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Complementary measurements can count the same classical information twice. We construct
rank-two classical-classical states that violate the complementary-quantum correlation conjecture in
every equal local dimension d ≥ 3. A distinct two-branch source violates its complete-basis extension
with an unbounded overrun along prime dimensions. The constructions also give false positives
for specific quantum-correlation, steering, and conditional-probability criteria. A shared-bit source
provides a simple null test for multibasis resource certification.

Introduction.—

Measuring a quantum system in one way can erase
what was predictable in another. The extreme case is a
pair of mutually unbiased bases (MUBs): a state with a
certain outcome in one basis gives every outcome with
equal probability in the other. This familiar expression of
complementarity suggests a simple intuition: a classical
source may coordinate Alice and Bob in one measurement
basis, but should lose that coordination when both switch
to a complementary basis. Correlations observed in both
bases are then taken as evidence of a genuinely quantum
shared resource. The complementary-quantum correla-
tion (CQC) conjecture turns exactly this intuition into
an additive information budget: correlations accessible in
two MUBs are proposed to share a single budget set by
the state’s quantum mutual information (QMI) [1]. The
same intuition appears in several concrete proposals: the
extended CQC (ECQC) conjecture for complete MUB
sets [2]; a criterion that sums matched conditional proba-
bilities in complementary bases to detect entanglement
[3]; and a claim that residual complementary-basis corre-
lations certify one-sided semi-device-independent (1SSDI)
steering [4]. It also motivates complementary-basis mea-
sures of quantum correlation and MUB entanglement
witnesses [5, 6]. Experimentally, such multibasis scores
are attractive because they can be estimated from a few lo-
cal measurement settings, offering low-overhead routes to
quantify correlations and certify entanglement or steering
without full state tomography.

This intuition is natural for qubits but becomes subtle
in higher dimensions. In the simplest qubit encoding, a
source maps the bit K to the two X-basis states. The
X measurement reads K exactly, while the mutually
unbiased Z measurement gives the same 50:50 distribution
for both states and erases it. For d ≥ 3, however, there are
many superpositions of |x1⟩, . . . , |xd−1⟩. Encode K = 0
in |x0⟩ and K = 1 in any such superposition. The binary
test X = 0 versus X ̸= 0 reads K perfectly, while different
choices for the K = 1 state can have different Z-basis
statistics. Choosing one whose Z distribution differs
from that of |x0⟩ lets Z retain partial information about
the same K. Any theoretical criterion or experimental

protocol that combines correlations from complementary
bases as evidence of a quantum resource must therefore
confront a common potential loophole: the same classical
information may be counted more than once.

To test this potential loophole, we propose a two-branch
classical null test. The test feeds a known classical control
state ρd into a protocol while leaving its measurements
and scoring rule unchanged. If ρd crosses a threshold
claimed to certify a quantum resource, the criterion has
a classical false positive. For every d ≥ 3, construct ρd as
follows. Let Z = {|j⟩} be the computational basis and
let X be its Fourier MUB:

|u⟩ = 1√
d

d−1∑
j=0

|j⟩, |v⟩ = |0⟩ − |1⟩√
2

,

ρd =
1

2
|u⟩⟨u|A ⊗ |v⟩⟨v|B +

1

2
|v⟩⟨v|A ⊗ |u⟩⟨u|B .

(1)

To prepare ρd, sample a fair bit K before choosing the
measurement setting. For K = 0, send |u⟩ to Alice and
|v⟩ to Bob; for K = 1, swap them. Thus ρd is an equal
mixture of two product preparations. Because |u⟩ and |v⟩
are orthogonal, it is classical-classical and its only shared
correlation is K. Moreover, |u⟩ = |x0⟩, so X distinguishes
the two preparations as x = 0 versus x ̸= 0. Their Z-
basis distributions also differ, allowing both bases to carry
information about the same K.
Applied without modification, this null source dis-

proves CQC for every d ≥ 3. A distinct rank-two
classical–classical state, specified in the ECQC section,
disproves ECQC at d = 7 with an aggregate overrun that
grows without bound along prime dimensions [1, 2]. At
d = 3, the same source violates the prediction that a
complementary-basis quantum-correlation measure van-
ishes on classical–classical (CC) states [5], the claimed
implication from that measure to 1SSDI steering [4], and
a proposed separable conditional-probability interval [3];
a related full-rank d = 4 source also defeats the natu-
ral permutation-optimized repair of the latter. Beyond
these specific failures, the same low-cost source provides
a laboratory calibration: a threshold crossing in an other-
wise unchanged data pipeline directly diagnoses classical
overcounting. Passing this null test is necessary but not
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sufficient; a final certificate must still bound every classi-
cal or separable source and every processing step allowed
by its operational assumptions.

Two-Branch Classical Null Test.—
For a bipartite state ρAB , the quantum mutual informa-

tion (QMI) is I(A : B) = S(ρA)+S(ρB)−S(ρAB), where
S is the von Neumann entropy. By contrast, I(MA : MB)
denotes the ordinary Shannon mutual information be-
tween the classical outcomes when Alice and Bob mea-
sure a basis M . The states |u⟩ and |v⟩ in Eq. (1) are
orthogonal, so ρd is diagonal in a local product basis.
It is therefore a rank-two CC state: its correlation is a
pre-existing classical label, and the state is separable with
zero discord in both directions. The global state and
both marginals have nonzero spectrum (1/2, 1/2), giving
I(A : B) = 1 bit.

The loophole appears when correlations from different
settings are added. For each setting x, data processing
gives I(Ax : Bx) ≤ I(A : B) = 1, but it does not bound
the sum over x by one bit. Each setting is evaluated on
a fresh copy of ρd, and both parties may change their
readout with x. For our source, different MUB settings
recover the same K, so their sum counts one classical bit
more than once.

No quantum information is cloned, and MUB geometry
remains intact. Mutual unbiasedness fixes the exact out-
come distribution obtained by measuring a basis state in
the other basis; it does not prevent different settings from
grouping their outcomes so as to reveal the same classi-
cal variable. Multibasis correlations in nonproduct and
zero-discord states were known [7, 8]; ρd shows that this
redundancy can cross proposed quantum thresholds. Nor
does the construction contradict information-exclusion
bounds proved with one party’s measurement fixed [9]:
CQC and ECQC allow both parties to change their read-
out with the setting.

Counterexample to CQC.—
Let Z = {|j⟩} be the computational basis and X =

{|xk⟩} its Fourier MUB, |xk⟩ = d−1/2
∑

j e
2πijk/d|j⟩. The

CQC conjecture asserts [1]

I(ZA : ZB) + I(XA : XB) ≤ I(A : B). (2)

It was proved for pure states, states with one maximally
mixed subsystem, and all states when one measurement
is minimally disturbing; extensive Monte Carlo searches
found no violation [1]. Later work derived a sufficient
condition covering additional states and proposed an ex-
tension to complete MUB families in prime dimensions
[2].
Apply the null source in Eq. (1). In the X basis,

|u⟩ = |x0⟩ always gives outcome 0, whereas |v⟩ never
does. Thus the binary question “zero or nonzero?” iden-
tifies K perfectly at either party, and I(XA : XB) = 1 bit.
In the Z basis the outcome laws of |u⟩ and |v⟩ are

p = (1/d, . . . , 1/d), q = (1/2, 1/2, 0, . . . , 0), (3)

so that

PZ(j, k) =
1
2 [pjqk + qjpk]. (4)

This distribution is nonproduct for every d ≥ 3, and its
mutual information is

gd =
2

d
log2

8d

(d+ 2)2
+

d− 2

d
log2

2d

d+ 2
> 0. (5)

The quantity gd is the residual Z-basis correlation gen-
erated by the same bit K already read perfectly in
X; it is not a second shared variable. Consequently,
I(XA : XB) + I(ZA : ZB) = 1 + gd > 1 = I(A : B), dis-
proving CQC for every d ≥ 3. For qutrits the measured
sum is

1 +
1

3
log2

3456

3125
= 1.0484156759 . . . bits. (6)

The violation is strict and therefore survives sufficiently
weak white noise, giving full-rank separable counterexam-
ples.
Counterexample to ECQC.—
The complete-basis extension asks whether using all

available complementarity restores an additive informa-
tion budget. For a complete set M of d+1 MUBs in prime
dimension, ECQC sums the d least-correlated bases—or,
equivalently, discards one largest term—and asserts [2]

min
S⊂M
|S|=d

∑
M∈S

I(MA : MB) ≤ I(A : B). (7)

For an odd prime d, let Fd denote integers modulo d.
Take M∞ = Z and, for each a ∈ Fd, define the quadratic
basis Ma = {|a, b⟩ : b ∈ Fd} by

|a, b⟩ = 1√
d

d−1∑
j=0

e2πi(aj
2+bj)/d|j⟩, a, b ∈ Fd. (8)

These d+ 1 bases form a complete MUB set. For ECQC,
use instead

|uE
d ⟩ =

|0⟩+ |1⟩√
2

, |vEd ⟩ =
|0⟩ − |1⟩√

2
, (9)

and let ρEd be the equal swapped product mixture obtained
from Eq. (1) by replacing |u⟩, |v⟩ with |uE

d ⟩, |vEd ⟩. This
is again a rank-two CC state with I(A : B) = 1. The
computational basis gives the same outcome law for |uE

d ⟩
and |vEd ⟩, hence IM∞ = 0. In every quadratic MUB their
laws are, up to a common cyclic relabeling,

pj =
1 + cj

d
, qj =

1− cj
d

, cj = cos
2πj

d
. (10)

Their swapped branches give

P
(d)
jk =

1− cjck
d2

, Jd := I(P (d)). (11)
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Thus the d+ 1 scores are {0, Jd, . . . , Jd}. ECQC retains
the zero term and d−1 copies of Jd, giving Ed = (d−1)Jd.
At d = 7,

J7 = 0.2079841266 . . . ,

E7 = 1.2479047596 . . . > I(A : B) = 1.
(12)

Supplemental Material [10] supplies the full derivations,
exact tables, robustness constructions, and independent
executable checks. In particular, Jd approaches a strictly
positive integral along odd primes. Hence d− 1 retained
quadratic bases each contribute an incomplete reading
of the same branch bit, and Ed grows linearly along
prime dimensions although the state contains only one
bit of QMI. Complete MUB symmetry therefore amplifies
redundant readouts into an unbounded aggregate overrun.

Certification Failures and Scope.—
Quantum-correlation measure.— The same qutrit state

tests more than a QMI conjecture. The Holevo correla-
tion upper-bounds how much information Bob can obtain
about Alice’s measurement result from his conditional
quantum states. The measure Q→

2 maximizes this correla-
tion over Alice’s basis and then over a MUB, interpreting
the residual as “genuine quantum” correlation [5]. The
proposal predicts Q→

2 = 0 for classical–quantum (CQ)
states, which include CC states. In Eq. (1), measuring
Alice in X prepares orthogonal branch states for Bob and
achieves the one-bit optimum. Yet the MUB Z gives

Q→
2 ≥ 0.1908745046 . . . > 0 (13)

on a CC state, directly violating that null property.
1SSDI steering.— Here steering asks whether the ob-

served data can be explained by a bounded hidden vari-
able on one side and pre-existing local quantum states
on the other. Such an explanation is a local hidden-
variable/local-hidden-state (LHV–LHS) model. A later
work claimed universally that Q→

2 > 0 demonstrates two-
setting 1SSDI steering [4]. Here the two product branches
in Eq. (1) are already an explicit two-valued LHV–LHS
model, and its hidden-variable dimension 2 obeys the
stipulated 2 ≤ dA = 3. The state is therefore unsteerable
in the stated model despite Eq. (13).

Conditional-probability entanglement score.— For a ba-
sis M , let ai and bi denote Alice’s and Bob’s outcomes as-
signed the same label i. The score SM =

∑
i p(ai|bi) sums

the probabilities that Alice obtains the paired outcome
ai conditioned on Bob obtaining bi. It was conjectured
that separable states obey 1 ≤ SX +SZ ≤ d+1 [3]. With
the fixed same-index pairing used in that definition, the
qutrit tables of Eq. (1) give SX + SZ = 0.8. The original
work noted that the pairing is arbitrary but did not op-
timize it. Even the natural repair that maximizes over
a separate outcome permutation in each setting fails at
the upper end: an explicit full-rank separable d = 4 state
gives 5.0710794 . . . > 5. The constructions and exhaustive
assignment check are given in Sec. S4 of the Supplemental
Material.

Scope.— The following claims fail: the universal CQC
and ECQC bounds, the claimed CQ/CC-null property
of Q→

2 , its universal bridge to 1SSDI steering, and the
conjectured conditional-probability interval. Where such
a statement was a theorem or certification implication,
the counterexample shows that its conclusion cannot hold
universally. Entropic-uncertainty relations, the indepen-
dently proved mutual-information entanglement criterion
of Ref. [3], and other MUB witnesses with independent
separable bounds [6, 11] remain intact. Nor is this a
generic attack on QKD, device-independent security, or
finite-key analysis; a cryptographic consequence requires
its specified source, side-information, and adversary as-
sumptions. Practically, the two-branch CC source can
calibrate an unchanged protocol before quantum, steer-
ing, or cryptographic meaning is assigned to its score.
Failure exposes a classical false positive; passing is only a
necessary check, not a complete resource proof.
Discussion.—
Complementarity constrains fine-grained questions

asked of one quantum system, but it does not stop sepa-
rate experiments from rereading a classical common cause.
This distinction is invisible in basis overlaps yet decisive
for additive scores. Our null test makes it operational:
multisetting certification should first survive the same
classical source across its entire pipeline. A complete
resource claim must then bound all allowed classical or
separable sources; MUB geometry alone does not supply
a common information budget.

The dimensional boundary is informative. For a qubit,
the subspace orthogonal to |x0⟩ is spanned by |x1⟩, which
has the same uniform Z statistics as |x0⟩. Our source
therefore saturates rather than violates CQC at d = 2.
Earlier numerical studies found no two-qubit counterex-
ample [1], including subsequent tests based on sampling
density matrices at fixed purity [12]. These results pro-
vided numerical evidence, but did not establish universal
validity.

In subsequent companion work, we proved the CQC
inequality for every two-qubit state and every pair of
mutually unbiased local bases on each subsystem, without
restrictions on rank, marginals, or separability [13]. That
proof combines a qubit information-exclusion tradeoff
with data processing under local dephasing. Together
with the explicit counterexamples constructed here for
every d ≥ 3, it establishes a sharp dimensional boundary
for the universal CQC inequality on Cd ⊗Cd: it holds for
all states at d = 2, whereas counterexamples exist in every
dimension d ≥ 3. The two works therefore resolve the
two-basis CQC question across equal local dimensions; the
ECQC and certification counterexamples remain separate
conclusions of the present work.

Subsequent work by Qian [14] gives different rank-two
separable families covering unequal dimensions m × n
with m,n ≥ 3, as well as qubit–qudit counterexamples
and a state-dependent corrected inequality. Those re-
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sults extend the dimensional scope of CQC failure. The
present Letter instead isolates a classical null-test mech-
anism and its separate ECQC and resource-certification
consequences; the equal-dimension boundary does not
classify arbitrary unequal local dimensions.
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