objective,
not an artefact of the search.

Conjecture 2 is the statement that doubling a spectrum — equivalently,
adding a zero-energy mode — does not change the distance. The inequality
Dr(i(p@p)) < Dr(p) is immediate, since a competitor for p doubled with
a zero mode is a competitor for %(p @ p) at the same distance. The reverse
inequality is the content of the conjecture, and it was open for every p [3].
No systematic test of it on non-flat spectra had been reported.



Conjecture 3 asks for the worst-case distance to the free set. The value
3—24/2 is the maximum of D*(N) over ranks, attained in the limit z — v/2;
the only case proved before this work was the rank-four maximum 1/6 [3, 6].

2.3 What is new here, and in what form

The contribution is a proof-theoretic and computational treatment of the
same variational problem, organised around sectors. A free spectrum with
a zero modes (r; = 1) and b positive modes (r; < 1) lies in the sector (a,b);
the sectors partition F, and the objective restricted to a sector is a function
of b variables on a compact box. That decomposition is what allows exact
statements:

e sector eliminations that hold for every rank simultaneously, rather
than rank by rank (§§6-9);

e an equivalence between the conjecture and the non-existence of interior
local maxima, so that the remaining work is one analytic statement
rather than an unbounded search (§10);

e exact rational certificates at fixed rank, which convert a numerical
optimisation into a two-sided bracket with a rational bound that can
be re-verified independently (§11);

e an exact decomposition of the doubling problem that identifies the
single family of spectra where it can fail (§12).

Every identity quoted in this paper is exact: the analysis is carried
out in rational arithmetic, the inequalities are proved rather than sampled,
and the floating-point numbers that appear are decimal renderings of exact
rationals. The two exceptions are explicitly labelled as searches, and their
scope is stated wherever they are used: the multistart search for interior
local maxima (§10, Appendix D) and the exploratory tests of Conjecture 2
off the flat family (Appendix D).

The results were obtained twice for the hardest sector: the two-positive-
mode theorem of §7 has an independent second proof in different coordinates
and with a different case split, and the two proofs agree pointwise on several
million exact rational grid points at every rank up to 80 [2]. Where the paper
reports a number that comes from a computation rather than a proof, it says
S0.

3 Free spectra and the interaction distance

3.1 The free set

A spectrum is a decreasingly ordered sequence of non-negative numbers
summing to one, padded with zeros when two spectra of different length



are compared. For an integer m > 0 and numbers py,...,p, € (0, %], the
product state (5) with v; = p; has eigenvalues

JES  j¢S
that is, 2™ numbers indexed by the subsets of the modes. It is convenient
to trade the biases p; for the mode ratios

’r‘j 1

Dby
1—p; =
1—{—7"]" P 1—|—T‘j

r; = —— € (0,1], p; =
J= e 0

(7

because (6) then factors as

oy = %S ss=[[ri, Zz=JJa+r) =D ss,  (®
j=1

JES S

where the last equality is the expansion of the product and shows that the
atoms sum to one. The restriction p; < % costs nothing: the two-element
set {p,1 — p} is invariant under p — 1 — p, so any spectrum arising from
biases in (0,1) also arises from biases in (0, 1].

Definition 4 (free spectra). F is the set of all decreasing rearrangements
of the lists (8), over all m > 0 and all r1,...,7r, € (0,1]. The case m =0

gives the one-atom spectrum (1).

By Peschel’s formula every reduced density matrix of a free fermion state
has this form [7], and by the Gaussian structure of free fermion states every
such form is realised [1]. Definition 4 is therefore the complete description of
the free set at the level of spectra, which is the level at which (1) lives. The
mode ratios carry the physics: r; = 1 means p; = %, which means the j-th
entanglement energy log(1/r;) vanishes, so such a mode contributes no in-
formation and doubles every atom. This is the case that makes Conjecture 2
interesting.

Definition 5 (sectors). A spectrum o € F arising from m modes with a
of the ratios equal to 1 and b = m — a of them strictly below 1 lies in the
sector (a,b). The ratios of a sector are written s; > s9 > --- > s in (0, 1)
for the positive modes and 1 for the a zero modes, and Z, = H?Zl(l + 55).

The sectors partition F: every spectrum has a well-defined number of
zero modes and of positive modes. Note that a spectrum may have several
representations — for instance (a,b) = (0,1) with s; = 1 is the same spec-
trum as (a,b) = (1,0) — and that the boundary cases s; € {0,1} move a
spectrum between sectors. This is harmless for suprema, since the objective
is continuous in the ratios on the closed box [0, 1]°, but it is the reason the
face identities of §10 matter: the boundary of a sector box consists of other
sectors with one mode fewer.



3.2 The overlap functional

For probability vectors p and o the trace distance has an exact reformulation
as an overlap.

Lemma 6 (overlap identity). For any two probability vectors p and o,

Up—oll = 1= 3 min(pe,00) = 1— S(p,0). (9)

a>1
Proof. |u—v| =u+v—2min(u,v),s0 2>, [pa—0a| = 1 (X, pa+> 4 0a) —
>, min(pg,0,) =1—S(p,0). O

Lemma 7 (rearrangement invariance). If p and o are decreasingly ordered
then S(p,0) = maxy ), min(pa, 0r(q)), the mazimum over permutations T
of the indices.

Proof. Let m be a permutation that is not the identity, so there are indices
i < j with or;) < og(j. Since p; > pj, Writing u = or(;) = vV = 0g(;)
the elementary inequality min(p;,v) + min(p;,w) < min(p;,u) + min(p;, v)
holds in each of the four orderings of p;, v, u, p;. Swapping the two images
therefore does not decrease the sum, and finitely many swaps reach the
identity. O

Together, Lemma 6 and Lemma 7 say that Dz is a function of the two
sorted spectra, and that minimising the distance is the same as maximising
the overlap. For the flat target this gives the central quantity of the paper.

Definition 8 (overlap supremum). For an integer M > 1,
Smax(M) = sup S(p(M),0), sothat  Dr(p(M)) = 1— Smax(M).
(S

(10)
More generally, for a subset S C F, Spax(M;S) = sup,cs S(p(M), o), and
Yo(M) = Smax(M;{o € F : a(c) = 0}) is the same supremum restricted to
spectra with no zero mode, where a(o) is the number of zero modes in any
representation of o.

The identity Dr(p(M)) = 1 — Spax(M) in (10) uses that the infimum
over F of 1 — S equals 1 minus the supremum of S; the supremum need
not be attained, and where this paper says that a value is attained it means
that an explicit competitor realises it.

Conjecture 1 is therefore the single inequality

S(p(N),0) < S*(N) == 1—-D*(N) = a + % _2  forevery o € F,
(11)
together with the observation that equality is achieved, so that the supre-
mum is a maximum. Note that S*(N) € [2v/2 — 2,1]: it equals 1 at x = 1
and tends to 1 as x — 2, with its minimum 2v/2—2 at £ = /2. Since 1 — S*
is the distance, the hardest ranks are those with x near V2.



3.3 Conventions

The following are fixed for the rest of the paper. Spectra are decreasingly
ordered probability vectors, compared at equal length by padding the shorter
one with zeros. A zero mode is a ratio r; = 1; a positive mode is a ratio
rj < 1; the mode bias is p; = r;/(1+r;) € (0,1] and the mode energy is
log(1/r;) > 0. The symbols N, n and z always mean the rank, |logy V|
and N/2" of (3); D* and S* always mean the ansatz distance (4) and its
complement 1 — D*. Ranks of atoms start at 1. [-] and [-| are the ceiling
and floor, and clamp(z,0,1) = max(0, min(1,z2)) is the template’s clamp
macro. For a sector (a,b) we write

N
2a
so v is the zero-mode deficit and y is the flat level, rescaled: in a sector
the objective compares atoms against 1/y rather than against 1/N. Finally,
S(a, b, s) denotes the sector objective defined in §5, and S(y, b, s) the same
quantity viewed as a function of y; the two notations coincide because the
objective depends on the sector only through y and the positive ratios.

y = = 2" % = 2V, v=n—a>0, (12)

4 The ansatz value and the normalisation bound-
ary

The competitor that produces D*(NN) is the simplest one that is not already
flat: n zero modes, which supply the 2"-fold degeneracy of the Zon fixed
point, together with a single further mode of ratio r € [0,1]. Its ratios are
(1,...,1,7), its normaliser is Z = 2"(1+7), and its atoms are the 2™ = 2" +1
subset products of (8), which take only two values: 2" atoms equal to 1/Z,
from the subsets that omit the last mode, and 2" atoms equal to r/Z, from
those that contain it. Since r < 1 the decreasing rearrangement puts the
1/Z atoms first. The whole family is therefore explicit, and its overlap with
the flat target can be written down.

Theorem 9 (the ansatz is the unique optimum of its own family). Fiz
N > 2, and let n = |logy N|, 2 = N/2". For ¢\") € F the spectrum with
ratios (1", r), r € [0,1],

1 (561;1)7"7 0<r<z-1,
_ . T T
SE0) = 4T L (13)
— x—-1<r<1.
147

Both branches are strictly monotone towards r = x — 1: the first increases,

the second decreases. Hence
2

Or;lra%aS(ﬁ(N),a(r)) = S(ﬁ(N),U(xfl)) = x+;—2 = S*(N), (14)

10



the mazximum is unique except at x = 1, where it is attained at r = 0, and
at the maximiser the normaliser sits exactly on the rank,

Z =2"(1+(@x-1) = 2"z = N. (15)

Consequently Dx(p(N);o*=1) = D*(N), so Dr(p(N)) < D*(N), and
D*(N) =0 if and only if N = 2™.

Proof. The atoms of ¢(") are 2" copies of 1 /Z followed by 2™ copies of r/Z,
with Z = 2™(1 4+ r). The flat target has N = 22" entries equal to 1/N,
so the overlap receives contributions from the first 2" atoms, from the next
N — 2" = (x — 1)2"™ atoms, and from nothing beyond:

1

1) + (z—-1)2" mln(l T) (16)

_ on (
S min N7

The second minimum is never clipped. Indeed r/Z < 1/N is equivalent to
rN < Z =2"(1+r), that is to rz < 1 + r, that is to r(z — 1) < 1, which
holds for every r <1 because x — 1 < 1. So the second term of (16) equals
(x —1)2"r/Z = (x — 1)r/(1 + r) throughout.

The first minimum splits the family. Since 1/Z < 1/N is equivalent to
Z > N, that is to 1 +r > x, the first term equals 2"/Z = 1/(1 + r) when
r>x—1and 2"/N =1/x when r < z — 1. Substituting gives (13).

For monotonicity, differentiate in r. On the first branch % [% + (xljrlr)r] =
which is positive for x > 1 and identically zero for x = 1, where the

z—1
branch degenerates to the single point » = 0. On the second branch

< 0,

(17)
strictly, because x < 2. The two branches agree at r = ¢ — 1, where the
value is 1 + (= 1) = H_(x P _ e _326“'2 = z + 2 — 2, which is S*(N).
Umqueness of the maxumser follows from the stnct monotonicity on both
sides; at x = 1 the first branch is the single point r = 0 and the second is
strictly decreasing, so the maximum is again unique and equals 1 = S*.

At r = x—1 the normaliser is Z = 2"x = N, which is (15), and the atoms
are 2" copies of 1/N followed by 2" copies of (x — 1)/N. The distance to
the flat target is then computed atom by atom: the first 2" atoms coincide
with the target and contribute nothing; the next (x — 1)2" atoms differ by
1 z—1 _ 2—

~ — N = "N cach; the remalnmg (2 —x)2™ atoms lie beyond the support

of the target and contribute £zt each. Adding,

d 1+($_1)r] - (=11 +7r)— (1+(z—1r) . x=2
&l 1+r 17 (1+7)? ICER

= D*(N>7
(18)

a(“”_l)H _ 2(x —1)(2 —x)2" (2—2x)(x—1)
1

1( = _ _
§H'0<N ON

11



the factor 2 collecting the two equal excess terms, the (xr — 1)2" atoms
just below p; and the (2 — 2)2™ atoms beyond py, and the last step using
N = z2". This is also 1 — S*(N), as it must be by Lemma 6. Since
D*=(2—z)(x—1)/z and x € [1,2), it vanishes exactly at x = 1, that is at
N =2". O

Three features of Theorem 9 are worth separating, because the rest of
the paper uses each of them differently.

The upper bound. The ansatz is a competitor, so
Dr(p(N)) < D*(N), equivalently Smax(N) > S*(N), (19)

for every N > 2, with no further hypothesis. Conjecture 1 is exactly the
reverse inequality, and (11) is the form in which it is attacked from §5
onwards.

The boundary is optimal, not incidental. Numerical minimisation
over mode energies consistently returns maximisers with Z = N and largest
ratio x — 1, and it was not clear whether that was a property of the objective
or an artefact of the search [3]. Theorem 9 settles it inside this family: the
overlap is strictly increasing while the normaliser is below N and strictly
decreasing once it is above, so Z = N is the unique turning point. The
mechanism is visible in (16). Below the boundary the first 2" atoms are
clipped at the flat level and contribute the constant 1/z, so only the second
group improves as r grows; above it the first group loses mass faster than
the second gains, at the rate z — 2 < 0 of (17). Whether an analogous
boundary statement holds for non-flat targets, and what replaces N there,
is open (§14).

A second proof for powers of two. At N = 2™ the value D* = 0 also
follows directly, without Theorem 9: the spectrum with n zero modes and
nothing else has Z = 2" and all 2" atoms equal to 27", so it is p(2") and
the distance is zero. This is the free description of the Zan fixed point [6],
and it is the base case from which the eliminations of §6 grow.

Finally, the value D*(N) is bounded uniformly, and the bound is what
Conjecture 3 proposes as the worst case over all spectra.

Corollary 10 (the ansatz values are bounded by 3—2+/2). For every N > 2,
0 < D*(N) < 3 —2v/2, with equality on the right if and only if v = N/2" =
V2. Equivalently 2v/2 — 2 < S*(N) < 1.

Proof. D* =3 —x — %, and the arithmetic-geometric mean inequality gives

T+ % > 24/x % = 21/2, with equality exactly when z = 2, that is z =

x

12



V2. The lower bound D* > 0 is the factorisation (2 — z)(z — 1)/x with
x € [1,2). O

Because = takes the values N/2U°82 Nl the supremum of D* over ranks
is 3 — 2v/2 but it is attained exactly only when N/2" = /2, which never
happens for an integer N; the value is approached along any sequence of
ranks with N/2Ug2 N — /2 for instance N = |2Fy/2|. This is developed
in §13.

5 The block reduction and subset-sum coordinates

Conjecture 1 asks for a bound on S(p(N),o) that holds for every o € F,
and F is a union of sectors (Definition 5). The first step is to show that
inside a sector the objective depends on a small number of quantities, so
that the sector becomes a compact box in b variables.

5.1 The block reduction

Fix a sector (a, b) and positive ratios s = (s1,...,s3) € [0, 1]°, decreasing. Its
spectrum o has m = a 4+ b modes, a of them with ratio 1, so its normaliser
is Z = 27, with Z, = Hj<b(1 + s;), and its 29*° atoms are the subset
products sg/Z. Every subset product of the positive ratios occurs once for
each of the 2% subsets of the zero modes, all of which contribute the factor
1. Hence the atom multiset is the 2° numbers

o= 2 SC{l,...,b}, (20)

each with multiplicity 2%, and the decreasing rearrangement 7’ of the list

(20) satisfies o; = Tfi /201" the spectrum is the reduced spectrum with every

entry repeated 2 times. Set
N

=20 w;(y) = clamp(y — i + 1,0, 1). (21)

Y

Theorem 11 (block reduction). For every N > 2, every sector (a,b) and
every s € [0,1]°,

1
S(p(N),o) = Zwi(y) min(n’, ;) =: S(a,b,s) = S(y,b,s), (22)
i>1
where the sum has at most [y] nonzero terms.

Proof. Only the first N positions of o meet the support of p(N), so S =
> i<y min(1/N, ;). Substitute o; = T’{i/Qﬂ and 1/N = 27%/y, and group
the indices by 7 = [i/2%]. The group j consists of i = (j—1)2%+1,...,52%, of
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which those with i < N = 2%y number exactly clamp(2“y— (j—1)2%0, 2“) =
2°w;(y). Therefore

S = ZQ“wﬂy)min(?,ﬁ) = ij(y) min(;,TJ/-). (23)
Jj=1

Jj=1

Finally w;(y) = 0 as soon as y — j + 1 < 0, that is for j > y + 1, hence for
i >yl O

Two consequences organise everything that follows. First, the sector
objective depends on the zero-mode count only through y = N/2% which
is why the same analysis applies at every rank once it is parametrised by
y: this is the meaning of the second equality in (22). Second, the weights
implement the truncation at rank N exactly, with a fractional weight on
the boundary atom when y is not an integer. The fractional weight is not
a technicality: it is what makes the block form an equality rather than an
inequality, and it is what the ansatz of Theorem 9 exploits when Z = N.

The quantity that Theorem 11 must be compared against also simplifies
in the y-parametrisation. Writing v = n — a for the zero-mode deficit, so
y=2"z,

y 2u+1

2
S*N) = z+--2=2
(N) I+x 2V+ ”

-2 =: 5(), (24)

and Conjecture 1 restricted to the sector (a,b) is the statement that
S(y,b,s) < Sk(y) for every s € [0,1]°, where y € [27,2"11). At v = 0
this reads S(y,b,s) < y+2/y —2 with y = 2 € [1,2); at v = 1, which is
where most of the work of §§7-9 happens, y = 2z € [2,4) and the target is
y/2+4/y —2.

5.2 Subset-sum coordinates

The atoms (20) are products, and products are sums in logarithmic coordi-
nates. Put

t; = —logs; € [0,00], T5:th, Té:e
JjeSs

(25)

with t; = +00 when s; = 0, meaning the atom vanishes. Then:

e the decreasing rearrangement of {75} is the ordering of the 2 subsets
by increasing subset-sum Tg;

e the atom S is clipped, meaning min(rg,1/y) = 1/y, exactly when
Ts < log(y/Zs);

14



e the ordering of the atoms changes only on the walls Ts = T/, which are
hyperplanes in the t-coordinates, so the objective is piecewise smooth
with explicitly describable pieces.

A chamber is a region of the box on which the ordering of the subset-
sums is fixed, and a cell is a region on which the clipping pattern — the set
of clipped atoms — is fixed. Chambers are cut by the walls t-sum equalities
and cells by the clipping thresholds; both are finite in number for fixed b,
and on each of them the objective is a sum of affine functions of the biases
pj = 5j/(1 + s;), because every atom 7g = [[;cqpj[I;¢5(1 — p;) is affine
in each p; separately. That affineness is the content of Lemma 24 and it is
what makes the sector analysis exact rather than numerical.

5.3 What the objective penalises

It is useful to know what a free spectrum loses relative to the flat target,
and the loss splits into two exactly computable pieces.

Proposition 12 (excess and tail). Let p = p(N) and let o be any probability
vector. With J = #{i:0; > 1/N} the number of clipped atoms,

1N+ 1
. — 1 — i
Dr(pio) = Ylp—olh = Y (ri—5) + Lmin(on ). (20
i>1 i>N
Exc > 0 T >0

and moreover J < N, while in the reduced coordinates of a sector (a,b) the
number of clipped atoms of T/ satisfies J < y.

Proof. Summing the identity min(u,v) = u 4+ v — |u — v| over all
i gives S(p,0) + T = 1 — Exc, because ) ,min(1/N,o0;) over all
i equals ), nymin(l/N,o;)) + T = S + T on the one hand and

>.oi— > .(ci —1/N)" = 1 — Exc on the other. Lemma 6 then gives
%Hp —oli =1-S5 = Exc+T. The counts follow from ), 0; = 1: each
clipped atom carries at least 1/N, so J < N, and in a sector each clipped
atom of 7" carries at least 1/y while >, 7/ =1, s0 J <. O

Proposition 12 says that a competitor pays twice for being unequal: once
for every atom it pushes above the flat level, and once for every atom it fails
to place inside the first N positions. The ansatz of Theorem 9 pays nothing
in excess, since Z = N puts its first 2" atoms exactly at the level, and pays
D*(N) entirely in displaced tail. That is the structure the sector analysis
has to reproduce: a competitor that clips atoms must displace at least as
much mass as it gains, and the eliminations of §§6-9 are all forms of that
statement.

The count J < y is the crudest but most widely useful version. It
immediately gives a bound that holds in every sector.
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Lemma 13 (support and clipping bounds). For every sector (a,b) and every
s €[0,1],

b
Sy bys) < min(l,zy), (27)

because at most min(2b, y) atoms can be clipped and each contributes at most
1/y. If in addition 2° < y then every weight w; with i < 2° equals 1 and
S(y,b,s) < 2°/y follows from >, 7/ =1 instead.

Proof. The first bound is Y, w;min(7/,1/y) < min(}, wiTi’ji Jw;) <
min(1,2%/y), using >, w; = min(y,2°) and 7/ < 1. The second is S <
>, 7/ =1 when 20 <y, refined to 2b/y by clipping: with all 2° weights equal
to 1, S =Y, min(r/,1/y) < 2°/y. O

Lemma 13 is the whole content of some eliminations and useless in others:
it beats SX(y) exactly when 2° < yS*(y), which fails for large b at small v.
The rest of the paper is devoted to what happens when it fails.

6 Eliminating the small and the symmetric sectors

This section disposes of every sector that the crude bounds of Lemma 13 and
the special structure of the two extreme zero-mode counts can reach. The
statements are uniform in the rank: each holds for every N > 2 at once, with
the rank entering only through x = N/2™ and y = N/2®. Throughout, the
target to beat is S*(N) = x+2/x—2, written S} (y) in the y-parametrisation
of (24).

6.1 Too many zero modes

Lemma 14 (Lemma A: at least n + 1 zero modes). If a > n + 1 then
y < x/2 < 1, the only nonzero weight is w1 =y, and

1

S(a,b,s) = ymin(T{,f) = min(y7},1) < y < < S*(N), (28)
)

|8

with S*(N) —x/2 = (x — 2)?/(2z) > 0. In particular the inequality is strict,
so no spectrum with at least n+ 1 zero modes is optimal unless S*(N) = 1.

Proof. y = N/2¢ < N/2""! = /2 < 1, so w; = clamp(y,0,1) = y and
w; = 0 for i > 2 because y—i+1 < 0. Theorem 11 gives S = ymin(7y,1/y) =
min(y7{,1) < yr{ <y, using 7{ < 1. Finally S*(N) - £ =z+2 -2 -2 =

z 4 2 _ z?-dzid _ (2-2)° o "
5 + 2 —2=%="= = 5", which is positive because z < 2. ]

The content of Lemma 14 is that a competitor with very many zero
modes cannot use its degeneracy: the truncation at rank N cuts the spec-
trum after less than one block of 2% equal atoms, so the overlap is at most
y, and y is small precisely because a is large.
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6.2 No positive modes

Lemma 15 (Lemma B: b=10). Ifb=0 then 7" = (1) and
1 @ 1
) = 1 — = 1 — < — < *
S(a,0,-) clamp(y, 0, 1) mln(l, y> mln(l, N) < < S*(N),
(29)
where S*(N) — 1/x = (x — 1)?/z > 0, with equality only at x = 1.

Proof. With no positive mode Z;, = 1 and the reduced spectrum is the
single atom 7{ = 1, so Theorem 11 gives S = w; min(1,1/y). If y > 1 this is
1/y =2%/N;ify < 1itisy = 2%/N; in either case S = min(1,2%/N), and
for a < n that is at most 2" /N = 1/x. The identity  + 2/x — 2 — 1/x =
x4+ 1/ —2 = (x — 1)?/x finishes the proof. O

At x = 1, that is at N = 2", Lemma 15 gives S = 1 = S§*: the flat
spectrum of power-of-two rank is free, which is the fixed-point statement of
§2. For every other rank the bound is strict.

6.3 One positive mode, in closed form

The sector b = 1 is the ansatz sector of Theorem 9 when a = n, and it is
worth solving completely for every a.

Lemma 16 (Lemma D: b=1). Letb=1, Z=1+s; € [1,2], c=1/y and
A =clamp(y — 1,0,1). Then

el -1 Y
S = m1n<2,0> + )\IIIII]( 7 ,C) < 9 (30)
) y22>
Y

where the first branch is (1 +(y— 1)2) /Yy, and in the first case equality holds
if and only if Z = y.

Proof. The reduced spectrum is 7/ = (%, %) and the weights are w; =

clamp(y,0,1) =1 for y > 1 and wy = A, which gives (30).

Suppose first 1 <y <2, soA=y—1€[0,1] and c=1/y > % IfzZ<y
then 1/Z > ¢, the first termisc,and 1-1/Z2 < 1-1/y = (y—1)/y < 1l/y =c¢
because y < 2; hence S < % + (y — 1)9771 = #, with equality only
if Z =vy. If Z > y there are two sub-cases. When 1 — 1/Z < ¢ we have
S = Z—i—(y 1)(1——) =y—1+2Y - <y— 1+2 4= % using Z > y and
2—y > 0, again with equality only at Z = y. When 1—1/Z > ¢, equivalently
Z > y/(y—1), the second term is Ac and S = 7+y71 < yTl—i—yTl = %,
while F@=D? _ 2@=1) _ (y= 2) > 0.

Now suppose yy> 2, S0 )\ =1 If Z < ythen 1/Z > cand S =
c+min(1—%,¢) < 12/ IfZ>ythenl/Z <c,and1-1/Z > 1-1/y > 1/y=c

becausey22,soS:%+c§%%—%:%. O
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Lemma 16 is sharp in the sector that matters most. At a = n one has
y =z < 2, so the first bound applies and equals Sj(x) = z+2/x—2 = S*(N)
exactly, attained at Z = z, that is at s; = « — 1: this is Theorem 9 seen
from inside the sector (n,1). At a < n — 1 one has y > 2z, so the second
bound gives S < 2/y < 1/x < S*(N) as in Lemma 15.

6.4 Exactly n zero modes, any number of positive modes

Theorem 17 (Theorem E: the sector a = n). Let a =n, soy =x < 2, and
let b > 1. Then only the two largest reduced atoms carry weight, they are
1 =1/Zy and 75 = $1/Zp, and

S(n,b,s) < S(n,1,81) < ”(2_1)2 — S, (31)

with equality only if b=1 and 1 4+ s1 = x.

Proof. Since x < 2, w; = clamp(z,0,1) =1, wy = clamp(z —1,0,1) =z —1
and w; = 0 for ¢ > 3, so Theorem 11 gives S = min(7{,¢)+ (z — 1) min(73, ¢)
with ¢ = 1/z. The largest subset product is 1, from S = (), and the second
largest is s1: every other subset product is either s; < s1 or a product of at
least two ratios, hence at most s182 < s1. So 71 = 1/Z and 75 = $1/Z,.
Write Z, = (1 + 51)Q with Q = [[;55(1 + s;) > 1. Both 71 and 73 are
non-increasing in @ at fixed s;, and v — min(u,c) is non-decreasing, so
S is non-increasing in ). Its value at @ = 1 is exactly S(n,1,s;), which
Lemma 16 bounds by (1 + (z — 1)?)/z = S*(N), with equality only when
1+ s1 = 2. Equality in (31) therefore forces Q =1, so s; = 0 for all j > 2,
and 14 s1 = x. ]

The mechanism is worth stating separately, because it recurs: at a = n
the truncation is so severe that only two atoms are visible, and both of them
scale as 1/Z;. Adding positive modes can then only increase the normaliser
and hence decrease the overlap, so the sector collapses onto its b = 1 sub-
sector. Nothing like this happens at a < n — 1, where up to [y] > 2z atoms
are visible and extra modes can genuinely help.

6.5 Few modes in total

Corollary 18 (Corollary F: a +b <n). Ifa+b < n then 2* <y, and

[\]
S

S(CL?baS) < — <

1 *
o< L < S, (32)

Proof. b < n—a = v, so 2 < ov < 9vp = y, and Lemma 13 gives § <
20 /y < 2¥/y = 1/x < S*(N) by Lemma 15’s algebraic identity. O
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Corollary 18 says that a competitor cannot win by being small: with at
most n modes in total there is not enough mass to fill the first NV positions
above the flat level. The interesting sectors are therefore those with a 4+ b6 >
n + 1, and among them those with a < n — 1, since a > n is Theorem 17.

6.6 The main theorem for spectra with many zero modes

Collecting Lemma 14 and Theorem 17 gives the first infinite family on which
Conjecture 1 is a theorem.

Theorem 19 (Main Theorem, first family). For every N > 2 and every
free spectrum o with at least n = |logy N | zero modes,

Dr(p(N):io) > 3— 5~ " = D*(N), (33)
with equality exactly at the two-level-factor ansatz of Theorem 9: n zero
modes and one further mode of ratio x — 1, possibly together with modes of
ratio 0. Consequently Dr(p(N)) = D*(N) for every spectrum in this family,
the ansatz is its unique mazximiser, and Dx(p(2™)) = 0.

Proof. A spectrum with at least n zero modes lies in a sector (a,b) with
a>mn. Ifa>n+1, Lemma 14 gives S < z/2 < S*(N) strictly, so
Dr(p(N);o) =1—5 > D*(N). If a = n, Theorem 17 gives S < S*(N)
with equality only when b =1 and 1+ s; = = (or b = 0 and = = 1, which
is the same spectrum with s; = 0), that is only at the ansatz. Lemma 6
converts the overlap bound into (33). The value D*(N) is attained by the
ansatz (Theorem 9), so the infimum in (1) restricted to this family is a
minimum and equals D*(N); at N = 2" that value is 0. O

6.7 What is left

After Lemma 14, Lemma 15, Lemma 16, Theorem 17, Corollary 18 and
Lemma 13, the sectors that no bound has reached are

a<n—1, b>3  a+b>n+1,  2">ySiy),  (34)

the last condition being the failure of Lemma 13. In terms of the zero-mode
deficit v = n —a > 1 this is b > max(3,v + 1). The next three sections
remove b < 2 everywhere (§7), b =3 at v =1 (§8) and b > [y] at every v
(89), which together settle the whole of v = 1 and leave, at each v > 2, a
finite range of b.

7 Two positive-energy modes

After §6 the only sector with two positive modes that no bound has reached
isa=n—1. Indeed b = 2 with a > n + 1 is Lemma 14, with a = n is
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Theorem 17, and with a < n — 2 satisfies a + b < n and so is Corollary 18.
In the sector (n — 1,2) the zero-mode deficit is v = 1, so

4

_ _ * _g T 9 _ o«

and the weights of Theorem 11 are (1,1,y—2,0) for2 <y < 3and (1,1,1,y—
3) for 3 <y < 4: at most four atoms are ever visible, and at b = 2 there are
exactly four. This is the sector in which the whole difficulty of Conjecture 1
concentrates at small mode count.

Theorem 20 (two positive modes). For every N > 2 and every (si,s2) €
[0, 1)% with s1 > s9, the sector (n — 1,2) satisfies
x y 4

S(n_laQa(slv’SQ)) < S(N) = §+7_27 y:2$7 (36)
)

strictly in the open box 0 < sy < s1 < 1. The supremum over the closed box
is S*(N) and is attained exactly at the face point

y— 2

s1 =1, ngx—lzT, (37)

where the sector becomes (n, 1) and the spectrum is the ansatz of Theorem 9.

Corollary 21 (every b = 2 sector is eliminated). For every N > 2 and every
free spectrum with at most two positive modes, Dx(p(N); o) > D*(N), with
equality only at the ansatz. Hence Conjecture 1 holds on the family of free
spectra with at most two positive-energy modes, and the ansatz is its unique
mazimiser there.

Proof of Corollary 21. Sectors with b < 2 are covered by Lemma 14 (a >
n + 1), Theorem 17 (¢ = n), Lemma 15 (b = 0), Lemma 16 (b = 1),
Corollary 18 (a + b < n) and Theorem 20 (a = n — 1, b = 2). In each case
the bound is S < S*(N), and equality is possible only in the sectors where
the bound is sharp, namely (n,1) at Z = x and (n,0) at x = 1, both of
which are the ansatz. O

7.1 Coordinates

Set

1
u =
1+ 51

o 1+ s9

€0,Y, B=ull—v) =~ c[L 1], (38)

1
S [5)1]7 v 7

sou = 1—p; and v = py are complements of the two mode biases and
B is the reciprocal normaliser. The four reduced atoms {1, s1, s2, $152}/2Z
become

= (ﬁ, (1—uw)(1—v), uv, v(1 — u)), (39)
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and the ordering constraint s; > ss is exactly the half-plane

u+v <1 (40)

Indeed s; > sy means 1_7“ > 7=, which since all denominators are positive

is (1 —u)(1 —v) > wv, that is 1 —u —ov > 0. Under (40) and u >

the list (39) is already decreasing: 8 > (1 — u)(1 — v) because u > 1 — u,

(I —u)(1 —v) >wuvis (40), and uv > v(1l — u) again because u > 1 — u.
Two identities make the sector one-dimensional at fixed S:

7-2:(1—u)(1fv):f8(%71>, T3 =uv =u— (. (41)

The unclipped objective has a closed form in each of the two y-ranges. With
A=y—2€[0,1]]and k =y —3 €0,1),

Sune = wimi=f+(1—u)(l—v)+Aww=1-v+uw (2<y<3),

(42)

Sime =08+ (1 —u)(1—v)+uv+rv(l—u)
=1-(“d-y)v(l-u) (B3<y<4),
(43)

where (42) uses B+ (1 —u)(1 —v) = (1 —v)(u+ (1 —u)) =1 — v and (43)
collects the v-terms. The exact objective is then

S:Sunc_zwi<7i_1)+a (44)

p Y

the correction being the mass by which the clipped atoms overshoot the flat
level, weighted as in Proposition 12.

7.2 Why the coarse bound fails, and what replaces it

Since w1 = 1 and w; < 1, keeping only the first atom’s clipping gives a valid
bound
I\t
S < UB := Sunc — (5— g) . (45)

In Case II this is enough: substituting (43) gives UB = 1 — F with
1IN+ 1
F=(-g)p@+(f-0) vl =v(l-w)=(1-u)-p(,-1), (46)
and F > G = (4—y)(y—2)/(2y) = 1—57(y) on the whole feasible region, so

S <1-G = S7(y) (Appendix A, Case IT). The function 1) is concave in u at
fixed 3, since 9" (u) = —23/u3 < 0, which is what makes the minimum of F
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attainable at an endpoint of the feasible u-interval and therefore computable
in closed form.

In Case I the coarse bound (45) is false as a route to the theorem: near
the face s; = 1 the second atom clips as well, and dropping its clipping loses
too much. The failure is easy to detect and easy to be fooled by, so it is
worth recording precisely.

Remark 22 (a plausible shortcut that does not work). On the 1/32 lattice
in the open box 0 < s2 < s; < 1, the bound (45) exceeds S*(N) at 62
points, even though Theorem 20 holds at every one of them, where the exact
objective satisfies S < S*(IV). The count was recomputed independently for
this paper on the same lattice: 62 failures in the open box, distributed as
18,6,18,20 over N € {5,9,10, 11}, and 90 on the closed box 0 < so < 51 < 1,
the extra 28 all lying on the face s; = 1 and none on the diagonal so = s7.
The source lists the rank set as {5,6,7,9,10,11} with the same total of 62;
at this lattice resolution ranks 6 and 7 contribute no failing point, so the
difference is in the rank list rather than in the count. A proof that keeps
only the first atom’s clipping therefore cannot work in this sector, and any
argument that appears to succeed with one is bounding the wrong quantity.

The replacement is a case analysis on the clipping pattern. Because
71 > 7o > 73 and the clip level is 1/y, the pattern is determined by how
many of the first three atoms exceed 1/y, giving four patterns in Case I; the
fourth is infeasible, and Case II has two. In Case 1.2 the identities (41) turn
the objective into a single-variable function

p 1 " 2p
Ou) ==+ Iu— g — -, e =— >0, 47

=2 +X=2-B+r 0= (47)
which is convex, so its maximum over the feasible u-interval is attained at
an endpoint; both endpoints have closed forms, and the harder one reduces

to the sign of a quartic on [v/2,v/3].

Theorem 23 (structure of the proof of Theorem 20). On the feasible region
of the sector (n — 1,2) the objective satisfies S < bound, where the bound is
one of the six explicit expressions tabulated in Appendix A, each of which is
at most S{(y), and the chain S < bound < S7(y) is strict unless (s1,S2) s
the face point (37).

Appendix A gives the six cases with their bounds and endpoint values,
and Appendix B gives the two polynomial sign lemmas on which Cases 1.2
and II depend:

Plq)=q¢*—2¢* —2¢* +2¢+4 >0 on [V2,V3], (48)
N2 ¢?-2 —2)?
<1_7> 9 :(q ) > 0. (49)
q 2¢° 2¢°
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The first is the sign of © at its diagonal endpoint minus ST, namely Ogy,p —
St(y) = —P(q)/(2¢*) with ¢ = /y; the second is the Case II diagonal
endpoint bound. Both are decided exactly, the first by showing P’ < 0 on
the interval through P” > 0 and one rational evaluation, and comparing
P(V2) = 4 —2v/2 > 0 with P(v/3) = 7 — 4v/3 > 0 as integer inequalities
16 > 8 and 49 > 48.

The populations of the cases, counted on an exact rational grid of the
whole feasible region at 32 values of y € [2,4), are 3,330 points in Case 1.1,
4,744 in 1.2, 902 in 1.3, none in 1.4 and 7,920 in Case II, and at every one
of the 16,896 points the full chain S < bound < S7(y) holds with equality
only at the face point.

7.3 A second, independent proof

Theorem 20 was proved twice, by different routes, and the two proofs agree
pointwise [2]. The second works in the bias coordinates p; = s;/(1 + s;)
rather than in (u, v, 3), and splits the sector by the number J € {0, 1,2} of
clipped atoms instead of by the four clipping patterns of Case I; it therefore
has different case boundaries and different endpoint expressions, and its
algebraic content overlaps the first proof only through the shared objective.
On an exact rational grid covering the whole open box the two agree at
564,060 points and, at double resolution, at 2,265,720 points, for every rank
2 < N < 80, with no violation of S < S*(/N) and no mismatch between
the recomputed case label and 1 — S; three independent implementations
of the objective agree as exact rationals up to rank 300. The comparison
is reported as evidence about the two proofs, not as part of either: a grid
agreement cannot replace an argument, and the argument is the one in
Appendix A.

What the second proof does add is confidence in the statement: it was
written against an earlier state of the work in which the sector (n—1,2) was
still open, so it is not a transcription of the first. Its only failing assertion is
a status claim — that the sector had not yet been eliminated — which the
existence of the first proof makes false. That is a fact about the two proofs
covering the same sector, not a mathematical gap, and it is recorded here
because a verifier that fails on a status line is easy to misread as a verifier
that fails on a theorem.

8 Concavity in one mode bias, and three positive
modes

The sector (n — 1,2) of §7 needed a case analysis because at b = 2 the four
visible atoms are automatically ordered and the objective collapses to one
variable at fixed 8. At b = 3 the collapse no longer happens by itself, and a
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different tool is needed. It is general in b and it is the reason the elimination
of the sector (n — 1,3), and then of every sector (n — 1,b), is exact rather
than numerical.

8.1 One coordinate at a time

Fix a sector (a,b) with y = N/2% and ratios s € [0, 1]?, and write the biases
pj =5;/(1+s5). For T C{1,...,b}\ {j} set
baser = H Sks Z\) = H(l + si), ZbaseT =z, (50)
keT k] T
Every atom of the reduced spectrum is then one of

baser , baser

T:,ru{j} =Dj 70) = (1 - pj) 0 (51)

so each atom is affine in p; with slope +baseT/Z(j) if it uses mode j and
—baser/ZU) if it does not. Split the atoms into the clipped ones, with
7/ > 1/y, whose contribution to S is the constant w;/y, and the unclipped
ones, whose contribution is w;7/. Writing

Wclip = Z Wy, Bj = Z (0 baseT(i), Fj = Z (1 baseT(i),

i clipped 4 unclipped i unclipped

using j not using j
(52)
where T'(z) = S(i) \ {j} for the subset S(i) labelling atom i, the objective is
S(yal)? 3) - &WClip + p]% + (1_pj)ﬁ7 (53)

and Bj, F; are independent of p; as long as the clipping pattern and the rank
order of the atoms are fixed. The two sums in (52) are weighted base-sums;
neither has anything to do with the free set F.

A chamber is a region of the box on which the rank order of the 2° subset
products is fixed, and a cell is a region on which, in addition, the clipping
pattern is fixed. Cells partition each chamber.

Lemma 24 (Lemma U: concavity in one mode bias). Fizy > 1, b>1 and
j <b. On each chamber, S(y,b,-) is a continuous piecewise-affine concave
function of p; with the other biases fized, and on each cell its slope is

oS B; — F;

— == __J (54)
The slope is non-increasing in p; along the chamber. On a cell with B; = F}
the slope vanishes and the value is explicit:

1 B;

— W 7
S = yWChp+ 70 (55)
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Proof. Continuity holds because u — min(u, 1/y) is continuous and S is a
finite sum of compositions of it with the affine functions (51). On a cell the
decomposition (53) holds with constant Wy, Bj, Fj, so S is affine in p;
with slope (54), and (55) is (53) at B; = Fj.

For monotonicity of the slope, increase p; within a chamber. By (51)
every atom that does not use mode j decreases and every atom that does
increases. An atom that decreases can only cross the clip level 1/y from
above, which makes it unclipped and adds w;baser(;) > 0 to Fj; an atom
that increases can only cross from below, which makes it clipped and removes
wibaseT(i) > 0 from Bj;. No term is added to B; and none removed from
F;. Hence B; — F}j is non-increasing in p;, and since Z (4) > 0 so is the slope.
A continuous piecewise-affine function whose slopes are non-increasing is
concave. O

Lemma 24 has an immediate consequence for the location of maxima,
which is the exact one-coordinate form of the induction used in §10.

Corollary 25 (where the maximum in one coordinate sits). On a chamber,
the mazimum of S(y,b,-) in the coordinate p; is attained either at a face of
the box, sj =0 or s; =1, or on a cell with B; = F);, where the value is given
by (55).

Proof. A concave function of one variable on an interval attains its maximum
at an endpoint or at a point where the slope changes from non-negative to
non-positive. Endpoints of the chamber interval are either faces of the box
(sj € {0,1}) or ordering walls, and a sign change of the slope happens either
inside a cell, where the slope is identically zero and B; = F}, or at a cell
boundary. In the latter case the two one-sided slopes satisfy Bj_ > F i and
B;-“ < F;r7 and the value at the wall is still given by (53) with either side’s
data, because the crossing atom contributes w;/y on both sides. O

A local maximum in the interior of a cell is therefore forced to satisfy
an algebraic condition. Combining (53) with the gradient of S in the bias

coordinates,
oS A U-—-A;
— = _ 3 (56)
op;  pj 1—pj
where A; is the weighted mass of the counted unclipped atoms that occupy
mode j and U = A; + (U — Aj) their total, gives the same condition in a

form that does not mention chambers.

Proposition 26 (Proposition H: the stationary condition). Let p be a local
mazximum of S(y,b,-) in the interior of a cell, off the ordering walls. Then
Bj = Fj for every j, equivalently

4;

P =7 for every j =1,...,0b, (57)
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and consequently

By By _

By 1
Zz — z& — T Zop

B
S = ;Wclip + =

Z(j:) for every j.  (58)

That is b—1 independent algebraic conditions rather than one per coordinate.
A local maximum on a clipping wall satisfies the corresponding one-sided
inequalities B; > ij > B;-r > Fj+ instead.

Proof. B;j = Fj is (54) vanishing, which is necessary at an interior maximum
in a cell interior by Lemma 24. For the second form, A; = ijj/Z(j) and
U—A; = (1-p;j)F;/Z0) by (51), so B; = F; is equivalent to A;/p; =
(U — Aj)/(1 — pj), that is to p; = A;/U, which is also what (56) gives at
a stationary point. For (58), if B; = Fj and By, = Fj, hold on a common
cell then (55) applied to j and to k gives two expressions for the same
value S with the same W, so Bj/Z(j) = Bk/Z(k). The wall statement is
Corollary 25. O

Proposition 26 is a necessary condition, not a sufficient one, and it is the
reason the search in §10 is a search over a small algebraic set rather than
over a box. It says that at an interior maximum each mode bias must equal
the share of the counted unclipped mass carried by the atoms that occupy
that mode — a self-consistency condition, since the masses A; and U are
themselves determined by the biases through the clipping pattern.

8.2 The sector with three positive modes at a =n — 1

In the sector (n—1, 3) one has y = 2z € [2,4), so by Theorem 11 at most four
of the eight subset products carry weight. The three largest are always 1, s1
and sg, and the fourth is max(ss, s1s2): every other product is at most s;s2
because the ratios are decreasing. There are therefore exactly two chambers,

P: s3> 5159, Q: s152 > s3, (59)

cut by the wall s3 = s1s9, and the fourth weighted atom uses mode 3 in
chamber P and does not in chamber Q.

Theorem 27 (Theorem K: the sector (n — 1,3)). For every N > 2 and
every (s1, 52, s3) € [0,1]3, the sector (n — 1,3) satisfies

4
S(n_1737(31182783)) < S*(N) = %_‘_&_27 y:2$€ [274)1 (60)

strictly in the open box (0,1)3. The supremum over the closed box is S*(N)
and is attained only on the face s3 = 0, at the maximiser of Theorem 20.
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Proof. Vary ps with p1, po fixed, and apply Lemma 24.

Case y < 3. The weights are (1,1,y — 2,0), so the fourth atom carries
no weight. The weighted atoms are 1, s; and sy over Z3, none of which uses
mode 3, hence Bz = 0 and the slope (54) is —F3/Z(®) < 0. It is strictly
negative unless F3 = 0, which would mean all three weighted atoms are
clipped, that is 1 + 1/y - 0 > 3/y, impossible for y < 3 with the atoms
summing to one. So S is strictly decreasing in ps and its maximum is at
s3 = 0, the face sector (n — 1,2), which Theorem 20 bounds by S*(N) with
equality only at (37).

Case y > 3, chamber Q. The weights are (1,1,1, f) with f =y —3 €
[0,1), and the fourth atom is s1s9, which does not use mode 3. Again B3 =0
and the same argument applies.

Case y > 3, chamber P. The fourth weighted atom is s3 and does
use mode 3, so B3 may be positive and the slope need not be negative.
Lemma 24 still gives concavity in p3, so the maximum over the chamber
is either at a face, already handled, or on a cell with B3 = F3, where the
value is (55). Enumerating the clipping patterns of the four weighted atoms
(1, s1,82,53)/Z3 that can occur in chamber P leaves two critical values:

1 f 2 S
y+1+f and y+(1+f)2’ f=y—3. (61)
The first arises when only the largest atom is clipped, so W, = 1 and
B3 = f; then B3 = Fj3 forces s1 + s = f and A - (14 s1)(1 4 s2) >
1+ +s8=1+f, whence S = 1/y + B3/Z®) < 1/y + f/(1+ f). The
second arises when the two largest atoms are clipped, so Wi, = 2 and
Bs = F3 = sy, giving f = 55 < s1 and Z®) = (1 +51)(1 + s2) > (1 + f)?,
hence S < 2/y+ f/(1+ f)2.
Both are strictly below S7(y). Writing h; and hs for the differences,

2y —2) = y* —8y* +20y — 12 > 0, (62)
2y(y —2)%ha = (y—2)" —2y(y—3) > 0 (63)

on [3,4], with positive prefactors there; the two polynomial inequalities are
proved in Appendix B, the first by locating its minimum exactly at y = 10/3
where it equals 76/27, the second by reducing it to a cubic at a rational point.
Hence S < S (y) throughout chamber P as well.

Equality over the closed box is attained only where the face argument
lands, namely s3 = 0 with (s1, s2) the maximiser of Theorem 20. O

Theorem 27 was checked on 11,648 exact rational grid points of the
sector, each carrying the full chain S < bound < S}(y) with the bound
being the relevant expression among the face values and the two critical
values (61), together with 474,240 exact secant checks of the affine form
(53) and 1,231 exactly located Bj = F} cells [2]. For this paper the same
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statements were re-derived from an independent implementation of the slope
data: 1,777 secant identities S(p') — S(p) = (p' — p)(B; — F;)/ZY), 1,920
slope-monotonicity pairs across cells, 170 exact B; = F} cells satisfying (55),
and 3,840 points of the sector (n—1,3) — 784 in chamber P and 3,056 on the
monotone branches — each verified through S < bound < S7(y), together
with the two polynomial identities (62) and their positivity on a 1/64 grid
of [3,4]. No violation occurred at any point.

Remark 28. The easy half of the proof of Theorem 27 — B3 = 0 because
no weighted atom uses the varied mode — does not depend on b = 3 at all.
It depends on the truncated atom count [y| being small enough that the
varied smallest mode cannot appear among the weighted atoms. That is the
content of Lemma 30 in §9, which turns the easy half of Theorem 27 into a
theorem for every mode count.

9 Any number of positive modes at n — 1 zero
modes

The easy half of the proof of Theorem 27 used only that the varied mode does
not appear among the atoms that carry weight. This section isolates that
mechanism, proves it for every mode count, and draws the consequences:
the whole of the deficit ¥ = 1 column, and a finite residual width at every
other deficit.

9.1 How many atoms carry weight

By Theorem 11 the weight of the i-th reduced atom is w;(y) = clamp(y —
i+1,0,1), which is positive exactly for i < [y] and equals 1 for i < |y].

Lemma 29 (the truncated atom count). For everyy > 0 ezactly K(y) = [y]
of the 2° reduced atoms carry positive weight, the last of them with weight
y— |y] when y is not an integer and with weight 1 when it is. In the sector
of zero-mode deficit v, where y € [2¥,2"T1), one has K(y) < 2v*1.

Proof. w; > 0 is equivalent to y —i+1 > 0, that is i < y+ 1, that is i < [y].
At i = [y| the weight is y — [y] + 1, which is 1 if y is an integer and y — |y
otherwise. The bound K (y) < 2"*!is [y] < 2v*! for y < 2v*1. O

Lemma, 29 is the source of every truncation argument in this paper, and
it is the reason the problem is tractable at all: no matter how many modes
a competitor has, the objective sees only the [y]| largest subset products.
At v =1 that is four atoms; at v = 2, eight; at v = 3, sixteen.
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9.2 Where the smallest mode sits

For aratio list s € [0, 1]° let Ry(s) be the rank of the atom sy in the decreasing
rearrangement of the 2° subset products, counting ties in the worst possible
way:

Ry(s) = 1+#{SC{l,...,b} : s5 > sp}. (64)

Lemma 30 (Lemma V: the smallest mode is deep). If s1 > sg > -+ > s >
0 then Rp(s) > b+ 1.

Proof. The b proper subsets (,{1},{2},...,{b — 1} give the products
1,s1,...,8p_1, each strictly larger than s, and they are distinct. So at least
b atoms precede s, and Ry > b+ 1. O

Lemma 30 is sharp in the sense that b+ 1 is the best uniform bound: at
s=(,3 —mn,...) the atom s, sits exactly at rank b+ 1. What matters for
the objective is the comparison of R, with K (y).

9.3 The descent

Theorem 31 (Theorem L: the smallest mode can be deleted). Let y > 2
and b > K(y) = [y]. Then for every decreasing s € [0,1]°,

S(y,b,s) < S(y,b—1,(s1,-..,8-1)), (65)

with strict inequality on the open strict-order chamber s; > -+ > s, > 0.
Ties and the faces s, € {0,1} follow by continuity.

Proof. Work first on the open strict-order chamber, and vary pp with the
other biases fixed. By Lemma 30 the atom s; has rank at least b+1 > K(y),
and every other atom that uses mode b is of the form sysp, which is smaller
still, so no weighted atom uses mode b. In the notation of (52) this says
By = 0 on every cell.

The slope (54) is therefore —F,/Z®), and it is strictly negative because
Fy, > 0. Indeed Fp, = 0 would mean that every weighted atom is clipped, so
i<k Ti = K(y)/y = 1;since 37, 7/ = 1 this forces 7/ = 0 for all i > K (y),
in particular for the atom s,/Zj, contradicting s, > 0.

Lemma 24 then gives that S(y,b,-) is strictly decreasing in p, on the
chamber, so its maximum is at p, = 0, that is s = 0. At s, = 0 the
normaliser is unchanged, Z; = Z;_1, and the subset products that use mode
b vanish, so the reduced spectrum is that of the sector (b — 1) padded with
zeros and (65) holds with equality at the face.

For the closed box, note that S(y,b,:) is a symmetric function of
$1,...,8, — the multiset of subset products does not depend on their
order — and hence continuous on all of [0,1]°, as is the right-hand side of
(65). The open strict-order chamber with s, < 1 is dense in [0, 1]°, so the
non-strict inequality extends to the whole box. O
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Theorem 31 is a truncation statement rather than an elimination: it says
that at fixed y, mode counts above [y] never help, so the supremum over
b is attained at b < [y]|. Iterating it turns an unbounded family of sectors
into a bounded one.

Corollary 32 (the deficit-one column is closed). Leta =n—1, soy =2z €
[2,4) and K(y) < 4. For every b > 4,

S(n—1,b,5) < S(n—1,b—1,5¢") < ... < S(n—-1,3,5") < S*(N), (66)

and for b < 2 the sector is covered by Corollary 18 and Theorem 20. Hence
every sector (n — 1,b) satisfies S < S*(N).

Proof. Theorem 31 applies for b > 4 = K(y) and gives the descent, which
stops at b = 3 because 3 < K (y); there Theorem 27 gives the bound. For
b<1l,a+b=norn—1<n,so Corollary 18 applies; for b = 2 Theorem 20
applies. ]

Theorem 33 (Main Theorem, second family). For every N > 2 and every
free spectrum o with exactly n — 1 zero modes and any number of positive
modes,

Dr(p(N);o) = D*(N), (67)

with equality only at the ansatz of Theorem 9. This family contains the
sector (n — 1,3) of Theorem 27 and every sector with at most two positive
modes and a =n — 1, and it is the first family in this paper that leaves the
mode count free.

Proof. Corollary 32 gives S < S*(INV) in every sector (n—1,b), and Lemma 6
converts it to (67). Equality requires equality in every step of the descent,
and Theorem 31 is strict on the open strict-order chamber, so an extremal
spectrum must have s = 0 for every b > 4, reducing it to a sector with
at most three positive modes; Theorem 27 and Theorem 20 are strict in
their open boxes, so the extremal spectrum lies on the face so = s3 = 0 at
s1 = x — 1 with the zero modes, which is the ansatz. ]

Corollary 34 (finite residual width at every deficit). Let v =n—a > 2, so
y €[22V ) and K(y) < 2v*L. The sectors that neither Corollary 18, nor
Theorem 20, nor Theorem 31 reaches are exactly

a<mn-—2, max(3,v+1) < b < 271 —1, (68)

that is, at each deficit v > 2 a finite range of mode counts:

deficit v 2 3 4 5 6

residual b 3-7 4-15 531 663 7-127 ...
number of sectors 5 12 27 58 121
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The smallest open sector is (n—2,3), where y € [4,8) and up to eight atoms
carry weight.

Proof. b < v is Corollary 18, since a + b < n; b < 2 is Theorem 20 together
with Lemma 15 and Lemma 16; and b > K (y) is Theorem 31, which descends
tob = K(y) —1 < 2*t! — 1. What is left is (68), and the lower bound
max(3,v+1) is the larger of the two lower bounds 3 and v+1. At v = 2 the
range is b € {3,...,7},at v =3 it is b € {4,...,15}, and so on; the counts
are 2V7t — 1 —max(3,v + 1) + 1. O

Before Theorem 31 the residual family had an unbounded range of b at
every deficit v > 2; Corollary 34 replaces it by a finite list, five sectors at
v = 2 and twelve at v = 3. The list still grows doubly exponentially in v,
so this is a reduction and not a resolution: at v = 6 there are 121 sectors,
each a b-dimensional box with up to 2° = 2'%7 atoms.

9.4 The threshold is sharp
The hypothesis b > [y| of Theorem 31 cannot be weakened.

Proposition 35 (Proposition L3: sharpness of the threshold). Let y > 2
and b= K(y) — 1 = [y] — 1. For n > 0 small enough that s; = 3 — jn is
decreasing and positive, the atom s, has rank exactly K (y) in the sector with
y € [b,b+ 1), it carries weight wi(y) =y — [y] > 0, and By = wg () > 0.
The slope argument of Theorem 31 therefore fails at b = K(y) — 1, and
for b = 3, y > 3 this point lies in chamber P of Theorem 27, where the
critical-value analysis is needed.

Proof. Choose 7 > 0 so small that s; = %— jm is positive and decreasing and
that every product of k of the ratios exceeds every product of k+ 1 of them;
the latter holds because the ratio of the smallest k-fold product to the largest
(k 4 1)-fold product is at least 2(1 — Cn) for a constant C' depending only
on b, which exceeds 1 for small 7. The subset products strictly larger than
sp are then exactly the empty product and the b — 1 other one-fold products
S1,-..,8p—1: every two-fold product is at most (1)%(1+0(n)) < 1—O0(n) < s
for small 1. Hence #{S C [b] : sg > sp} = b and R, = b+ 1 by (64). With
b= [y] — 1 this gives Ry, = [y] = K(y), the first rank that carries weight,
and that weight is wg(,y = y — |y], which is positive whenever y is not
an integer. The atom s,/Z;, is unclipped for n small, because s;/Z} is close
to % /2° > ... and in any case exceeds 1/y at y < 20*1; it contributes
W (y)basey = wi(,) to By, 80 By > wgk(y) > 0 and the identity B, = 0 on
which Theorem 31 rests fails. At b = 3 and y > 3 the same point satisfies
s3> s189, since 3 —3n > (3 —n)(3 —2n) = 1 — 3n+2n? for n < &, which
is chamber P of (59). O
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Proposition 35 was verified exactly on 56 points covering y € [2,16)
in steps of 1/4, with n chosen as an exact rational small enough for the
cardinality ordering, and with the rank R}, and the weight wg,) computed
from the subset products rather than assumed [2]. It identifies precisely
where the next argument has to start: at v > 2 the varied smallest mode
is visible to the objective, and the chamber structure of the 2"*!-atom
truncation is what has to be understood.

10 What is left: interior local maxima

The eliminations of §§6-9 are statements about specific families of sectors.
This section shows that, taken together with the geometry of the sector
boxes, they are enough to reduce Conjecture 1 in full to a single analytic
statement, and it states exactly what remains.

10.1 The faces of a sector box are sectors

Lemma 36 (face identities). For every N > 2, every sector (a,b) and every
s €[0,1]°,

S(y,b,(sl,...,sb_l,O)) = S(y,b—l,(sl,...,sb_l)), (69)
S(y,b, (1,32,...,sb)) = S(%, b—1, (32,...,3b)), (70)

and more generally, for any j, setting s; = 0 gives the sector (a,b— 1) with
the remaining ratios and setting s; = 1 gives the sector (a+1,b —1) with y
replaced by y/2.

Proof. If s; = 0 then every subset product containing j vanishes and Z,
is unchanged, so the reduced spectrum is that of the (b — 1)-sector with
the remaining ratios, padded with zeros; the weights and the level 1/y are
unchanged, giving (69). If s1 = 1 then Zj, = 27, where Z' = [[;55(1 + s;),
and each subset product of the remaining ratios occurs twice in the reduced
spectrum, at half its former value: the atom list is 7/ = 7///2 with each
entry of the (b — 1)-sector list 7”7 duplicated. Positions 2i — 1 and 2i then
carry weights clamp(y —2i+2,0,1) and clamp(y —2i+1,0, 1), whose sum is
2clamp( —i+1,0,1) = 2w;(¥), and min(7//2,1/y) = 1 min(7/,2/y). The
pair contributes w;(¥) min(7;, %), which is the i-th term of the right-hand
side of (70). The case of a general j is the same after relabelling, since the
objective is symmetric in the ratios. O

Both identities were verified as exact rational equalities on 576 sec-
tor/point combinations, including the non-obvious second one, where the
halving of the level and the doubling of the multiplicity have to cancel ex-
actly. They say that the boundary of a sector box consists of sectors with
one mode fewer, at the same rank N. That is what makes an induction on
the mode count possible.
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10.2 The reduction

Theorem 37 (Theorem G: mode-count reduction). The following are equiv-
alent.

(i) Conjecture 1 holds at every rank N > 2.

(ii) For every N > 2 and every sector (a,b), the objective S(a,b,-) has
no interior local mazimum in the open box (0,1)” whose value exceeds

S*(N).

Proof. (i)=(ii) is immediate: if S(a,b,s) < S*(N) for every s € [0, 1]° then
no local maximum exceeds S*(V).

For (ii)=(i), fix N and induct on the mode count m = a + b. The
base case m < n is Corollary 18, which gives S < S*(N) without any
hypothesis. For the step, assume every sector of mode count at most m — 1
satisfies S < S*(NNV), and consider a sector (a,b) with a +b = m. The
objective is continuous on the compact box [0, 1]°, so it attains a maximum.
If the maximum is attained at a boundary point, some s; equals 0 or 1, and
Lemma 36 expresses the value as the objective of a sector with m — 1 modes
at the same rank, which the induction hypothesis bounds by S*(N). If the
maximum is attained only in the interior, it is an interior local maximum,
and by (ii) its value is at most S*(N). Either way S < S*(N) on the whole
box, and the induction closes. Since N was arbitrary, (11) holds for every
o € F, which is Conjecture 1 by Lemma 6 and (19). O

Theorem 37 needs no a priori bound on the number of modes, which is
the point: the sector boxes grow in dimension with b, but every box is con-
trolled by its own faces plus the absence of interior maxima. Combined with
Proposition 26, the open problem becomes algebraic rather than variational.

Corollary 38 (the open problem, precisely). Conjecture 1 holds at every
rank if and only if there is no N, no sector (a,b) in the residual family

a<n-—2, 3<b<onotl g a+b>n+1, (71)

and no s € (0,1)" with Bj = Fj for every j, or with the one-sided alternatives
of Proposition 26 on a clipping wall, at which S(a,b,s) > S*(N). The
smallest such sector is (n — 2,3), and the next are (n —2,4),...,(n—2,7).

Proof. Theorem 37 reduces the conjecture to interior maxima; the elimina-
tions of §§6-9 settle every sector outside (71): a > n by Lemma 14 and
Theorem 17, b < 2 by Corollary 21, a + b < n by Corollary 18, every b at
a =n — 1 by Corollary 32, and b > [y] at every a by Theorem 31, which
leaves b < 2"~%tl _ 1 by Corollary 34. An interior local maximum must
satisfy Proposition 26. At v = n —a = 2 the range (68) is 3 < b < 7, so
(n —2,3) is the sector with the fewest modes. O
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Corollary 38 is the sharpest form of the open problem available from
this work. It is worth being explicit about what kind of statement it is: an
equivalence whose right-hand side is a negative existential over a countable
family of compact boxes, each of finite dimension. Finding a single interior
local maximum above S*(N) would refute Conjecture 1, and it is the only
way the hypothesis of Theorem 37 can fail.

10.3 The search, and what it is worth

The necessary condition of Proposition 26 was used to search for interior
maxima. Over the ranks N € {7,10,11,13, 14,15} and every residual sector
withn+1<a+b<n+4— 85 sectors in total — a multistart local
optimisation of the sector objective found no interior local maximum above
S*(N): the largest excess over all runs was —1.4x 107, that is, below S*(N)
to within floating-point noise, and in every sector the optimiser migrated to
a face, typically to s1 = --- = sp_1 = 1 with s, = x — 1, where the value is
exactly S*(N) [2].

This is evidence, not a certificate, and its limitations are the usual ones
plus one specific to this objective. A multistart local search can miss a
narrow basin, and the basin structure here is set by the clipping walls: the
objective is piecewise affine in the biases, so its local maxima live on cells,
and a cell can be thin. What the search does establish is that no large interior
maximum is hiding in the probed sectors, and that the natural candidate
maximiser is always the face point predicted by the analysis. Where the
question has been settled by an argument rather than a search — b < 2
everywhere, every b at a =n — 1, and b > [y] at every a — the search adds
nothing and is not needed. The interior-maximum statement is a theorem
in those families and a search result elsewhere, and §14 keeps the two apart.

10.4 The residual family, concretely

For orientation, here is what (71) looks like at small ranks. At n = 3, so
8 < N < 15, the residual sectors are (1,3),...,(1,7) at deficit v = 2 and
(0,4),...,(0,15) at deficit v = 3: 17 sectors in all. At n =4, 16 < N < 31,
they are (2,3),...,(2,7), (1,4),...,(1,15) and (0,5),...,(0,31): 44 sectors.
In general the number of residual sectors at fixednis >, _, (2’”rl —max(3, v+
1)), which grows like 2"*2, and each is a box of dimension up to 2! — 1.
The certificates of §11 handle every sector with b < n 4 3 at any fixed rank
by computation; the residual family of Corollary 38 is what no fixed-rank
computation can reach uniformly in V.

Two structural facts make the smallest open sector (n — 2,3) genuinely
harder than the ones already closed, and they explain why the methods
of §§8 and 9 do not extend to it by inspection. First, at ¥ = 2 one has
y = 4z € [4,8), so up to eight atoms carry weight instead of four, and
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the four-atom truncation that makes the chamber analysis of Theorem 27
close no longer applies: the ordering of eight subset products has many
more chambers than the two of (59). Second, b = 3 is below the threshold
[y] > 5, so Lemma 30 does not apply and the varied smallest mode is
visible to the objective: Bs can be positive, and the concavity of Lemma 24
has to be paired with an enumeration of critical values that grows with the
number of clipping patterns. Neither obstacle is obviously fatal, and both
are quantitative rather than conceptual, which is why (n—2, 3) is the natural
next target.

11 Certified brackets at fixed rank

The eliminations of §§6-9 are uniform in the rank but leave the residual
family (71) open. At a fized rank the residual family is finite in the mode
counts that matter, and there the objective can be bounded by computa-
tion rather than by analysis. This section describes what that computation
proves, what it does not, and what the resulting numbers are. The pro-
tocol itself, including the interval arithmetic and the four bounds that are
combined at each box, is in Appendix C.

11.1 What a completed run proves

The computation is exact interval branch and bound over the sector box
[0, 1]°: boxes are bisected until their width reaches 27¢, every box is bounded
from above by an interval evaluation of the objective that respects the clip-
ping and the ordering, and every surviving box is re-verified in exact rational
arithmetic. A run that completes therefore produces a rational number B,
with

Be > sup S(a,b,s), (72)

s€(0,1]?

an unconditional upper bound on that one sector box. Nothing about the
run is statistical: no sampling, no floating-point optimisation, no conver-
gence assumption. A box or wall-clock budget can cut a run short, in which
case the sector is reported as uncertified and contributes no bound.

Definition 39 (covered and uncovered sectors). At rank N with n =
|logy NV |, a sector (a,b) is covered if it is discharged analytically — a > n, or
b <2, ora+b<n— or computationally, by a completed run at 0 < a < n,
0 < b<n+ 3. The uncovered family is

UN) = {(a,b): a<n—1, b>n+4}, (73)

and DEY(p(NN)) denotes the distance obtained by minimising over covered
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sectors only:

D' (p(N)) = inf{%Hﬁ(N) - O’Hl : o € F, o lies in a covered sector}.
(74)

Since the covered sectors form a subset of F, Dx(p(N)) < DEY(p(N))
always. The two are equal exactly when no uncovered sector beats every
covered one, which is not something a fixed-rank computation can decide.

Remark 40 (the covered family is larger than the runs need). Definition 39
counts as analytically covered only a > n, b < 2 and a + b < n, which is
what the certified runs of Table 1 assume. The eliminations proved in this
paper are stronger: by Theorem 20, Theorem 27 and Corollary 32 every
sector with a = n — 1 is discharged analytically at every b, so the covered
family may be enlarged to include @ > n — 1 for all b, and the uncovered
family shrinks to

UN) = {(a,b): a<n—2, b>n+4} C U(N). (75)

The bracket (77) is unchanged, because each enlarged sector satisfies sup S =
S*(N), attained on its face s; = 1 at the ansatz point so =z —1, s3 ="+ =
sp = 0 of the sector (n,1), so these sectors add no competitor closer to
the flat target than the ansatz already is; and the transfer condition (78)
becomes the strictly weaker requirement that sup S < S*(N)+e. on U'(N).
Both forms are recorded here, and §14 uses the smaller family.

Theorem 41 (the certified bracket, and its exact scope). Suppose every
sector with 0 < a <n and 0 < b < n+3 is discharged at rank N, the analyt-
ically eliminated ones by a bound at most S*(N) and the rest by completed
runs with bounds B.. Write

g = max{B. — S*(N): sectors run at tolerance 27°} > 0. (76)
Then

D*(N) —e. < DF¥(p(N)) < D*(N),  Dz(p(N)) < DF"(p(N)).
(77)
The same bracket with Dx in place of DFV holds if and only if

sup{S(a,b,s) : (a,b) € U(N), s € [0,1]"} < S*(N) +e., (78)

which follows from the hypothesis of Theorem 37, or from Conjecture 1 re-
stricted to U(N), and is otherwise open.

Proof. The upper bound in (77) is (19): the ansatz lies in the covered sector
(n, 1), so the infimum over covered sectors is at most D*(NN). For the lower
bound, every covered competitor lies in a sector with a proved upper bound
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on S, either S*(N) from an analytic elimination or B, < S*(N) + ¢, from
a completed run, so its distance is at least 1 — S*(N) — e, = D*(N) — e, by
Lemma 6. Taking the infimum gives the left inequality of (77).

For the second statement, if (78) holds then every uncovered competitor
also has S < S*(N) + ¢, so the same lower bound applies to the infimum
over all of F, and the upper bound Dy < D* is (19). Conversely, if the
bracket holds for Dr then every o € F has 3||p(N) — o|l1 > D*(N) — e,
which by Lemma 6 is S(p(N), o) < S*(N) + &, in particular on U(N). O

An earlier statement of this result quoted the bracket for Dz itself,
without the condition (78). That stronger form does not follow from a
fixed-rank computation, because such a computation says nothing about
sectors with b > n + 4, and it is not asserted here. The distinction matters:
(77) is a theorem about a restricted variational problem, and reading it as
a theorem about D would quietly assume part of Conjecture 1.

11.2 Why the excess is positive at every finite tolerance

Every residual closed sector box contains a face point at which the objective
equals S*(IV) exactly: the point s; = --- = s5_1 = 1, s, = £—1 of Lemma 36,
whose spectrum is the ansatz. So supS > S*(IV) on each of them, and by
(72)

e = Be—S*(N) > supS — S*(N) > 0, (79)

with no reason for the first inequality to be an equality at finite e. The
excess €. therefore measures the resolution of the certificate, not the truth
of the conjecture: it is strictly positive in every one of the 1320 completed
runs, and refining the tolerance shrinks it without ever removing it. What
can be observed is how fast it decays.

It decays linearly. Over the five tolerances 276,278 2710 9-12 9=14 54
the 22 certified ranks, the ratio £./27¢ of the largest excess at each rank
stays between 0.0627, at N = 17, and 0.7243, at N = 25, and within a rank
it varies by at most 1.7% across the five tolerances, which is inside the two-
percent stability test the source applies and is why all 264 sectors pass it.
Over the 1140 completed sector runs whose excess is positive — the other
180 lie at the ranks N = 2", where the excess is exactly zero — the ratio
ranges from 0.0568 to 0.7243 (Table 1, Figure 1). Linear decay in the box
width is what a boundary layer of thickness 27¢ produces: the maximiser
sits on a face, so the boxes that survive refinement are the thin ones adjacent
to that face, and their inflation is proportional to their width. Turning the
observation into a theorem would require a proved modulus of continuity
for the interval bound — an explicit constant L with B, < S*(N) + L27¢
— and no such constant is supplied here. Without it the decay is evidence
about the geometry of the objective, not a proof that sup.S = S*(V) on the
covered sectors.
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Table 1: Certified flat-spectrum brackets. For each N: n = |logy N|, z =
N/2"™, the ansatz value D*(N), sectors covered, how many are eliminated
by an exact lemma versus exact rational branch and bound, whether all
sectors 0 < a < n, 0 < b < n+ 3 were certified, the largest certified excess
€e = Be — S*(N) at the finest completed tolerance, the range of ¢./27¢
over 276, ... 271 and wall-clock seconds. Each completed run proves the
two-sided bracket of Theorem 41, which bounds D%V (p(N)) unconditionally
and Dz(p(N)) under (78). Ranks N = 2" have D* =0 and ¢, = 0, the flat
spectrum being itself free.

3/2  0.166666666667 40 23 17 yes 3.772e-05 0.6181-0.6247 326.8
25/16 0.157500000000 40 23 17 yes 4.382e-05 0.7180-0.7243 745.5

N n x D* sectors lemma B&B all Ee €e/27€ s
211 0.000000000000 10 8 2 yes 0 - 0.0
3 1 3/2 0.166666666667 10 8 2 yes 1.865e-05 0.3056-0.3057 0.7
4 21 0.000000000000 18 12 6 yes 0 - 0.1
5 2 5/4  0.150000000000 18 12 6 yes 1.282e-05 0.2100-0.2111 1.0
6 2 3/2 0.166666666667 18 12 6 yes 2.458e-05 0.4028-0.4032 4.0
7 2 7/4 0.107142857143 18 12 6 yes 3.675e-05 0.6020-0.6026 158.8
8 31 0.000000000000 28 17 11 yes 0 - 03
9 3 9/8 0.097222222222 28 17 11 yes 7.300e-06 0.1196-0.1209 1.7
10 3 5/4  0.150000000000 28 17 11 yes 1.358e-05 0.2225-0.2245 4.0
11 3 11/8 0.170454545455 28 17 11 yes 2.368e-05 0.3879-0.3904 12.5
12 3 3/2  0.166666666667 28 17 11 yes 3.264e-05 0.5347-0.5379 29.8
13 3 13/8 0.144230769231 28 17 11 yes 3.905e-05 0.6398-0.6429 214.1
16 4 1 0.000000000000 40 23 17 yes 0 - 06
17 4 17/16 0.055147058824 40 23 17 yes 3.828e-06 0.0627-0.0638 2.8
18 4 9/8 0.097222222222 40 23 17 yes 7.512e-06 0.1231-0.1249 4.7
19 4 19/16 0.128289473684 40 23 17 yes 1.214e-05 0.1989-0.2022 8.0
20 4 5/4 0.150000000000 40 23 17 yes 1.839e-05 0.3013-0.3049 14.5
21 4 21/16 0.163690476190 40 23 17 yes 2.415e-05 0.3957-0.4000 29.0
22 4 11/8 0.170454545455 40 23 17 yes 2.904e-05 0.4757-0.4802 60.8
23 4 23/16 0.171195652174 40 23 17 yes 3.353e-05 0.5494-0.5542 99.0
4
4

11.3 The certified ranks

Table 1 lists the 22 ranks at which every sector with 0 < a < n and 0 <
b < n + 3 was discharged: 660 sectors in total, of which 396 fell to an
analytic lemma and 264 required branch and bound, in 1718.6 seconds of
exact arithmetic. The ranks are 2 < N < 13 and 16 < N < 25; 14 and
15 were not run. Every column of the table was recomputed for this paper
from the exact rationals recorded per sector and per tolerance, together
with the internal consistency conditions that the “all certified” column rests
on: every sector appears exactly once, every bound is at least S*(NN), the
excesses are non-increasing in the tolerance, and the ratio . /27 is stable to
within one percent. The largest certified excess over all ranks and tolerances
is 4.382 x 107°, at N = 25.
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Figure 1: Decay of the certified excess with the resolution of the branch and
bound, for the four ranks N = 7,13, 20, 25. Panel (a) plots e, = B, —S*(N),
the largest excess over the sectors discharged by branch and bound at that
rank, against the box width 27°¢ on log-log axes, with a dashed line of slope
one for scale; panel (b) plots the same data as the ratio e./27¢ against
27°¢ on log-linear axes. The five points of each series are the five completed
tolerances 279, ..., 27, The straight line in panel (a) and the flat behaviour
in panel (b) are the same statement: the excess decays linearly in the box
width, so the surviving boxes are the thin ones adjacent to the face where
the ansatz sits. The ratio is bounded away from zero — between 0.0627 and
0.7243 for the largest excess at each of the 22 certified ranks — which is why
no finite tolerance certifies sup S = S*(IV), and it is not a proved Lipschitz
constant (Theorem 41 and §11.4).

11.4 What the certificates do and do not give

At each of the 22 ranks, the numbers in Table 1 are a rigorous two-sided
bracket on a restricted variational problem, with rational endpoints that
can be checked by an independent implementation. Three readings of them
would be wrong, and it is worth stating why.

First, the bracket is not a proof of Conjecture 1 at that rank. It bounds
D%V, and the transfer to Dr needs (78): at N = 25, by Remark 40, con-
trolling every sector with a < n—2 =2 and b > n+ 4 = 8 — boxes of
dimension 8 and more, with up to 2 atoms, none of which the run touched.

Second, the smallness of . is not evidence that sup S is close to S*(N)
on the covered sectors. Since sup S > S*(N) on every residual box by the
face argument, the truth is sup § = S*(N) or sup S > S*(N), and €, bounds
the distance to that answer from above only at the resolution of the run.

Third, the growth of the run time with N — from 0.1 seconds at N =4
to 745.5 at N = 25 — is a statement about the method, not about the
problem. It reflects the growth of the number of sectors, 18 at n = 2 to 40
at n = 4, and of the dimension of the hardest boxes, and it is the practical
reason the certified ranks stop at 25 rather than a mathematical obstruction.
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Ranks 14 and 15 are absent because they were not run, not because they
failed.

12 Doubling a spectrum

Conjecture 2 asserts that Dr is invariant under p — %(p@ p). One direction
is classical and one line long: if o competes for p then 3(o @ o) is free
— it is ¢ with one zero mode added — and competes for %(p @ p) at the
same distance, so Dr(3(p @ p)) < Dx(p) for every p. The other direction
is open, and this section shows that on the flat family it reduces to one
explicit family of spectra. Off the flat family nothing is proved here, and

the numerical evidence is reported with its artefacts identified.

12.1 An identity that proves nothing

There is an attractive argument for Conjecture 2 on flat spectra that does
not work, and it is worth disposing of first because it is exactly the kind of
reasoning that makes the problem look easier than it is. Since z(2N) = z(N)
— doubling a rank does not change its position between powers of two —
the ansatz values satisfy

D*(2N) = D*(N) for every N > 2, (80)

exactly. But (80) is an identity between two conjectured values of Dr. To
conclude Dr(p(2N)) = Dx(p(N)) from it one needs Dx(p(M)) = D*(M)
at both M = N and M = 2N, which is Conjecture 1 at both ranks. An
earlier version of this work presented (80) as a proof of the doubling identity
on flat spectra; that claim is false as stated and is not made here. What
follows is what can be proved without assuming Conjecture 1.

12.2 Zero modes are exact

Adding a zero mode to a spectrum halves and duplicates every atom. For
flat targets the overlap is then preserved exactly, not merely bounded.

Corollary 42 (Corollary J2: zero-mode exactness). Let o € F have at least
one zero mode, and let ¢ be the free spectrum with one zero mode removed,
so that 0 = 5(5 ®&). Then for every N > 1,

S(p(2N),0) = S(p(N),5), (81)
and consequently Dr(p(2N);0) = Dr(p(N); 7).

Proof. Let 7 be the atoms of & in decreasing order. The atoms of o are
T1/2,71/2,72/2,72/2, ..., each halved and duplicated, and this list is already
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decreasing. Since 2N is even, the truncation at rank 2N cuts at a pair
boundary, so

S(p(2 Z 2m1n(2N 5 ) k;\,min<;ﬂ7—k> = S(p(N),5). (82)

The distance statement is Lemma 6. O

Corollary 42 says that every doubled sector carrying a zero mode is
equal, not merely dominated, to a rank-/N competitor. All of the difficulty
in Conjecture 2 on flat spectra therefore sits in the sectors with no zero
mode at all. It also gives the classical direction of Conjecture 2 in a stronger
form: an equality of overlaps rather than an inequality of distances.

12.3 Coarse graining

The complementary tool removes a mode instead of adding one, and it is
where the truncation enters.

Proposition 43 (Proposition J: the pair inequality). For every c,u,r > 0,
. /C . (C .
mln(;u) + mln(i,ur> < min(c, u(1+7)). (83)

Proof. If u(1 + r) > ¢ the right-hand side is ¢ and the left is at most ¢/2 +
¢/2 =c. If u(1+r) < c the right-hand side is u + ur and the left is at most
u + ur term by term. O

Deleting a mode of a free spectrum stays inside F, and the pair inequality
applies to the pairs this creates.

Lemma 44 (deleting a mode). Let o € F have ratios r1,...,rm and nor-
maliser Z, and fix j. Pairing the 2™ subsets as (S,SU{j}) and adding the
two atoms in each pair gives

Sg 88T 85(1 + T’j) Sg

— = . = : 84

z "7z ZGOQ+r;) Z0Y (84)
which are exactly the 21 atoms of the free spectrum o9 with ratios

Tly-vesTjyeen,m. Hence o) e F, and for every N > 1 and every ¢ > 0,
c
in( — 85
Ea m1n(2,0a) E min(c, O’B , (85)

where both sums run over all atoms, untruncated.
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Proof. Identity (84) is the cancellation of the factor 1 4 r; between the
normaliser and the pair sum, and the right-hand side is the atom of o)
indexed by S, since Z = ZW(1 + rj). The toggle-j pairing is a perfect
matching of the subsets, so summing (83) with u = sg/Z0) and r = r; over
the 2™~ ! pairs gives (85): the left-hand side collects every atom of o exactly
once and the right-hand side every atom of (/) exactly once. No ordering
is used, because both sums are over all atoms. ]

Corollary 45 (Corollary J3: truncation-free coarse graining). Let o € F
have m modes, and let N > 1 with n = |logy N|. If 2™~1 < N, equivalently
m < n+1, then for every mode j,

S(p(2N),0) < S(p(N),0Y)) < Spax(N). (86)

The hypothesis is sharp: it cannot be dropped, and when it fails the conclu-
siton can fail at every droppable mode.

Proof. The truncated overlap at the doubled rank is at most the un-
truncated one at half the level, S(p(2N),0) = > con min(gk, 0a) <
Da min(l/TN7 0a), and (85) with ¢ = 1/N bounds that by  © 5 min(1/N, a[gj)).
The coarse-grained spectrum has 2™~! atoms, so when 27~! < N this sum

is untruncated and equals S(p(N),o?)); the last inequality is Definition 8.
The equivalence 2™~ 1 < N < m < n + 1 holds because 2" < N < 27+1,

For sharpness, take N = 2 and the balanced three-mode spectrum
r= (%, %, %), so Z = 27/8 and the atoms are (8,4,4,4,2,2,2,1)/27. Then

S(p(4),0) = + +3- 5= = 2 while deleting any one mode leaves the four-

atom spectrum (4,2,2,1)/9 with S(5(2),0)) = 342 =2 < 2 for all three
j. Here 2™~1 =4 > N = 2, so the hypothesis fails and the conclusion fails
with it, at every mode. The example does not violate Conjecture 2, because
Smax(2) = 1 — rank 2 is a power of two, so p(2) is itself free — and 22 < 1.
It bounds the method, not the conjecture. O

The obstruction is concrete: coarse graining bounds the doubled overlap
by the untruncated overlap of the coarse-grained spectrum, and truncating
that sum to rank N is legitimate only while the coarse-grained spectrum has
at most IV atoms. A proof that survives 2~! > N would have to control the
tail > 5 v min(1/N, crg )), that is, to explain why a zero-mode-free spectrum
with many modes cannot pack more than Syax(N) of its mass into the first
2N positions at weight 1/(2N).

12.4 The decomposition

The two tools cover complementary parts of F: Corollary 42 covers every
spectrum with a zero mode, by an equality, and the rest is by definition the
zero-mode-free family.
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Theorem 46 (Theorem Z: the zero-mode decomposition). For every N > 1,

Smax(2N) = max(Smax(NN), Zo(2N)), (87)
So(M) = Smax(M; {0 € F : a(o) = 0}). (88)

Proof. For >, Corollary 42 gives, for every o € F, S(p(2N),3(c ® o)) =
S(p(N),0) with (0 ® o) € F, 50 Smax(2N) > Smax(N); and Zo(2N) <
Smax(2N) because the zero-mode-free spectra are a subset of F.

For <, take any o € F. If a(0) > 1 then o = (6 & &) and Corol-
lary 42 gives S(p(2N),0) = S(p(N),5) < Smax(N). If a(c) = 0 then
S(p(2N),0) < ¥p(2N). Taking the supremum over o gives Spax(2N) <
max(Smax(N), Xo(2N)). O

Theorem 46 was verified as an exact identity on finite families of ratio
lists, in rational arithmetic and with no optimiser involved, at every rank
2 < N < 14 over families of up to 1287 lists [2]. For this paper it was
re-derived on two nested families chosen so that the identity is exact rather
than one-sided: lists of at most four ratios from a seven-point grid at rank
N, and at most five at rank 2NV, so that the rank-2/N family is closed under
adding a zero mode to a rank-N list and the rank-N family is closed under
deleting one. On those families the identity holds exactly at every rank
2 < N < 10, together with the two directions separately and with the
iterated form below; the corresponding suprema are recorded in Table 2 of
Appendix D. Closure under deletion alone is not enough, and a family that
is not closed under adding a zero mode makes the identity fail at ranks
where the optimal competitor uses all the available modes — an artefact of
the family, not of the theorem.

Corollary 47 (Corollary Z1: the exact status of Conjecture 2 on flat spec-
tra). Conjecture 2 at rank N, restricted to flat spectra, holds if and only
of

20(2‘7\[) < SmaX<N)' (89)

By Corollary 45 every zero-mode-free spectrum with b < n+1 modes satisfies
(89), and by Theorem 20 every one with b < 2 does, so the obstruction is
contained in the family

a=0, b > max(3,n + 2), (90)

at the doubled rank. Moreover Conjecture 1 at rank 2N alone implies Con-
jecture 2 at rank N.

Proof. The equivalence is Theorem 46 together with Spax(2N) > Spax(N):
the doubling identity Spax(2N) = Smax(IV) holds exactly when ¥o(2N) <
Smax (V). For the last statement, Conjecture 1 at rank 2N gives Spax(2N) =
S*(2N) = S*(N) by (80), while the ansatz gives Smax(N) > S*(N) and
Theorem 46 gives Smax(2N) > Smax(N). Chaining, S*(N) = Spax(2N) >
Smax(N) > S*(N), so all four are equal. O
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Corollary 47 makes Conjecture 2 on flat spectra strictly weaker than
Conjecture 1: it needs the flat-spectrum value at one rank, the doubled one,
and it needs control of a single explicit family. It does not prove it. The
grid evidence on that family is one-sided: at every rank 2 < N < 14 the
zero-mode-free family with b > n + 2 stays strictly below Spax(N) on the
grids searched, but a grid supremum is not a supremum.

Corollary 48 (Corollary Z3: iteration, and the reduction to odd ranks).
For every odd ¢ > 1 and every k > 1,

SmaX(qu) = max(SmaX(q), Y0(29), Xo(4q),. .. ,EO(qu)). (91)

Consequently Conjecture 1 at every rank is equivalent to Conjecture 1 at
every odd rank together with the zero-mode-free sectors at even ranks, where
at even rank M only b > npyr + 1 can fail, npr = |logy M |.

Proof. Apply Theorem 46 at N = 2F~1¢, then at N = 2¥=2¢, and so on; each
step replaces Smax(2%q) by max(Smax(2:71¢), £0(2%¢)) and the maximum is
associative. For the second statement, at even rank M = 2N the sectors
that Corollary 45 controls are those with m < n + 1 = njs, and those that
Theorem 20 controls are those with b < 2; what is left is b > njs + 1 with
no zero mode. O

Corollary 48 is a reduction, not an elimination, and it does not shrink the
uncovered family U (N) of §11: one step of the reduction reaches b < n + 2,
while the certified runs already cover b < n + 3.

12.5 Off the flat family

Nothing in this section applies to a non-flat target, and the paper claims
nothing there. The reason is structural: coarse graining compares a spec-
trum with its mode-deletion by pairing atoms that differ by a factor r;, and
summing the resulting inequality against a target requires the target to be
constant on the pairs, which a flat target is and a general one is not.

The conjecture was nevertheless stress-tested numerically on non-flat
spectra, and the outcome is a cautionary result about testing it rather
than about it. An unconstrained multistart optimisation over 89 spectra
— peaked, exponential and power-law shapes, ranks up to 64 — reported
five apparent violations of Dx(3(p ® p)) > Dr(p), the worst a gap of
—6.8 x 1073, Re-running the same probes with structure-aware starting
points, in particular the symmetric free spectrum that is provably near-
optimal for peaked targets, closed all five: over 32 probes the most neg-
ative gap became —4.1 x 107°, about 10~3 of the corresponding distance,
and the two artefacts that had looked largest closed to +2.6 x 10710 and
+3.9 x 1074 [2]. Both sides of a computed gap are upper bounds on the
true distance, so a small negative gap is the signature of the doubled side
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converging slightly worse, not of a violation. The structure that an unbiased
optimiser misses is explicit: for p = (0.99,0.002,...,0.002) with five small
entries, the near-optimal free spectrum is the symmetric one with five equal
biases p; = 1 — 0.99'/5 which gives the exact rational bound

Dr(p) < 4.0161 x 1072, (92)

two orders of magnitude below what plain multistart found on the p side
while the doubled side, searching one mode wider, found its analogue and
appeared to win. Appendix D gives the bound (92) in exact arithmetic and
records the probe data. Any claimed counterexample to Conjecture 2 would
have to come with an exact interval certificate, because the symmetric opti-
mum is easy to miss and a missed optimum looks exactly like a violation.

13 The maximal distance

Conjecture 3 proposes 3 — 2v/2 ~ 0.17157 as the worst-case distance from
the free set, over all spectra. This section states what is proved towards
it, which is the corresponding statement about the ansatz values and one
restricted class of competitors, and what is missing.

Theorem 49 (the flat family approaches 3 — 2v/2 from below).
SUP N> D*(N)=3- 2v/2. The supremum is not attained at any rank, and
it is approached along any sequence of ranks with N/QUOg2 NI /2, for in-
stance Ny = |28v/2]. If Conjecture 1 holds then supy Dr(p(N)) = 3—2v/2,
again not attained.

Proof. Corollary 10 gives D*(N) < 3 — 2y/2 with equality only at 2 = /2,
and © = N/2" is rational while V2 is not, so equality never occurs. For
the approach, z, = Ni./2F — /2 because 0 < 2¢v/2 — N}, < 1, and D* is
continuous at \/5, so D*(Ny) — 3—2+/2. The last statement is Conjecture 1
applied at each rank. O

The values are explicit and small: D* vanishes at every power of two,
rises to 1/6 at x = 3/2 and to its maximum 3—2+/2 in the limit z — v/2, and
falls back to 0 as x — 2. The two largest values among the certified ranks
of Table 1 are 0.171196 at « = 23/16 (N = 23) and 0.170455 at x = 11/8
(N =11 and N = 22), both within 7 x 10™* of 3 — 2v/2. Since z takes
every dyadic rational value in [1,2) as N ranges over the integers, and D*
is continuous there, the set {D*(N)} is dense in [0,3 — 2v/2].

Two partial results towards Conjecture 3 are available without assuming
Conjecture 1. The first is from the earlier literature: restricted to spectra of
rank at most four, the maximum of D is 1/6 [3, 6], which is consistent with
Theorem 49 since 1/6 < 3 — 2v/2 and the flat value at = 3/2 is exactly
1/6. The second is a consequence of the Main Theorem: no competitor with
many zero modes does better than the ansatz.
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Corollary 50 (many-zero-mode competitors cannot beat the flat target).
For every N > 2 and every o € F with at least n = |logy N| zero modes,

Dx(p(N);o) > D*(N), (93)

so within that class of competitors the flat target is optimal and the distance
is exactly D*(N). In particular no such competitor brings p(N) closer to F
than D*(N), and D*(N) — 3 — 2v/2 along the sequence of Theorem /9.

Proof. This is Theorem 19. O

What separates this from Conjecture 3 is a bound that holds for every
competitor and every target. For flat targets that bound is Conjecture 1,
and it is open exactly on the residual family (71); for non-flat targets nothing
in this paper applies at all, since the whole analysis is built on the flat level
1/N and on the truncation weights w;(y) = clamp(y — i + 1,0, 1) that the
flat target induces. A proof of Conjecture 3 would therefore have to do two
things beyond this work: settle the residual family for flat targets, and find
the analogue of the sector decomposition for a general target, where the
level is no longer constant and the clipping pattern of a competitor depends
on the shape of p rather than on its rank alone. The observed behaviour is
consistent with Conjecture 3: no spectrum examined here, flat or not, has
distance exceeding 3 — 2v/2, and the flat family gets arbitrarily close. That
is an observation about the spectra examined, not a bound.

14 Discussion and open problems

The honest summary of this paper is shorter than its list of theorems. Con-
jecture 1 is proved on four explicit infinite families of free spectra — those
with at least n zero modes, those with at most two positive modes, those with
at most n modes in total, and every spectrum with exactly n — 1 zero modes
whatever its number of positive modes, the last containing the sector with
exactly three positive modes, which is proved separately — and reduced,
exactly and in both directions, to a single negative existential statement
about interior local maxima on a residual family that is now finite in width
at each zero-mode count. Conjecture 2 is not proved, not even on flat spec-
tra, but it is reduced to one explicit family and derived from Conjecture 1
at the doubled rank alone. Conjecture 3 is proved for the ansatz values and
is otherwise open. Rigorous two-sided brackets are available at 22 ranks on
the covered family.

14.1 The boundaries of the results

Each theorem here has a scope that is narrower than its statement suggests
if the statement is read alone, and the narrowings are of different kinds.
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The four eliminated families are families of competitors. Theorem 19
and Theorem 33 bound Dx(p(N); o) for o in a restricted class, which
is a lower bound on the distance restricted to that class. They prove
Dr(p(N)) = D*(N) only when the class exhausts F, which happens
at b<2and at a > n but not at a = n — 1 with b > 3.

Theorem 37 is an equivalence, not a proof. It says the conjecture holds
if and only if no interior local maximum exceeds S*(N). The direc-
tion that does the work is the reduction of an unbounded variational
problem to a countable family of compact boxes; the hypothesis is
untouched.

Proposition 26 is necessary, not sufficient. A point satisfying p; =
A; /U for every j need not be a local maximum, and a local maximum
on a clipping wall need not satisfy the equalities, only the one-sided
inequalities.

Theorem 31 truncates rather than eliminates at v > 2. It bounds the
mode count, b < 2¥*! — 1, and says nothing about the sectors that
remain. Its threshold b > [y] is sharp by Proposition 35, so improving
it is a different argument, not a better constant.

The certificates bracket DEY, not Dr. Theorem 41 gives the transfer
condition (78) explicitly, and that condition is open. The excess &
measures the resolution of the certificate, not the truth of the con-
jecture, and cannot be driven to zero at any finite resolution because
every residual box contains a face point at which the objective equals

S*(N).

Theorem 46 is a decomposition. It identifies where Conjecture 2 can
fail on flat spectra; it does not exclude the failure. Its grid verifications
are exact identities on finite families, and a family that is not closed
under adding a zero mode makes the identity fail for reasons that have
nothing to do with the theorem — a trap that is easy to fall into and
is recorded in §12.

The searches are searches. The interior-maximum search over 85 resid-
ual sectors and the non-flat doubling probes are multistart local op-
timisations. Their negative results are evidence; the five apparent
violations of Conjecture 2 they initially produced were artefacts of
non-convergence, and the same failure mode could produce an arte-
fact in the other direction.

Nothing here applies away from flat targets. Every argument uses the
constant level 1/N and the weights w;(y) it induces. Conjecture 2
for a general p, and part (D) of the source problem — extending free
descriptions away from the Zon fixed point — are untouched.
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14.2 Open problems

The following are the load-bearing open items, in the order in which they
block the conjectures.

1. Interior local maxima above the ansatz value. By Theorem 37
this is Conjecture 1. Settled: b < 2 everywhere (Theorem 20), every b at a =
n—1 (Theorem 31 plus Theorem 27), and b > [y] at every a (Theorem 31).
Open: the sectors (71), smallest first at (n — 2,3), where y € [4,8) lets up
to eight atoms carry weight and the four-atom truncation that closes the
chamber analysis no longer applies. By Proposition 26 a counterexample
would have to satisfy b — 1 exact algebraic constraints B;/Z) = By/Z®)
which is a small algebraic set to search — and, if a maximum above S*(NV)
were found anywhere, a refutation of Conjecture 1.

2. The uncovered family U/(N). This is the entire obstruction to read-
ing the certified brackets of Table 1 as bounds on Dg itself. With the
eliminations of this paper the family can be taken to be U'(N) = {a <
n—2, b > n+ 4} (Remark 40), since every sector with a = n — 1 is dis-
charged analytically at every b; it is still untouched by any argument here,
because at b > n + 4 the boxes have dimension at least five and up to
20 atoms, and no rank-uniform statement about them is known. The two
open families are of different kinds: controlling U/(N) at each fixed N is a
computation, and controlling the residual family (71) uniformly in N is an
analysis. Conjecture 1 needs the second, and the brackets of §11 need the
first.

3. A modulus of continuity for the interval bound. The observed
decay e, ~ Cn27¢, with Cy between 0.0627 and 0.7243 across the certified
ranks, is what a boundary layer of thickness 27¢ around the face point of
Lemma 36 produces, but converting it into sup S < S*(N) on the covered
sectors requires a proved constant L with B, < S*(N) + L27¢, that is,
a Lipschitz control of how much the interval evaluation of the objective
inflates over a box of width 27¢. With such an L and completed runs at
every tolerance, the covered family would be settled exactly at each certified
rank. It would not settle U(N), since a modulus bounds B, only where a
run completes.

4. The zero-mode-free doubled family a =0, b > n + 2 at rank 2N.
By Corollary 47 this is the whole of Conjecture 2 on flat spectra. Everything
else is closed: a > 1 by the exact equality of Corollary 42, m < n + 1 by
the coarse graining of Corollary 45, b < 2 by Theorem 20. The obstruction
is the tail } 5 min(1/N, o—g )) that coarse graining cannot truncate once
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2m=1 > N, and the sharpness witness of Corollary 45 shows the truncation
hypothesis is not removable. A proof would have to explain why a zero-
mode-free spectrum with many modes cannot pack more than Spax(N) of
its mass into the first 2V positions.

5. Conjecture 2 for non-flat spectra. Nothing here applies: the pairing
that makes coarse graining work does not align with the sorted order of a
non-flat target. The stress tests find no violation, but they also show that
the symmetric optimum is easy for an unbiased optimiser to miss, so both a
claimed counterexample and a claimed proof would need exact certificates.
Certifying Dr(p) = Df(%(p @ p)) exactly for even one non-flat p is beyond
every method used here.

6. Does a non-flat optimum sit on a normalisation boundary? For
flat targets the maximiser satisfies Z = N exactly, and Theorem 9 proves this
is optimal rather than incidental. What replaces N for a general target, and
whether an analogous boundary statement holds, is open. Such a statement
would give a cheap necessary condition for optimal free approximations well
beyond the fixed points that motivated the problem.

7. Pushing the truncation below [y] at v > 2. Lemma 30 and The-
orem 31 fail at b = [y] — 1 by Proposition 35, where the varied smallest
mode is visible to the objective. At v = 2 that leaves exactly the five sectors
(n—2,b),3 <b<7,s0 asingle new idea about the eight-atom truncation
would close the smallest open case of the paper.

14.3 Scope

The results are theorems about a variational problem that arises in the
study of free-fermion descriptions of topological phases: the objects are
entanglement spectra and Gaussian states, and the question — how far a
given spectrum is from the free set — is the one the interaction distance was
introduced to answer [6]. No physical system is measured or simulated here,
and no observable is predicted. The method is that of exact optimisation:
sector decomposition, piecewise-affine concavity, polynomial sign lemmas
and rational interval arithmetic, with numerical search used only where its
status as a search is stated. Readers interested in the physics should take
away the four families on which the free description of a flat spectrum is
provably optimal, and the fact that the remaining cases are reduced to one
clean analytic question; readers interested in the analysis should take away
Lemma 24 and Theorem 31, which are the two tools that made the reduction
possible and which do not depend on the flat target beyond the truncation
weights w; (y).
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15 Conclusion

The fermionic interaction distance of a flat entanglement spectrum is a finite-
dimensional variational problem in disguise: the free set is a union of sector
boxes indexed by the numbers of zero and positive modes, the objective
on a box is a weighted sum of clipped subset products, and only the first
[y] of the 2° atoms carry any weight. Once that structure is exposed, the
conjectured value 3 —x — 2/x can be derived rather than fitted, its producer
shown to be the unique maximiser of its own family with the normaliser
exactly on the boundary Z = N, and large parts of the free set eliminated
in closed form at every rank simultaneously.

What the analysis achieves is four infinite families of competitors on
which the free description of a flat spectrum is provably optimal — at least n
zero modes, at most two positive modes, at most n modes in total, and every
mode count at n — 1 zero modes, the last containing the sector with exactly
three positive modes that is proved separately — together with an exact
equivalence between the full conjecture and the non-existence of interior
local maxima above the ansatz value, an exact decomposition that reduces
the doubling conjecture on flat spectra to one explicit family and derives it
from the flat-spectrum conjecture at the doubled rank alone, and rigorous
rational brackets DY (p(N)) € [D*(N) — e, D*(N)] at 22 ranks with ¢ at
most 4.382 x 107°. The residual family is now finite in width at every
zero-mode count, and its smallest member is the sector (n — 2, 3).

What it does not achieve is any of the three conjectures. The flat-
spectrum conjecture is open on the residual family, where the evidence is
a local search; the doubling conjecture is open even on flat spectra, where
the whole obstruction is the zero-mode-free family with b > n 4 2 at the
doubled rank, and open off the flat family, where no method here applies
and five apparent counterexamples turned out to be optimiser artefacts;
and the global maximum 3 — 21/2 is proved only for the ansatz values. The
certified brackets bound a restricted variational problem, and reading them
as bounds on the interaction distance itself requires a hypothesis on the
uncovered sectors that is stated explicitly rather than assumed. The path
forward is narrow and concrete: an interior local maximum above S*(N)
would refute the conjecture, a modulus of continuity for the interval bound
would make the certificates exact on the covered family, and the eight-atom
truncation of the sector (n— 2, 3) is where both the concavity argument and
the mode-count descent stop working.

A The case analysis for two positive modes

This appendix supplies the bounds quoted in Theorem 23, the six cases of
the sector (n—1,2), and the enumeration of critical cells used in the proof of
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Theorem 27. Throughout, y = 2z € [2,4), c =1/y, Si(y) =y/2 +4/y — 2,
and the coordinates are those of (38):

uels,1], vel0,d], utv<l, B=ull-v)e[],1], (94
T= (6, (1 —u)(1—=v),uv,v(l — u)), (95)

with the identities 7o = f(1/u — 1) and 73 = u — 3 of (41). The faces of the
box are handled elsewhere and are excluded from the case analysis: so = 0
(v = 0) is the sector (n — 1,1), bounded by Lemma 16; s1 = 1 (u = 3) is
the face identity (70) onto the sector (n, 1), bounded by Theorem 17; and
s1 = s2 (u+v = 1) is an ordering wall on which the objective is continuous.
Every bound below is an exact rational expression in y, 5 and u, and each

is at most S (y).

CaseI: 2<y <3

The weights are (1,1,A,0) with A = y — 2 € [0, 1], the fourth atom carries
no weight, and Sypc = 1 — v 4+ Auwv by (42). Since w; = 1 and w; < 1,

S < UB = Sune (ﬁ—;)+, (96)

which is valid but, as Remark 22 records, not sufficient. The four patterns
are determined by how many of 7 > 75 > 73 exceed c.

L.1: 7 < ¢, nothing clipped. Then S = Suype = 1 — v + Auw, which is
increasing in u, so it is bounded by its value at the largest feasible u. The
constraint 8 = u(1—v) < 1/y gives u < 1/(y(1 —v)) and the ordering gives
u < 1— v, hence

S <1l—-v+Xv min(l -, yl) = max(h(v), g(v)), (97)

where the two branches are

h(v) = (1 —v)(1+ o) onwv> 1—;17, (98)
g(v):l—v—i—L onvgl—i, (99)

y(1—v) VY

the ranges being where each of the two candidates for uyax is the smaller,
and the junction being v =1 —1/,/y where (1 —v)? =1/y.

On the clipping branch, umax = 1/(y(1 —v)) > & forces v > 1 —2/y, so
the branch is the interval v € [1 —2/y, 1 —1/,/y]. There

Jg) = —1+y( A (100)

1—v)?’
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which is increasing in v, and at the right endpoint, where y(1 — v)? =1, it
equals —1 4+ X\ =y — 3 < 0 in Case I. Hence ¢’ < 0 on the whole branch, g
is decreasing, and its maximum is at the left endpoint. The two endpoint
values are

the first an exact identity, so g < S7(y) on the branch with equality only at
v=1-2/y, where u = umax = 1/2 and (s1, s2) = (1,2 — 1) is the face point
(37).

On the diagonal branch, h is decreasing because h/(v) = A—1—2\v <0
for A < 1, so its maximum is at the junction v = 1 — 1/,/y, where u =

1—v=1//y and 8 = 1/y. Writing ¢ = \/y € [V2,V3],

h<1—(11> - ;(1+(q2—2)<1— ;)) - (y_l)((;_ DL g

1 o\ Pl
h<1—q> — St(y) = “ g (103)

with P(q) = ¢* — 2¢® — 2¢®> + 2q + 4, which is positive on [v/2,v/3] by
Lemma 51. So the diagonal branch is strictly below S5 (y).

1.2: 74 > ¢ > 71, only the largest atom clipped. The objective is
exactly

S:;Hﬁm _ 5(% ~1) + Mu - B) = 6(u), (104)

1

=+
)

O(u) =

IO OV S (105)
U Yy

and ©”(u) = 28/u? > 0, so © is convex and its maximum over the feasible

interval is at an endpoint. The constraints are 5 > 1/y; 72 < ¢, that is

B(1/u—1) < 1/y, that is u > yB/(yB + 1); the ordering u < /B; u > %;

and v > 0, that is u > 3. The left endpoint is therefore

1
/Byf_ 17 /8 S 1- )
PA— ?i (106)
67 ﬁ Z 1- ]
Yy
the two expressions crossing exactly at 8 =1 —1/y. At the first, 7, = ¢ and
2 2 y—2 2 (y—2)?
S=—-4A3 < —4+A\ZF— = -+ 77— = 5](y), 107
; ; % ; % 1(y) (107)
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using the bound 73 = uv < (y — 2)/(2y) of (112) below. At the second,
v = 0, which is the face so =0, and S =1—- 3+ 1/y < 2/y < S7(y), the
last inequality being 2/y < y/2+4/y —2 < 0 < (y —2)2/(2y). At the right
endpoint u = /B = z,

O(z) =1+ N)z(1—2)+ ; =(y—1)z(1—-2)+ ;, (108)

and 2z — z(1 — z) is decreasing on [3,1], while 2 = /8 > max(3,1//y)

because 5 > % and 8 > 1/y. For y € [2,4) the binding constraint is

z2>1/\/y=1/q, so

O(z) < (y—1);(1_;>+; _ (y—l)(qy— 1) +1 (109)
- i)~ 58 < Si) (110)

by Lemma 51. For y > 4, which Case I excludes, the binding constraint
would be z > 1 and the same computation gives © < (y —1)/4 + 1/y.
1.3: 74,72 >c>73. Then S =2/y+ A3 and the bound (112) gives

2 y—2
< = g = _— Qqgr
S < SN S = S, (111)

with equality only at u = %, v =1—2/y, the face point.

The bound on 753 = uwv.

where m is defined on u € [§,1—1/y] and decreasing there, because m/(u)

1-— y(Tlu)Q < 0 whenever y(1 —u)? < 1, and on that interval y(1 — u)? <

y/4 < 3/4 < 1. Hence uv < m(%) = % — % = yQ—_;, with equality only at
u=3andv=1-2/y.

1.4: 71,79,73 > c. Infeasible. The three atoms would satisfy 71 + 7 + 713 >
3/y>1fory <3, while ), =1.
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Case II: 3 <y <4

The weights are (1,1,1,k) with k =y —3 € [0,1), Sune = 1 — (4 — y)¥(u)
by (43) with ¢¥(u) = v(1 —u) = (1 —u) — B(1/u — 1), and the coarse bound
(96) reads S <1 — F with

F=t=yiw+(3-1)" EP k) [ ) SR

2y
(114)
So it is enough to prove F' > (. The function v is concave in u at fixed
B, since ¥"(u) = —28/u® < 0, so F is concave in u on each of the two

regimes and its minimum over the feasible interval u € [max(%, B),+/B] is at
an endpoint. The three endpoint values are

F(3) 2(4—y)(;—ﬁ>+<ﬁ—;)+, (115)
1\ *

F(B) = (ﬁ - Q) , (116)

FVA) = == VB2 + (8- ) (117)

where F(3) corresponds to v = 0 and is feasible only when 8 > 1.

I1.0: 8 < 1/y, nothing clipped. Then F = (4 — y)¥(u) and it suffices

to show ¥(u) > (y — 2)/(2y). Since f < 1/y < % < 1, the left endpoint is
1

u = 5 and

=< = (118)

2 y—2
=(1-vB?> (1-—) > == 11
WWB = (-VBP = (1- ) = 5 (119)
the last step being the identity of Lemma 52: with ¢ = \/y, (1 — 1/q)% —
(®> —2)/(2¢*) = (¢ — 2)?/(2¢%) > 0. Concavity gives the same lower bound
in between, so F > (4 —y)(y — 2)/(2y) = G.

II.clipped: (3 > 1/y. Suppose first § < %, so the feasible interval is
u € [%, V/B]. At the left endpoint,
1 1 (A-yy—-2)
F(HY—-G=4—-y)(=- - P T
(3) =G =( y)<2 5)+ﬁ ; %
3—y y—3

3_
=2 By -3) > 24+ Y2 — o, (120)
Y Yy Yy

using 8 > 1/y and y > 3. At the right endpoint, F(1/3) is increasing in 3
on [}, 3], because 5 [(4-y) (1= VB’ +6] = 1= (A=) >1-(4-y) >
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y —3 >0, using /B > 3; hence

1y2 1 1 y—2
FWB) 2 d-y(1-—) +--= > (4-p= =6, (21
Vi VY y oy 2y
where the last step is the identity of Lemma 52 multiplied by 4 —y > 0. If
instead 5 > % the left endpoint is ©v = £, where v = 0 and F' = 8 — % >

%—é = yT_yQ > G because 4—y < 1; and F(v/fB) > B—% again exceeds G for

the same reason. So F' > G throughout, with equality only at y = 3, 8 = %,
u = 1, the corner (s1,s2) = (1,0), which lies on two faces and is bounded

by Lemma 16 and Theorem 17.

The critical cells of Theorem 27

In chamber P of the sector (n—1,3) with y € [3,4) the four weighted atoms
are 7; = (1, s1, S2, $3)/Z3 with weights (1,1, 1, f), f = y—3, and only 74 uses
mode 3. The clipped set is an initial segment {1,...,J}, since the atoms
are decreasing, and Bs = f when 74 is unclipped, that is when J < 3, and
Bs = 0 when J = 4. In the notation of (52), with Z(®) = (1 + s1)(1 + s2)
and bases 1, s1, s9 for 7, 19, 73,

1+5814+85, J=0,

, J=1,

o S and Wy = J, (122)
52, J =2,
0, J>3,

The condition By = F3 of Lemma 24 is therefore possible only for J =1
and J =2: at J =0 it would require f =1+s1+s0>1> f,and at J >3
it would require f = 0, that is y = 3, which is the boundary of Case I. The
two surviving cells give, by (55),

J=1: f=s1+s2, Z®=0+s)1+s)=1+Ff+s152>1+f,
1 By 1 f

S=-4 23 24 T 123

y+Z(3)_y+1—|—f’ (123)

J=2: f=s<s1, Z9=(1+s)1+s2)>(1+f)>

(124)
These are the two critical values (61), and Lemma 53 shows that both are
strictly below S7(y) on [3,4]. The enumeration is exhaustive: J = 4 forces

Bs = 0 and is the monotone case, J = 3 forces F3 = 0 < B3, and J = 0 is
infeasible as shown.
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B Polynomial sign lemmas

Three exact sign statements are used in Appendices A and in the proof
of Theorem 27. Each is proved here without floating point: the sign of
a polynomial at an irrational point is decided by an integer comparison
after isolating the radical, and monotonicity is decided by the sign of the
derivative at one rational point together with the convexity of the derivative.

Lemma 51 (the quartic of Case I). P(q) = ¢* —2¢> —2¢% +2q+4 is strictly
positive and strictly decreasing on [v/2,/3], with

P(V2)=4-2V2>0, P(V/3)=T7T-4V3>0. (125)

Proof. P'(q) = 4¢® —6¢® —4q+2 = 2g(q) with g(q) = 2¢®> —3¢* —2¢+1, and
g (q) = 6¢q> —6q — 2. The larger root of ¢’ is (3++/21)/6, which is below /2
because 6v/2 — 3 > 0 and (6v/2 — 3)% = 81 — 361/2 > 21, the last inequality
being 81 — 21 = 60 > 361/2 < 3600 > 2592. So g is increasing on [v/2, /3],
and its largest value there is

g(V3)=6v/3-9-2V3+1=4V3-8<0, (126)

since 4v/3 < 8 & 48 < 64. Hence g < 0 and P’ < 0 on the whole interval,
so P is decreasing and P(q) > P(V/3) =9 —6v3 -6 +2V3+4=7—4V3,
which is positive because 7 — 4v/3 > 0 < 49 > 48. The other value is
P(vV2)=4—4v2 —4+2V2+4 =422 > 0 because 16 > 8. O

Lemma 52 (the perfect square of Case II). For every q > 0,

N2 ¢ -2 —2)?
(1 - 7> _ 1 Uit S (127)
q 2¢* 2¢?

with equality only at ¢ = 2. Equivalently, for every y > 0, (1 — 1/\/§)2 >
(y — 2)/(2y), with equality only at y = 4.

Proof. Put over the common denominator 2¢*: the left-hand side is [2(q —
1)? = (¢® = 2)]/(2¢*) = (¢® —4q+4)/(2¢*) = (¢—2)*/(2¢?). The equivalent
form is ¢% = v. O

Lemma 53 (the two endpoint polynomials of Theorem 27). On [3,4],

76 10
p1(y) = y° — 8y* + 20y — 12 > 0, with minimum — at y =

=, (12
57 5 (128)

and

19
p2(y) = (y—2)* —2y(y — 3) > 0, with minimum at least TR (129)
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Consequently the two critical values of (123) and (124) satisfy

Si(y) - (; +5 i 7)= 2;?;@1)2) >0, (130)
2
510~ (i 7p) 2 sy tap > (131)

where f =y — 3 € [0,1] and the second inequality uses (1 + s1)(1 + s2) >
(14 £)? and (14 51)(1 + s2) > 1+ f + 5152 as in (123)—(124).

Proof. For p1, p}(y) = 3y? — 16y + 20 = (3y — 10)(y — 2), so p; decreases on
[3,10/3] and increases on [10/3,4], with its minimum at y = 10/3:

3)" 27 9 3 27 a7 T
(132)
For po, write t = y—2 € [1,2], 50 py = t* —2(t+2)(t—1) = t*—2t2 —2t +4
and pl = 4t3 — 4t — 2 = 2(2t3 — 2t — 1). The cubic 2t3 — 2t — 1 has derivative
6t2 —2 > 0 for t > 1, so it is increasing there, and it takes the values —1
at t = 1 and 432/125 —12/5 —1 = 7/125 > 0 at t = 6/5. Hence ps has a
single stationary point t* € (1,6/5), which is its minimum on [1,2], and at
that point 2¢*3 = 2t* + 1, so t*3 = ¢* + % and

10\ 1000 800 200 1000 — 2400 + 1800 — 324 76
nl=)|=—"r -+ -12= =—>0

1
Po(t) = "4 212 _ ot {4 =¥ (t* n 5) o o 44
3 36 9 19
=24 > S = 1
2+ Z o 5-1— 25>0,(33)
using that —t% — %t + 4 is decreasing for t > 0 and t* < 6/5. The endpoint
values are pa(3) = 1 and pa(4) = 8, both larger.
For (130), substitute S7(y) = y/2+4/y — 2 and f = y — 3. The first
difference is
y—3
y—2

N
i
—_
<
|
w
<

+—2———+§—2— (134)

and multiplying by 2y(y—2) > 0 gives y?(y—2)+6(y —2) —4y(y—2) —2y(y —

3) = y® —8y*+20y — 12 = p1(y). The second difference is ¥ + % -2— ﬁ,
and multiplying by 2y(y —2)? > 0 gives 3?(y — 2)? +4(y — 2)? — 4y(y — 2)? —

2y(y —3) = (y — 2)* — 2y(y — 3) = p2(y), since y? + 4 —dy = (y — 2)%. O

Both lemmas were re-derived for this paper in exact rational arithmetic:
the identities (127) and (130) were checked as polynomial identities on ra-
tional grids, P and pi, ps were checked positive pointwise together with the
sign chains for their derivatives, and the endpoint comparisons were reduced
to the integer inequalities 16 > 8, 49 > 48 and 81 — 21 = 60 > 36/2.
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C Certification protocol and coverage

C.1 The exact upper bound on a box

The certified runs of §11 rest on one function: an exact rational upper
bound on S(a, b, s) valid for every s in a box [¢,h] C [0,1]°. It is built as the
minimum of four independent bounds, each exact.

(i) Atom-wise bound. Each atom of the reduced spectrum is 7§ =

[jespi[l;¢s(1 — pj) with p; = s;/(1 + s;) increasing in s;, so over the

box " )
/ J
nguszll || - (135)
j651+h]j¢51+@

If xg < ug for every S then the i-th largest = is at most the i-th largest u,
so sorting the 2° numbers ug decreasingly gives a valid bound on the sorted
atoms, and ), w; min(u;, 1/y) bounds the objective.

(ii) Support counting. Y ;w; = min(y,2%) and min(7/,1/y) < 1/y give
S < min(y, 2°)/y, which is Lemma 13.

(iii) Largest-atom bound. Every atom is at most 7{ = 1/Z;, and only
K(y) = [y] of them carry weight, so S < K(y)/Z, and over the box Z;, >
[1;(1+¢;). The implementation stores this quantity twice, once under this
name and once under a Cauchy—Schwarz label, so the minimum it takes is
over five stored values of which two coincide and four are distinct.

(iv) Normalisation-aware greedy bound. The true reduced spectrum
satisfies 0 < 7/ < w,;, is decreasing, and sums to exactly 1. Maximising
>, w;min(v;, 1/y) over that set is a fractional knapsack problem with non-
increasing weights w; and a common cap 1/y, so the greedy fill from the
lowest index is optimal; the resulting value never exceeds (i) and is strictly
smaller whenever . min(u;, 1/y) > 1, that is, whenever the atom-wise
bounds of (i) cannot all be attained by a single normalised spectrum.

Taking the minimum is exact and rational. The branch and bound bi-
sects the box in its widest coordinate, discards a box when its bound is
at most the target S*(IV), and records a box as a survivor when its width
reaches the tolerance 27°. The ordering constraint s; > --- > s; is imposed
by tightening the box after each split. The certified bound for a sector is
the maximum of the exact bounds of its survivors, and it is a valid upper
bound on sup S over the whole closed box provided the search completed,
that is, provided every box was either discarded or re-verified.

One soundness caveat is worth stating explicitly. Pruning uses floating-
point interval arithmetic with a conservative inflation — the float bound
is multiplied by 1 + 274 and 107!® is added — for speed, and survivors
are then converted to exact rational boxes, lower corners rounded down
and upper corners rounded up to multiples of 274°, and re-verified with the
exact bound above. The final number is therefore an exact rational, and
its validity as an upper bound on sup S depends on the exact re-verification
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of every survivor and on the float pruning never discarding a box whose
true bound exceeds the target, which is what the inflation is for. Runs that
exhaust the box budget are reported as incomplete and contribute no exact
bound; all 264 branch-and-bound sectors behind Table 1 completed all five
tolerance runs, 1320 completed searches in total, and this was re-checked
from the committed records.

C.2 The tolerance ladder

Each residual sector is run at the five tolerances 276,278 2710 2-12 9—14

and each completed run yields an exact rational bound B.. The recorded
data per sector and per tolerance are the bound, whether the run completed,
the number of surviving boxes and the number of boxes explored. Three
derived quantities are what §11 reports: the excess e, = B, — S*(N), its
monotonicity in e, and the stability of the ratio £./27¢ across the ladder.
A worked example is the worst sector in the whole table, (a,b) = (0,5) at
N = 25, whose excesses over the five tolerances are

1.1318x 1072, 2.8106x 1073, 7.0154x107%, 1.7532x107%, 4.3825x1077,

(136)
with ratios £./27¢ equal to 0.7243,0.7195,0.7184,0.7181,0.7180: each halv-
ing of the tolerance halves the excess to four decimal places, which is the
behaviour a boundary layer of thickness 27¢ should have. The source records
label a sector “certified in the limit” when all five runs completed, the ex-
cesses are non-increasing, the ratios agree to within two percent and the
finest excess is non-negative. That label describes the observed decay; it is
not a proof that sup.S = S*(IV) on the sector, for the reason given in §11.4
— no modulus of continuity is supplied — and this paper does not use it as
one.

C.3 Coverage per rank

At rank N with n = |logy N| the runs cover the rectangle 0 < a < n,
0 < b < n+3, which contains (n+1)(n+4) sectors: 10 at n =1, 18 at n = 2,
28 at n = 3 and 40 at n = 4. Of these, the analytic eliminations of §6 and §7
discharge 8, 12, 17 and 23 respectively — the counts of Table 1 — and the
remainder need branch and bound: 2, 6, 11 and 17. The uncovered family
isSUN)={a<n—-1,b>n+4}astun,or U'(N)={a<n—2, b>n+4}
after Remark 40. Intersecting U’ with the analytically open family (71),
which at N =251is (0,b) for 5 < b <31, (1,b) for 4 < b < 15 and (2,b) for
3 < b <7, the sectors that are both untouched by the runs and unsettled by
every theorem in this paper are (0,b) for 8 < b < 31 and (1,b) for 8 < b < 15:
boxes of dimension 8 to 31, that is 2° to 23! atoms. The largest single run
explored 971975 boxes against a budget of 1.2 x 107, and the largest number
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of surviving boxes re-verified exactly in one run was 16055; no run exhausted
its box budget or its wall-clock budget.

The false shortcut of Remark 22 was counted per rank on the 1/32 lattice:
62 failures in the open box 0 < s9 < s1 < 1, distributed as 18, 6, 18, 20 over
N € {5,9,10,11}, and 90 in the closed box 0 < s2 < s1 < 1, the additional
28 all on the face s; = 1 and none on the diagonal sy = s1. At every failing
point the exact objective still satisfies S < S*(NN), which is what makes the
shortcut false rather than the theorem wrong. Ranks 6 and 7, which the
source includes in its rank list, contribute no failing point at this resolution.

C.4 What would extend the certificates

Three extensions are natural and none is available here. Refining the tol-
erance ladder below 27! reduces e, essentially proportionally, as (136)
shows, and is cheap: summed over all 264 residual sectors the box counts
are 1.58 x 106, 3.53 x 10%, 5.22 x 10%, 6.68 x 10% and 8.10 x 10°® for e =
6,8,10,12,14, a factor of only 1.2 to 2.2 per two extra bits. It therefore
buys resolution and never exactness. Extending the covered rectangle from
b < n+ 3 to larger b is the genuinely expensive direction, limited by the ex-
ponential growth of the atom count, 2°, and of the box dimension; the runs
already take 745.5 seconds at N = 25 against 0.11 seconds at N =4. And a
modulus of continuity for the bound of §C.1 would replace the ladder by a
single argument, converting the observed linear decay into sup S < S*(NN) on
every covered sector at every certified rank, which is Conjecture 1 restricted
to the covered family.

D Exploratory searches and their artefacts

Two of the questions in this paper were attacked numerically before they
were attacked analytically, and in both cases the numerical answer had to
be interpreted carefully. This appendix records the protocols, the outputs
and the failure modes, so that the reader can tell which statements in the
body are theorems and which are searches. Everything here is quoted from
the committed reports and, where indicated, re-derived in exact rational
arithmetic for this paper.

D.1 The search for interior local maxima

Protocol.  Multistart local maximisation of the exact block objective
S(a, b, s) over s € (0,1)?, 60 restarts per sector, in a logistic parametrisation
so that the box constraint is unconstrained, with the objective evaluated
through the block reduction of Theorem 11 and the 2° atom arrays built
by direct product enumeration [4, 8]. Sectors probed: every residual sector
withn+1<a+b<n+4 at the ranks N € {7,10,11, 13,14, 15}, that is 85
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sectors. A maximiser is recorded as interior when every coordinate stays
strictly inside (0,1) and as boundary otherwise.

Outcome. Interior local maxima above S*(NN): none, in any of the 85
sectors. Every maximiser landed on the boundary, and in every sector it
migrated to the same face point, s1 = -+ = s_1 = 1 with s, = z — 1, at
which the value is exactly S*(N). The largest excess over S*(N) across all
runs was —1.388 x 107, that is, below the target; the reported suprema
agree with S*(IV) to between 10~!3 and 1072, and the discrepancy grows
with the number of modes, from about 10~ at m = 4 to about 4 x 10712
at m = 8. That pattern is what accumulated optimiser error looks like, not
what a near-miss with a genuine interior maximum would look like.

Scope. The report itself carries the caveat that this is not a certificate:
a local search can miss a basin, and the objective is piecewise affine with
clipping walls that can make basins thin. What the search adds beyond the
theorems is therefore limited to the sectors that no theorem reaches — by
Theorem 20, Theorem 27 and Theorem 31 the interior-maximum question is
already settled for b < 2, for every b at a = n—1 and for b > [y] everywhere
— and in those sectors it says that the natural candidate maximiser is the
predicted face point.

D.2 The search for a doubling counterexample

Protocol. Probe spectra p of length L < 64 in six families: flat spectra
of rank 2 to 16, geometric spectra with ratio ¢ € {0.1,0.25,0.5,0.75,0.9},
peaked spectra with head weight 0.5 to 0.999, Dirichlet-type spectra, log-
normal spectra, and free spectra distorted by ¢ € {0.05,0.2,0.5}. On each
side — p and %(p @ p) — the distance was minimised by multistart Nelder—
Mead over free spectra with at most [log, L]+ 3 modes, 20 random restarts
per mode count, in log-odds coordinates [8]. The reported quantity is gap =
Dr(3(p @ p)) — Dr(p), which Conjecture 2 predicts to be zero and the
classical direction predicts to be non-negative.

First outcome. Over 89 probes the most negative gap was —6.836 x 1073,
the largest was 4+8.715 x 10™%, the mean absolute gap was 1.107 x 10™%, and
five probes exceeded a slack of 107 on the negative side. All five were on
peaked or Dirichlet probes with a small distance, where the absolute size of
the gap is largest relative to the quantity being measured.

Recheck with structure-aware starts. The same 32 probes were re-run
with 40 random restarts per side plus structured starts: all biases equal,
all biases equal with k zero modes for each k, and geometric ladders. The
most negative gap improved from —6.836 x 1073 to —4.119 x 107, about
1072 of the corresponding distance, and the two probes that had produced
the largest artefacts closed to +2.605 x 1071 and +3.873 x 10~%. The five
surviving negative gaps are all at the 107> to 10~7 level.

Interpretation. Both columns of such a table are upper bounds on the
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true distance, since each comes from a minimiser that may not have con-
verged. A small negative computed gap is therefore the signature of the
doubled side converging slightly worse — it searches a wider space, one
mode larger, and a wider space is harder to converge — and not of a viola-
tion. The structural reason the naive search fails is explicit and is quantified
in §D.3 below: for peaked targets the near-optimal free spectrum has all its
biases equal, which is a measure-zero feature that random restarts find only
by chance. The reports’ own conclusion is that no entry in the table is a
proof, and that a surviving negative gap would have to be converted into
an exact interval certificate before being claimed as a counterexample. This
paper claims none.

D.3 The symmetric near-optimum, exactly

For the peaked target p = (0.99,0.002,0.002,0.002,0.002,0.002), padded
with zeros, the free spectrum with five equal biases p; = p and (1— p)® < 0.99
has largest atom (1 — p)®, which matches p;, and 31 further atoms whose
total mass is 1 — (1 —p)® > 0.01, each of them below 0.002. Its distance to p
is therefore an exact rational number, computed for this paper by bisecting
for p in rational arithmetic until (1 —p)°® < 0.99 with an enclosure of width
below 2740:

~ 1157561055916123
P = 576460752303423488

1
Dr(p) < lp—olh = 4.0161 x 1072, (138)

= 0.002008048 . . ., (137)

where the bound uses Lemma 6 in the form 3| p— oy = 1 -3, min(pq, 0,)
and the atoms of o are the 32 products of the five two-level factors. The
floating-point run of the source reports 4.016062521706 x 10~ for the same
probe, agreeing with the exact value in its first five significant digits, and it
is two orders of magnitude below what plain multistart found on the p side
of the doubling test. The bound (137) is an upper bound on Dx(p), not a
certified value: no lower bound for this p is available from any method in
this paper.

D.4 The zero-mode decomposition on finite families

Theorem 46 was verified for this paper on two nested finite families of ratio
lists drawn from the grid {1,153, 7 3 1 111 Jists of length at most four at
rank NV, giving 330 lists, and of length at most five at rank 2N, giving 792.
The nesting is what makes the identity exact: the rank-2/N family contains
the zero-mode extension of every rank-N list, and the rank-N family con-
tains the zero-mode deletion of every rank-2N list that has a zero mode.
Table 2 records the three suprema and the identity; the last column is the

supremum over the zero-mode-free lists with b > n 4+ 2, which is the family
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Table 2: The zero-mode decomposition on finite families, in exact rational
arithmetic. The rank-NN family is the non-increasing lists of at most four
mode ratios drawn from the grid {1,427 3 1 111 '330 Jists, and the rank-
2N family the lists of at most five from the same grid, 792; the nesting makes
both directions of the identity rigorous on the family searched. For each rank
N with n = |logy N |: the supremum Spax(V), the supremum Spax(2N),
the zero-mode-free supremum Y(2N), whether the identity of Theorem 46
holds exactly, and the supremum over zero-mode-free lists with b > n + 2,
the family that Corollary 47 leaves open. All entries are exact rationals.
These are suprema over finite families, not over F, and are reported as a
check on the theorem rather than as evidence for the conjecture.

N n Smax(N) Smax(2N) Xo(2N) identity sup{a =0, b >n+ 2}

211 1 3781/3844 yes 8/9

31 5/6 5/6 1591,/1922 yes  1591/1922

421 1 58141/59582 yes  8/9

5 2 17/20 17/20 124218/148955 yes 124218/148955

6 2 5/6 5/6 73757 /89373 yes  73757/89373

7 2 25/28 25/28 2695009/3027150 yes 2695009/3027150

8§ 31 1 14413205/14776336 yes 39377923 /44329008

9 3 65/72 65/72 4921355/5541126 yes 14667157/16623378
10 3 17/20 17/20 15412629,/18470420 yes 15412629/18470420

that Corollary 47 identifies as the whole obstruction to Conjecture 2 on flat
spectra. At every rank it is strictly below Spax(NV), and the difference is
smallest at N = 2, where Spax(2) = 1 because rank 2 is a power of two.
The same computation was repeated on four family conventions, to lo-
cate exactly where Table 2 differs from the source’s larger table. That
table uses the eight-point grid {1 Bor3 111 1} with lists of length
at most five for all three suprema, 1287 lists at each rank, over ranks 2
to 14. Recomputed here in exact arithmetic on that family, all four of its
columns are reproduced exactly at every rank 2 < N < 10 where the two
computations overlap, and the values of Spax(N) and Spax(2N) agree with
Table 2 at every one of those ranks. The two families differ only by the
grid point %: the nesting, length at most four at rank N against at most
five at rank 2N, changes none of the reported suprema. With 1—16 present
the probe over b > n + 2 is larger at N = 2,4,8 and 9 — 61457/65348
against 8/9, 3795407/4051576 against 8/9, 235228885/251197712 against
39377923/44329008, and 251771995/282597426 against 14667157/16623378
— and Xo(2N) is larger at N = 9 alone, 251771995/282597426 against
4921355/5541126. Every other entry of the two tables agrees. The identity
of Theorem 46 holds at every rank 2 to 10 on all four conventions, including
the two that are not nested, so on these grids and at these ranks the non-
nested convention loses nothing; only the nested one makes both directions
of the identity a statement about the family actually searched, which is why
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Table 2 uses it.

The same runs verified the two supporting statements exactly: the pair
inequality of Proposition 43 at 7548 rational points covering all four branch
loci, and the zero-mode exactness of Corollary 42 at 1638 instances over
ranks 2 to 14. The coarse-graining chain of Corollary 45 was checked at 4200
deletions, of which 1890 violate the truncation hypothesis 2"~ ! < N and
653 of those violate the conclusion — the hypothesis is not merely sufficient
but needed. The sharpness witness was computed in exact arithmetic: for
r= (%, %, %) the eight atoms are (8,4,4,4,2,2,2,1)/27, the value at rank 4
is S(p(4),0) = 25/36, all three single-mode deletions give the rank-2 value
2/3, and 25/36 > 2/3 while 2"~! = 4 > N = 2, so the truncated step
loses value precisely where its hypothesis fails. Both values stay below the
conjectured bound at their own ranks, since S*(4) = S*(2) = 1: the example
bounds the method without threatening the conjecture.
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