Complementary Quantum Correlations Are Universal for Qubits
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We prove that, for every two-qubit state and arbitrary mutually unbiased local projective bases,
the sum of the two observed mutual informations cannot exceed the quantum mutual information.
The proof combines binary-entropy curvature on the Bloch ball, a qubit information-exclusion
tradeoff, and data processing under local dephasing. Two outcome tables thus lower-bound total
correlation without tomography and give quantitative one-way entanglement-distillation rates and a
quantum-capacity witness for qubit-input, qubit-output channels.

Introduction.— Determining how much correlation is
shared by two quantum systems is a basic task in quan-
tum physics. The quantum mutual information (QMTI)
I(A: B) = S(A) + S(B) — S(AB) quantifies their to-
tal classical and quantum correlations. Equivalently,
I(A: B) = D(pagllpa ® pp) is the relative-entropy dis-
tance from the product of its marginals. It also has an
operational interpretation as the asymptotic noise cost
of erasing all correlations [1]. Because QMI is a non-
linear function of the joint density operator, its direct
evaluation generally requires state tomography. Most ex-
periments, by contrast, record correlations in only a few
spin, polarization, or computational-basis settings. This
mismatch raises the broadly relevant question of when
limited classical readouts can certify a guaranteed amount
of correlation in the unmeasured quantum state.

For a two-level system, the natural minimal data consist
of two complementary measurements. Two bases are
mutually unbiased when a state sharp in either basis
produces uniformly random outcomes in the other [2].
Let X and Z denote such a pair on each subsystem, and
let I(X 4 : X5) be the classical mutual information between
the corresponding outcomes. Schneeloch, Broadbent, and
Howell proposed the complementary-quantum correlation

(CQCQC) relation
I(Xa:Xp)+1(Za:Zp) <I(A:B). (1)

If valid, Eq. (1) would justify adding the two observed
mutual informations without overestimating the correla-
tion present before measurement. Complementarity alone
does not guarantee this accounting, because it constrains
local predictability rather than whether two bipartite
tables encode the same shared classical variable. Local
unbiasedness says that an eigenstate of X is random in Z;
it does not say that correlations between two parties in
the X table and in the Z table originate from independent
degrees of freedom.

This distinction also separates CQC from standard
information-exclusion relations. Those relations limit
how strongly a single memory can be correlated with the
outcomes of incompatible measurements [3-6]. In Eq. (1),
by contrast, the memories are the outcomes of different
measurements on the other quantum system. The X

and Z terms therefore involve two differently dephased
states, and neither a one-sided exclusion bound nor data
processing alone compares their sum with the undephased
QMI. A proof must retain quantum side information long
enough to determine how much correlation each classical
readout has discarded.

The CQC relation was proved for pure states and several
structured mixed-state families [7]. Extensive numerical
searches, including fixed-purity studies of two-qubit states,
found no violation [7, 8], and a recent sufficient condition
covers additional states [9]. The dimension dependence
is nevertheless decisive. Companion work gives explicit
counterexamples in every local dimension d > 3, where
complementary readouts can count the same classical
label more than once [10]. That construction loses its
overcounting mechanism at d = 2. The qubit case there-
fore tests whether binary quantum geometry supplies a
protection that complementarity lacks in general.

Here we establish Eq. (1) for every two-qubit density
operator, without assumptions on rank, marginals, sym-
metry, or separability. The physical origin is visible in the
Bloch ball, where a qubit state is described by three real
coordinates and its entropy depends only on the Bloch
radius. We show that the curvature of this binary entropy
forces information missed by one readout to account for at
least half of the information visible in the complementary
readout. Applying this tradeoff in opposite directions on
the two parties accounts for the full crossed correlation,
and data processing under local dephasing completes the
correlation budget. This dimension-specific mechanism
yields both a sharp conceptual boundary and practical
two-setting certificates.

Full algebraic details, the boundary argument, opera-
tional corollaries, and a proof-dependency audit are pro-
vided in the Supplemental Material [11].

Qubit half-information exclusion.— Let C be a finite
classical label encoded in an arbitrary ensemble {p., p.} of
qubit states. The Holevo information x(C:Q) quantifies
the information carried by the ensemble and bounds the
classical information accessible by measurement [12]. For
complementary Pauli measurements X and Z,

X(C:Q) —1(C:X) > =1(C: Z). 2)
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The label set and ranks of the conditional states are
unrestricted. Equation (2) states that the ensemble in-
formation not recovered by the X readout must account
for at least half of the label information visible in the Z
readout.

The state-dependent right-hand side is essential. Con-
ventional exclusion bounds compare several readouts
with a dimension-dependent ceiling. Here the quantity
X(C:Q) —I(C:X) is instead the information retained by
the quantum carrier but lost when it is converted into the
designated classical X register. Equation (2) says that
this loss is large enough to pay half the correlation of the
complementary readout. The asymmetric form will allow
the same crossed outcome table to be paid for once from
each party.

Write a qubit state as a Bloch vector v = (z,y, z) with
r = |v|, and define
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If o =) _pcv., direct expansion gives
X —1(C:X) = 31(C:2) = g(@) = > _peg(ve).  (4)

Thus Eq. (2) is precisely Jensen’s inequality if g is concave
on the Bloch ball.

Replace the base-2 entropy by its natural-logarithm
version while differentiating; this multiplies g and its
Hessian by the common positive factor In 2 and therefore
does not change semidefinite signs. At an interior point
set

arctanh r 1 v
A= —— - i
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Then
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The matrix R is the full radial curvature of the qubit
entropy, whereas D returns the coordinate curvatures con-
tributed by the two measured binary distributions. Thus
concavity is reduced to showing that the radial quantum
curvature dominates these two classical directions. Let
U = (e, e,) and let Dy contain the two nonzero diago-
nal entries of D. Since R, D> > 0, a Schur complement
reduces R —UDyUT = 0to Q = D' —UTR™'U » 0.
With X =22, Y =¢?, Z =22, and
1 —r/arctanhr 1
BN

the reduced matrix is

(Y +2) (1—=90)az
Q_<(1—5)xz 1—Z+5(X+Y)>' (8)

The scalar series
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implies 6 > 1/3. Both diagonal entries of () are nonnega-
tive, and its determinant has the exact decomposition

detQ = Z[5(1 — Z) + (20 — 1) X]
+Y[6(1 - Z) 4+ 6*r?). (10)

For § > 1/2 every term is nonnegative. If 1/3 < § <
1/2, then X < 1 — Z and the first bracket is at least
(36 —1)(1 — Z) > 0. Hence Q = 0 and —VZ2g = 0.
Continuity extends concavity to the closed Bloch ball, so
Eq. (4) proves Eq. (2). Exchanging X and Z gives its
axis-swapped form.

All two-qubit states.— Apply Eq. (2) first to Bob’s
ensemble conditioned on Alice’s X outcome and then,
with the axes exchanged, to Alice’s ensemble conditioned
on Bob’s Z outcome:

X(Xa:B)—1(X4:Xp) > %I(XA:ZB)7
X(ZB:A)—I(ZA:ZB)E%I(XA:ZB). (11)

Adding the two bounds therefore supplies the full crossed
correlation. The orientation is essential: the first inequal-
ity preserves Bob as a quantum memory, whereas the
second preserves Alice, so both deficits contain the same
crossed table.

Let £4 completely dephase (pinch) subsystem A in the
X basis, and let £ do the same on subsystem B in the
Z basis. Relative-entropy data processing [13] gives

I(A:B)4+1(X4:Zp) > x(Xa:B)+ x(Zp:A). (12)

The two Holevo quantities are the QMI values after one
local dephasing, and I(X 4 : Zp) is the QMI after both;
Eq. (12) orders the two correlation losses by data process-
ing. Indeed,

I(p) —L(€ap) = D(pll€ap) — D(pall€apa),  (13)

and applying £ to the first relative entropy yields
Eq. (12).

For compactness put Ix = I(X4:Xp), Iz =1(Z4:Zp),
Ixz =1(Xa:ZB), xx = x(Xa:B), and xz = x(Zp: A).
Adding Eqgs. (11) and (12) gives the exact decomposition

I(A:B) —Ix — Iz = [[(A:B) + Ixz — Xx — Xz]
+[(xx = Ix) + (xz — Iz)
—Ixz]>0. (14)

Every bracket is separately nonnegative. Any qubit MUB
pair is unitarily equivalent to Pauli X, Z, independently
on the two parties. Singular states follow by continuity.
This proves Eq. (1) for every two-qubit density opera-
tor. The two brackets also reveal the division of labor



in the proof: the first is an ordinary data-processing
deficit, while the second is the genuinely qubit-specific
information-exclusion deficit. The bound is tight in phys-
ically distinct regimes. A perfectly correlated classi-
cal bit has (Ix,Iz,I) = (1,0,1) after choosing its en-
coding basis, whereas a maximally entangled pair has
(Ix,Iz,1)=(1,1,2).

Why qubits are special.— The proof exposes why the
dimension boundary is sharp. A qubit density operator
has only two eigenvalues, fixed by a single Bloch radius.
This binary spectrum gives the entropy the curvature en-
coded by § > 1/3, forcing the half-information tradeoff in
Eq. (2). The coefficient one half is precisely sufficient: the
two orientations in Eq. (11) sum to the full crossed classi-
cal correlation, while Eq. (12) accounts for the remaining
quantum information. In higher dimensions a density
operator has more than two eigenvalues; its entropy is
therefore not controlled by a single radial coordinate.
There is no analogous binary-curvature constraint, and
mutually unbiased bases can reveal the same encoded
label in more than one setting. The higher-dimensional
counterexamples are therefore not exceptions to a generic
complementarity principle; together with the present the-
orem, they show that the principle itself is specific to
binary quantum geometry [10].

Physical implications.— This mechanism has direct
operational consequences for estimating correlations from
limited measurements. Define the experimentally accessi-
ble score

Sxz :ZI(XAZXB)+I(ZAZZB) (15)

from two 2 x 2 outcome distributions. The theorem gives
the state-independent lower bound I(A: B) > Sxz for
arbitrary two-qubit sources. It therefore replaces full
state reconstruction by two correlation tables whenever a
lower bound, rather than the exact QMI, is the relevant
quantity. No purity, Bell-diagonal structure, or source-
noise model is required for this deterministic statement.
Because QMI is a relative entropy and an asymptotic
correlation-erasure cost, the same score also certifies that
at least Sxz bits per copy of total correlation must be
erased to decorrelate the state in that operational setting
[1].

The same score quantifies distillable entanglement. The
coherent informations I(A)B) = I(A : B) — S(A4) and
I(B)A) are each at least Sxz — 1, because qubit entropies
do not exceed one bit. By the hashing inequality, positive
coherent information is an achievable asymptotic one-way
entanglement-distillation rate [14]. Hence

Daop,Dpa > max{0,Sxz — 1}, (16)

where D is measured in ebits per copy under one-way local
operations and classical communication. Thus Sxz > 1
certifies distillability in either direction. The bound is
tight for maximally entangled states but is not necessary

for distillability. Since distilled ebits can be measured
to produce secret bits, the same rate is also an achiev-
able lower bound for one-way secret-key generation after
entanglement distillation.

There is a parallel channel interpretation. Let wgp =
(idg ® N)(®ra) be the normalized Choi state of a qubit-
input, qubit-output channel N. Its reference marginal
is maximally mixed, so the coherent information of the
maximally mixed channel input obeys I.(1/2,N') = I(R:
B),, — 1. Applying CQC to two complementary mea-
surements on R and B, followed by the quantum coding
theorem [15], gives

Q(N) > max{0,Sxz(w) — 1}. (17)

Thus paired measurements on transmitted Bell pairs can
certify a nonzero asymptotic quantum communication
rate without reconstructing the channel. The statement
is a lower bound from one chosen channel input, not a
formula for the generally regularized capacity.

The theorem also places the two-setting data within the
framework of entropic uncertainty. Correlation with Bob
reduces Alice’s outcome uncertainty by the corresponding
classical mutual information. Combining Eq. (1) with the
state-dependent qubit relation H(X 4)+H(Z4) > 1+S(A)
gives

H(Xa|Xp)+ H(Za|Zp) > 1+ S(A|B).  (18)

Applying the same single-system bound on both parties
also yields

H(XaAXp)+ H(ZaZp) > 2+ S(AB). (19)

These familiar state-dependent uncertainty bounds [6, 16]
acquire a common interpretation here: the reduction of
uncertainty across two incompatible readouts cannot ex-
ceed the total correlation resource in the premeasurement
state. Their left-hand sides are obtained from the same
paired outcome tables used in Sxz.

These operational statements have an essential scope.
They assume trusted two-dimensional local Hilbert spaces
and calibrated mutually unbiased projective measure-
ments. They are not device-independent: leakage into
higher levels can restore the correlation overcounting
found for d > 3. Finite-sample confidence intervals and
measurement uncertainty are likewise experimental layers
beyond the deterministic inequality. This boundary is also
informative, because it identifies Hilbert-space dimension,
rather than basis overlap alone, as the physical resource
protecting the correlation budget.

Broader implications and outlook.— At the level of
entropy inequalities, the result is not another application
of strong subadditivity alone. Data processing supplies
Eq. (12), but it cannot control the second bracket of
Eq. (14). The missing ingredient is the concavity of
the qubit function g, equivalently the state-dependent



half-information exclusion inequality for arbitrary qubit
ensembles. CQC is obtained only after two copies of this
one-system entropy theorem are oriented so that their
deficits share the same crossed classical mutual informa-
tion. This factorization isolates a reusable strategy: first
identify information lost to a local readout, then use state-
space curvature to charge a complementary correlation
against that loss, and finally join the local statements by
data processing.

The dimensional boundary changes how complementar-
ity should be used in quantum-information certification.
The qubit theorem turns the intuition that complemen-
tary observables are independent probes into a rigorous
correlation budget. Higher-dimensional counterexamples
reveal the missing premise: measurement incompatibility
alone does not prevent two settings from reporting the
same shared variable. Combining their evidence therefore
requires either a dimension-specific exclusion bound or
an explicit correction for redundant correlations.

The proof suggests a route to other low-dimensional
inequalities: quantify ensemble information inaccessible to
each local readout, then join oppositely oriented bounds
by data processing. Here the factor one half is exactly
what closes the two orientations. Which state spaces
and measurement families admit analogous closure is a
concrete question beyond CQC. Natural tests include
nonorthogonal qubit measurement axes, generalized qubit
measurements, and Rényi or one-shot entropies relevant to
finite-blocklength protocols. None follows automatically
from the von Neumann-entropy Hessian used here.

Experimentally, the immediate target is a robust bound
for approximate qubits and imperfectly unbiased mea-
surements, converting leakage, misalignment, and finite-
sample uncertainty into corrections to Sxz. In larger
dimensions, the task is not to restore the false original
relation, but to identify dimension-dependent budgets
that remain operationally measurable.

Subsequent work by Qian [17] extends separable coun-
terexamples to unequal local dimensions, including qubit—
qudit systems, and derives a state-dependent corrected
inequality. These higher-dimensional failures leave the
universal two-qubit theorem intact and clarify its scope:
having a qubit on only one side is insufficient for the
guarantee proved here.

Conclusion.— We have proved the CQC relation for
every two-qubit state and identified the protecting mech-
anism as binary-entropy curvature joined with data pro-
cessing. Together with the higher-dimensional counterex-
amples, this establishes a sharp boundary between binary
and multilevel correlation accounting. Within a trusted
qubit model, two complementary outcome tables there-
fore provide a tomography-free lower bound on total cor-
relation, quantitative one-way distillation rates, and a
capacity witness for qubit channels. The broader lesson is
that complementarity alone does not make measurement
records nonredundant; that property must be established

from the geometry and dimension of the underlying quan-
tum state space.
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