Flux-Enhanced Entanglement with an Unchanged Zero-Magnetization Spectrum in a
Motzkin Ring
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Threading a flux through a ring often shifts its energy levels. In the N-site spin-one Motzkin
ring, a boundary flux leaves the entire zero-magnetization spectrum unchanged, yet increases the
ground-state entanglement by giving each spin path a phase set by its lowest height. For equal halves
and fixed nontrivial flux, the excess von Neumann entropy tends to 1.581 nats, while the excess
logarithmic negativity grows as 2loglog N + O(1). The limiting Schmidt weights come in pairs, so
local operations that conserve each half’s magnetization extract a Bell pair with fidelity approaching

one.

Introduction.— Threading a flux ® through a ring is
the standard probe of how a many-body ground state
responds to a phase accumulated around it. The energy
response defines the stiffness and Drude weight [1, 2],
and twisted boundary conditions constrain which ground
states can be unique and gapped [3]. Flux insertion also
leaves fingerprints in the entanglement spectrum, such as
the quantized charge pumped across a cut in topological
phases [4]. Energy and entanglement need not respond
together, however. A unitary acting across a cut preserves
every energy level but can change entanglement [5], and
sign or phase structure can change entanglement at fixed
configuration probabilities [6, 7]. Can a physical boundary
flux, which modifies a single bond, entangle a ground state
while leaving every energy of its symmetry sector exactly
unchanged?

The spin-one Motzkin chain [8] makes this question
exactly solvable. Its local moves conserve magnetiza-
tion, so the ground state is a superposition of spin paths
whose entanglement and correlations can be counted [9-
11]. On the unit-weight ring, the 2N + 1 equal-weight
sector ground states were described in Ref. [12], and Ap-
pendix D of Ref. [13] proved that they exhaust the ground
space, settling a conjecture of Ref. [14]. Area deformations
change the path probabilities [15, 16]; a boundary phase
instead leaves every probability unchanged. Appendix A
compares it with other Motzkin and XXZ deformations.

In this letter, we show that a boundary flux strictly
increases the entanglement of the zero-magnetization, or
neutral, Motzkin ground state while leaving the entire
neutral spectrum unchanged. The flux attaches to each
spin path a phase set by its lowest height [Fig. 1]. Because
this minimum depends on the whole configuration, the
phase couples the two sides of a cut, although a diagonal
unitary that preserves every neutral energy removes it
exactly. For equal halves at fixed nontrivial flux, the ex-
tra von Neumann entropy tends to the flux-independent
constant C7 ~ 1.581, whereas the extra logarithmic nega-
tivity grows without bound. The limiting Schmidt weights
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FIG. 1. How the flux couples the two halves. (a) A ring
of N = 12 spin-one sites threaded by a flux ®; up arrows, open
circles, and down arrows denote u, 0, and d. The dashed line
marks a contiguous cut into regions A and B. (b) Height profile
h; of the neutral configuration in (a). The path dips to depth
ain A and b in B, and its global minimum Amin = — max(a, b)
fixes the amplitude phase e~"®"min of Eq. (5). Because the
minimum can lie on either side of the cut, the phase entangles A
and B, whereas every zero-magnetization energy is unchanged.
The schematic was drawn with generative-Al assistance.

occur in degenerate pairs, so local operations that con-
serve each region’s magnetization extract a logical Bell
pair with fidelity approaching one.

Controlled comparisons show what sustains and what
removes this effect. The entropy offset and the Bell extrac-
tion survive short-range occupation correlations, whereas
a uniform neutral gap suppresses the von Neumann re-
sponse. Adding a reverse pair conversion leaves every
zero-flux ground state unchanged but restores a neutral
energy response: the missing energy response is a property
of the allowed local processes, not of the ground state.

Complex-weight Motzkin ring.— On a ring of N > 2
spin-one sites, let {|u), |0}, |d)} carry charges +1,0,—1.
On ordered bond (4,44 1), with indices modulo N, choose
z; € C\ {0} and define
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FIG. 2. The neutral entanglement responds to flux while the neutral spectrum stays fixed. (a) Exact Schmidt

probabilities of the neutral ground state of a four-site ring cut into halves of two sites.

The two ¢ = 0 probabilities are

(9 £ v49 + 32cos @) /38; each ¢ = £1 block has probability 4/19 and each ¢ = 2 block 1/19. The lower ¢ = 0 probability,
absent at zero flux, turns on continuously. (b) Exact Schmidt rank for contiguous cuts with shorter-side length k, valid for every
ring length: (k + 1)(k + 2)/2 at any nontrivial flux (filled circles) and 2k + 1 at zero flux (open circles). All curves and markers

are exact analytic evaluations.

The periodic projector Hamiltonian and its bond holon-
omy are

N
Every projector has unit coefficient, which sets the energy
unit, and every local term conserves the total magneti-
zation M. For unit-modulus bonds we write z; = €%
and call ® = ). ¢; (mod 2m) the total boundary flux;
onsite spin rotations redistribute the individual phases
without changing any entanglement. For every flux the
neutral sector M = 0 contains exactly one zero-energy
state. A nontrivial flux removes all nonextreme charged
zero modes, leaving this neutral state and the two polar-
ized product states, and the charged spectra shift with
flux; the complete complex-bond classification and its
winding argument are given in Appendix A.

Neutral spectrum without phase response.— Write
H](\?)(z) for the restriction to M = 0 and z; = r;e'®
with r; > 0. For a neutral spin configuration x, with
z; € {1,0,—1}, define the heights h; = >7_, z; (ho =
hy = 0), their minimum Ay, = ming<;j<n h;, and the
cyclic area Acyc(z) = Z;V 1 hj — Nhmin. Bach forward
move u0 — Ou, 0d — dO, or ud — 00 lowers Acy. by
exactly one, also on the wrapping bond. Choose real
phase lifts ¢;, set 6 = >, ¢;/N, and choose periodic ;
with ; — Bi+1 = ¢; — 0. The diagonal unitary

)+i ZZ Bizi ) (3)

obeys Uy, [Uyy = e'® for every allowed move x — y on
bond i. The diagonal entries of each projector depend

u|£lf> _ eieAcyC (:E

only on r;, and its source-target entry is —z;/(1 + r?).
Hence, term by term,

HY(2)

The whole neutral spectrum, not only its ground state, is
independent of the bond phases. Because hy,;, depends
on the entire configuration, & need not factorize across
a spatial cut, so equal energies need not imply equal en-
tanglement. The identity survives arbitrary nonnegative
coefficients on the individual projectors and any poten-
tial diagonal in the S* basis. Neutral thermal partition
functions and multitime correlations of S*-diagonal ob-
servables are therefore flux independent as well. Charged-
sector energies, in contrast, can respond to the flux.
Entanglement without spectral change.— Now take
|z;] = 1 and unit coefficients. An onsite gauge moves the
entire flux onto bond (N, 1) without changing Schmidt
probabilities, and the unique neutral zero mode becomes

Z —i‘bhmin(w)|x>’ (5)
v M(m

where T'(n,q) = [s9](s7! + 1 4 s)" counts unrestricted
walks. Consider a contiguous cut into 1 < L < N
and R = N — L sites, and let ¥ = min(L, R). Be-
sides the charge ¢ crossing the cut, the decomposition
must track how far each segment dips below its start-

=uHY (rut. (4)

Vo) =

ing height. If the first segment ends at height ¢ with
depth a = —minhy,, and b = —¢ — min hp for the sec-
ond, then hyi,(z) = —max(a,b) [Fig. 1(b)]. The re-

flection principle counts the words of fixed charge and
depth, ¢,(q,a) = T(n,q + 2a) — T(n,q + 2a + 2) for



max(0,—q) < a < |(n—q)/2]. Normalized equal-weight
sums of these words form orthonormal bases, in which
the coefficient matrices are

c a)c b) .,

Kq(a, b) _ L(L?Z:(J)Vﬁ)()q? )ez‘b max(a,b) (6)
Their squared singular values are the complete Schmidt
probabilities. At zero flux every charge block has rank one.
At nontrivial flux, words with different depths acquire
relative phases, and a nonvanishing phase minor shows
that every block attains its maximal rank, for every cut
and every ® ¢ 27Z, including roots of unity. Summing
over q gives

2k +1,
XY (k4 1)k +2)/2,

® c 277,

O ¢ 2717. Q
The rank alone does not fix how the entropy grows.
The block weights p, = T'(L,¢)T(R, ¢q)/T(N,0) do not
depend on flux; the flux only splits p, into pyry ;, with
rq a probability vector. The zero-flux Schmidt vector
therefore majorizes the flux-dependent one, and every
Rényi entropy S, = (1 — a)~!logTr p%, with natural
logarithms and its von Neumann limit, obeys

Sa(®) > S4(0),

O<a<oo, k>2 @¢2nZ. ®)
Strictness comes from the ¢ = 0 block, which is mixed
for k > 2; for k = 1 every block keeps rank one and
the Schmidt spectrum is unchanged. Operationally, a
measurement of the subsystem magnetization has flux-
independent outcome probabilities, but at nontrivial flux
the postmeasurement state with ¢ = 0 is entangled when-
ever k > 2. Appendix D gives the proofs, including
negative charges and unequal cuts.
The smallest example is a four-site ring with L = R = 2,
whose purity is

99 + 16 cos ®

Trp? =
tha 361

(9)
It varies continuously with flux, following the Schmidt-
weight splitting in Fig. 2(a), although every neutral energy
stays fixed.

Thermodynamic excess entanglement.— Does the
quadratic Schmidt rank change the leading growth of
the von Neumann entropy? It does not. With normal-
ized blocks K, = K,/\/pq and 0, = KqK;f, the excess
is AS; = 51(®) — S1(0) = X, pgS(og). In the decompo-
sition of entanglement into number and configurational,
or symmetry-resolved, parts [17-19], the flux changes
only the configurational part; the number entanglement
-3 4 Pqlogpg is flux independent. The ordered condi-
tional probabilities obey the size-independent envelope
Aj <128/ 42, which stays summable after multiplication

by the logarithm entering the von Neumann entropy. The
extra entropy is therefore bounded uniformly in size, flux,
and cut; a low-rank approximation of the coefficient kernel
proves this bound (Appendix G).

For equal halves, N = 2n and L = R = n, the excess
approaches the same constant at every fixed nontrivial
flux. The limiting conditional spectrum consists of two
copies of b; = 4/[r?(2j — 1)?], so that

ASy — Cy =2 b;logh; ~ 1.581,
j=1
Tr pa(®)? 1
ASy —> log3, Trf;:((o; — 2. (10)
The full entropy is S1(®) = 1log N + 1log(me/3) + Cy +
o(1): the flux changes the constant, not the coefficient of
the logarithm.

The doubling has a simple origin: the lowest point of
the path lies either in A or in B. Expressed through its
cumulative probability, the depth turns these two cases
into upper- and lower-triangular integration kernels. At
fixed nontrivial flux their relative phase oscillates ever
faster as the typical depth grows as v/N, so the two
branches become orthogonal; each has spectrum b; and
carries half the weight. This limit requires control of the
small Schmidt weights, not only of the largest ones. The
same construction gives a bounded continuous crossover
AS; — F(k) when ®v/n — £, with F(0) = 0 and F(k) —
C as |k| = 00, so the zero-flux and thermodynamic limits
do not commute. Appendix G proves these statements,
expresses F through an explicit continuum operator, and
derives the offset for every Rényi order a > 1/2. The
offsets refer to balanced cuts; the entropy bound holds
for every contiguous cut.

Below o = 1/2 the small weights dominate. At fixed
nontrivial flux and equal halves, we find the sharp growth
laws

1-2a

2loglog N + O(1), a=1,

Q

< i
AS, = 27 (11)

with remainders bounded at fixed o and ®. These laws
are governed by O(v/N) Schmidt weights. A tridiagonal
inverse of the depth-phase matrix [20] supplies the lower
bound, and Gaussian depth tails the matching upper
bound (Appendix G). For a pure bipartition the loga-
rithmic negativity is Ex = log [|(|¥s)(¥s])" |1 = S1/2
[21], so its flux excess grows without bound while the von
Neumann excess stays finite. This statement concerns the
full pure-state bipartition, not two separated regions.
Extracting the additional entanglement.— Can this
phase response supply an entangled register pair with-
out moving magnetization across the cut? Operations
that conserve each region’s magnetization access only the
entanglement within charge sectors [22, 23], not the full
Schmidt spectrum [24]. Give each side a charge-neutral



logical qubit, order the conditional weights 7, ;, and map
consecutive Schmidt states locally onto logical 0 and 1
with a common residual state. Retaining every charge
outcome yields the Bell fidelity

1
FBell = 5 —+ qu Z VTq,2§—-1Tq,25 — 1. (12)

q jz1

The limit holds for equal halves at fixed nontrivial flux,
where the limiting conditional weights occur in equal
pairs; neither communication nor postselection is needed.
At zero flux the charge blocks are products, and any
such charge-preserving local protocol gives Fgey < 1/2.
Appendix H proves both statements and constructs a
logical-register Bell witness. The operations may act on
entire halves; we assume neither an efficient circuit nor
a fundamental superselection rule for spins. Unlike the
protected doublets of the Haldane chain [25], these pairs
emerge asymptotically from path depths.

Robustness and its limits.— The phase removal relies
on the allowed moves, not on the magnitudes of the ma-
trix elements. Assign positive onsite weights g;(s) and
choose, on each allowed pair s — ¢, the source-to-target
ratio 6Z¢ig¢(51)gi+1($2)/[gi (tl)gH_l(tg)]. This compatible
change of hopping and pair conversion gives neutral am-
plitudes [], gi(x;) times the same phase and preserves
the neutral phase conjugacy. Positive depth weights only
rescale the rows and columns of Eq. (6), so the ranks, the
strict entropy enhancement, and the uniform excess bound
survive at fixed weights. For uniform g;(u) = g;(d) = 1,
9i(0) = r > 0, the constants C; and log3 also survive;
only the entropy baseline and the crossover scale change
(Appendix I). No universal offset is established for arbi-
trary spatial profiles.

Short-range correlations leave the offset unchanged as
well. For a word z, put 7; = |z;| and assign probability
weight ww (z) =[], Wr,7.,,, with a fixed real symmetric
2 x 2 matrix W of strictly positive entries; the neutral
amplitudes are proportional to \/wy (z)e~*®Mmin(®)  For
N > 4 a four-site frustration-free parent follows from the
Rokhsar-Kivelson (RK) construction [26, 27], with local
ratios that now depend on the two neighboring spins. For
equal halves N = 2n and fixed ® ¢ 27Z,

ASw.o — Co, % < a < oo, (13)

where ASw o = So(Pw,e) — Sa(Pw,) and C, are the
constants of Appendix G. The weights change the walk
variance and add a finite boundary spectrum, which fac-
tors from the depth response and cancels in the entropy
difference (Appendix J). The limiting weights remain
paired, so Eq. (12) again tends to one, although the zero-
flux no-go does not extend to this family, in which a
charge block can already be entangled.

The offset is nevertheless not a consequence of neutral
isospectrality alone. A uniform neutral gap forces the von
Neumann flux response to vanish faster than any power

of N, and sufficiently strong positive single-ion anisotropy
produces such a gap while preserving the isospectrality;
the response at weak fixed anisotropy remains open (Ap-
pendix K). A finite offset thus requires gapless neutral
excitations, consistent with the O(N~5/2) gap bound of
the unperturbed ring [28].

Role of the local processes.— Is the absence of a neu-
tral energy response a property of the zero-flux ground
state or of the dynamics? In a uniform-flux gauge, add
€Y ;|G (G| with |G;) = (|du) —e'®/N|00))/+/2 and fixed
€ > 0. Every zero-flux ground vector, and hence its en-

tanglement, is unchanged. Yet the neutral ground-energy
)

0
curvature Ky = 8§>E1(V6

obey

(0) and the full zero-flux gap

Yn.e(0) = O(NT2).  (14)

The new du <> 00 step allows an ud <> du exchange
through 00 and lifts the kinetic constraint that kept the
neutral spectrum flux independent. Series-conductance
bounds give the curvature, and a comparison with un-
restricted exchanges bounds the gap (Appendix L). The
curvature refers to the neutral sector; the polarized states
keep the full ground energy at zero. Identical zero-flux
ground states therefore need not share their flux response.

A separate four-process gradient family [29] provides
the converse comparison. After a measurement of the
regional magnetization, the remaining average entangle-
ment is En = S(pa) —H(pg). At a tuned flat-state weight,
Een of the actual lowest neutral state vanishes at large
size, while the neutral energy curvature stays of order
N~1. This suppression survives bounded common bond
strengths; stability under arbitrary perturbations is not es-
tablished. Appendix A states the precise limits and rates,
including the distinct finite-size weak-flux coefficient.

Conclusion.— A boundary flux can entangle a many-
body ground state without shifting a single level of its
symmetry sector. In the Motzkin ring the flux attaches
to each spin path a phase set by its global minimum; this
phase is invisible to every neutral energy and to every
S*-diagonal thermal correlation, but not to entanglement.
For balanced cuts the excess von Neumann entropy sat-
urates at C; ~ 1.581, the excess logarithmic negativity
grows as 2loglog N, and the paired limiting Schmidt
weights yield a magnetization-conserving Bell pair. The
comparison models show that the allowed local processes,
rather than the zero-flux ground state, decide whether
the energy responds, and that a nonzero energy response
need not entail a conditional-entanglement response.

The specified compatible and correlated families pre-
serve the offset; a uniform neutral gap removes it. Sta-
bility under generic weak perturbations remains open.
Number-resolved entanglement measurements [19] and
proposed Rydberg realizations [30] suggest tests, but im-
plementing the boundary phase remains an open experi-
mental task.
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Appendix A: Further quantitative results and model comparisons

1. Amplitude transport and complete kernel classification

The following statements complete the complex-bond result used in the Letter. They retain the ordered-bond
convention of Egs. (1) and (2).
The conjugates in Eq. (1) make zero energy equivalent to the amplitude transport

a(--u0--) = za(--0u--),
a(---0d--+) = zal(---do---),
a(---ud--) = za(---00---). (S1)

Because every z; is nonzero, the allowed moves are independent of the specific bond values and coincide with the
unit-weight legal-move graph. Each fixed-magnetization sector is connected for every N > 2, as proved in Appendix D
of Ref. [13], and therefore supports at most one zero mode. Appendix B recalls the reduction to make the extension to
complex bonds self-contained.

The complete kernel is

ON +1, Z=1,

3, Z41. (52)

dimker Hy(z) = {

For Z # 1 the three survivors are the two polarized product states and one neutral parallel section. The key is a
winding obstruction. In a closed move sequence, let k; count signed traversals of the accepted orientation on bond
i. Charge-word closure forces all k; to equal one integer w, so the transported amplitude is Z*. Every nonextreme
charged sector contains an explicit winding-one loop. This excludes even nontrivial roots of unity when Z # 1. By
contrast, a cyclic-area potential shows that every closed neutral sequence has w = 0, so exactly one neutral state
always survives. If Z = 1, every loop is consistent and every sector contributes one state. The full construction,
including the two oppositely ordered bonds at NV = 2, is given in Appendix B.

For uniform positive z; = t, the 2N + 1 states occur only at ¢ = 1; a positive wrap defect s =t~V =1 restores Z = 1.
For |z;| = 1, write z; = €'® and define the gauge-invariant total flux ® = Y, ¢; (mod 27) [Fig. 3(a)].

2. Explicit size-independent entropy ceiling

The conditional eigenvalue envelope derived in Appendix G gives, for the unmodified unit-modulus model at every
size, flux and contiguous cut,

0 < AS; <log((2) +2log16 + 2. (S3)

3. Charged-sector spectra and one-sided gap bounds

Each one-flat sector M = £(N —1) is N-dimensional and invariant, with incidence determinant |1 — 2|2/ [T,(1+z|?).
An onsite gauge makes unit-modulus bond phases uniform, giving

P
Eq,i(q))zl—cos(%q]\?), ¢g=0,...,N -1 (S4)

Their eigenvalue multisets coincide despite opposite momentum shifts [Fig. 3(b)]. These twisted-cycle spectra [31, 32]
coexist with the many-body ground-sector selection.

Let An(®) be the smallest positive eigenvalue of the full Hamiltonian, and take the principal representative
o c [—7, 7]. The invariant blocks supply genuine full-system eigenvalues, giving

1 — cos(|®|/N) < ®2/(2N?),

1 — cos(27/N), (85)

==

An(®) < { 7 8j



At zero flux the charged ground level ¢ = 0 must first be removed. These bounds hold at fixed total flux, not fixed
per-bond phase [Fig. 3(c)], and are not the softest known large-ring ceiling. McCarthy et al. proved an O(N~%/2)
upper bound on the original periodic neutral gap [28]. Equation (4) carries that bound to every total flux, so also
An(®) < CN —5/2 with a flux-independent constant. This sharper bound uses a neutral excitation, not the one-flat
bands.

Let Ap, 1(®) be the lowest energy in sector M. An equal-weight untwisted state in the uniform-flux gauge gives, for

every nonzero principal flux and M = -N+1,...,-1,1,.... N —1
- P2

0<A P) < —. S6

< N,M( ) < AN (S6)

Thus at least 2N — 2 positive levels remain in this O(N~!) window, counting multiplicity. The one-flat pair obeys the
sharper O(N~2) bound.

4. Entanglement response in four-process comparison models

The following statements concern the actual lowest neutral states of the specified four-process gradient parents, not
the original three-process state or a trial-state entropy.

Entanglement also responds at the separate four-channel gradient point with hopping strengths one and both pair
conversions two [29], where the neutral energy does depend on flux. Measuring regional magnetization leaves average
entanglement &, = S(pa) — H(pg). For its actual neutral-sector ground and macroscopic contiguous cuts,

En(®) = —nn P log(®!) + On(®Y),  nvy=O(1). (S7)

For ax = I/N bounded away from zero and one, ny,; = a’ (1 — ax)?/576 + O(N~1/19); the half-ring limit is 1/36864.
One product of regional spin dipoles controls the leading entangling response (Appendix P). Here weak flux is taken
before large size. Separately, constants ¢, ®,, Ny > 0 independent of N give

En(P) > cd*log(1/|®]), N >Ny, 0<|®|<d,. (S8)

This lower bound also holds for (U, D, F, G) strengths (1+¢,1—¢,2,2) on a small N-independent interval |¢t| < ¢,. The
actual neutral ground retains charge-internal entanglement after charge conjugation is broken. In the same small-flux
regime, every nonsingleton fixed-M sector has spacing

Ey Nori(®) — Eo vt (@) = O(N72). (S9)

Subtracting a common energy shift controls the actual state uniformly; the charge-even dipole correlation changes only
at order ¢?> and bounds the conditional entanglement. Appendices N and O prove these statements. The gradient
relation is retained; generic four-channel rates remain outside this result.

The same gradient family allows a complementary separation. Divide the flat component in both unnormalized pair
vectors by w > 0, giving zero-flux probabilities proportional to w™. At w = 4, for any contiguous interval and the
actual lowest neutral state of energy E(®),

En(®) < CO'N"Plog(eN/|®]),  NE"(0) — 1. (S10)

The small-total-flux window is independent of N. For each fixed w # 4, macroscopic contiguous cuts instead retain a
positive @4 log(1/|®|) lower bound. Appendix Q controls the complete entropy tail; the zero-flux baseline itself does not
disappear (Fig. 4). The suppression at w = 4 also survives arbitrary bounded common bond strengths (Appendix R).

5. Anisotropy, related deformations and remaining questions

Beyond compatible frustration-free deformations, finite diagonal potentials retain strict integer-order Rényi enhance-
ment. A uniform neutral gap instead forces the von Neumann flux response to vanish at large N; sufficiently strong
positive single-ion anisotropy realizes this regime. At zero anisotropy, the magnitude of the neutral energy curvature
grows at least as N2, and the fidelity susceptibility at least as N3, throughout the fixed-r family with bounded positive
couplings. These lower bounds leave the entropy at weak fixed anisotropy undetermined (Appendix K).
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Existing Motzkin deformations mostly change the magnitudes of path amplitudes. Real area weights alter entangle-
ment and can change the gap [15, 16, 33, 34]. Rényi-index-dependent scaling and noncommuting entropy limits are
also known, both in colored open Motzkin chains [35, 36] and in number-conserving state constructions [37]. Negativity
between disjoint regions has also been calculated in untwisted Motzkin and Fredkin chains [38]. Unlike anisotropy
detuning near the XXZ ferromagnetic point [39], the boundary phase in our uncolored ring preserves all configuration
probabilities and the entire neutral energy spectrum. It couples both sides of the cut, whereas the subsystem disorder
operator of Ref. [36] acts within one region.

Timed pulses can transfer population between symmetry sectors [40], and single-copy filters can distill mixed-state
correlations [41]. Our charge-preserving channel instead retains all outcomes of a pure state.

These states offer benchmarks for preparation [42] and Rydberg proposals [30], neither of which establishes this
flux deformation. Nontrivial holonomy removes the growing zero-energy manifold used for approximate codes [43];
integrable variants [44, 45] use different Hamiltonians. Entropy at generic reverse-conversion rates or weak single-ion
anisotropy, unequal-cut offsets, nonunit-modulus entropy and coding with soft charged states remain open.

Appendix B: Complex-bond kernel and charged-sector spectra

This appendix proves fixed-sector legal-move connectivity, the complete arbitrary-complex-bond kernel theorem, the
one-flat determinant and flux spectra, the full-system gap upper bound, and a charge-resolved low-energy counting
bound. It also records positive-bond defect bounds. Ordered bonds are retained separately at N = 2.

1. Fixed-sector legal-move connectivity

The unit-weight ground states and their 2N + 1 degeneracy are known [12]; the connectivity proof is given in
Appendix D of Ref. [13]. We recall the cyclic-word reduction here as a self-contained starting point for the complex-bond
analysis, not as a new proof of a previously open degeneracy conjecture.

Write a computational-basis word as = € {u,0,d}" and let M(x) = #u(z) — #d(z). Ignoring the nonzero bond
values leaves the reversible moves

u0 < 0u,  0d <> d0,  ud < 00 (S11)

on every ordered cyclic bond.
Delete the zeros while retaining the cyclic order of the nonzero letters. If both w and d occur, the resulting cyclic
binary word has a transition u — d. Flat-step swaps expose that pair on an ordered physical bond, possibly across
(N, 1), and ud — 00 removes it. Repeating decreases min(#u, #d) until only one nonzero sign remains. Nonwrapping

adjacent swaps then sort the result to

maN—m
Cm_{u_ON , m2>0, (S12)
d=moNtm m < 0.

Thus every word of magnetization m reaches c¢,,, while every move preserves M. Each fixed-M sector is therefore
one connected component. At N = 2, the bulk and wrap terms are the two oppositely ordered bonds; neither is
deduplicated.

For nonzero complex bonds the graph is unchanged. A zero-energy amplitude is determined throughout a connected
sector by its value at one word if and only if its parallel transport is consistent around every closed move sequence.
Hence each sector contributes either zero or one kernel vector.

2. Complete complex-bond holonomy classification

Use the accepted orientations

w0 — Ou,  0d—d0,  wud— 00. (S13)
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For a closed sequence let k; be the signed number of traversals on ordered bond (%,7 + 1). Each forward move changes
the charge word by e;11 — e;. Closure gives

N
Z ki(eiJrl — ei) = 0, (814)
i=1

S0 ky=---=ky =w€Z. At N =2, this reads ki(e2 — e1) + ka(e1 — e2) = 0 and gives the same conclusion. The

complex amplitude accumulated around the loop is

szk = <H zi> =Zv. (S15)

The complex case requires control of w, because Z% can equal one at a nontrivial root of unity. Let 0 < m < N and
start from the binary word w0 ™. Apply the directed swaps successively on bonds

mm—1,....,1; m+1m+2,....N—1; N, (S16)

omitting empty ranges. Every step is legal, the word returns to itself, and each ordered bond is traversed exactly once.
Thus w = 1. Ring reflection together with u <> d maps this loop to the accepted 0d — dO orientation and supplies a
winding-one loop in every nonextreme negative sector. At N = 2 the construction is the two-step loop using the two
oppositely ordered bonds. Consequently Z # 1 kills every nonextreme charged sector, with no root-of-unity exception.
The polarized words u”,d™ have no legal pair and always remain zero modes. .

It remains to treat the neutral sector. For a neutral word, let hg = 0, h; = 2'221 x), and define the cyclic area

N

ACyC(x) = Z(hj - hmin)a Nmin = OirllcigN hy. (817)
j=1 -

On a nonwrapping bond, every forward move in Eq. (S13) lowers exactly one intermediate prefix height by one while
leaving the minimum unchanged. Cyclic rotation only permutes the vertex heights and adds a common constant,
which subtraction of hpy;, removes; the same unit drop therefore holds on the wrap bond. Summing around a closed
neutral sequence yields

so w = 0. Every neutral loop has trivial complex transport, and connectivity gives exactly one neutral parallel section
for arbitrary nonzero z.
If Z =1, choose nonzero site factors with ¢;/q;+1 = z; cyclically. Then the sector-m state

|Qm(q) Z (Hq ) T € {1707 _1}’ (819)

M(z)=

obeys all three amplitude relations: the ratios for u0/0u, 0d/d0, and ud/00 are all ¢;/¢;+1 = 2;. A common rescaling of
all g; only rescales a fixed-M state. Connectivity proves uniqueness. This establishes the 2/NV + 1 versus 3 classification.
For positive uniform z; = ¢, Eq. (S17) also gives the explicit neutral state

1Q0(t) Z Aeve@)| ), (S20)
M (z)=0

With bulk weight ¢ and wrap weight s =t~ (V=1 a cyclic choice of the g; restores all sectors. This is the positive
radial compensation quoted in Appendix A.

3. Complex one-flat determinant

Let |j) denote the positive one-flat word whose unique flat letter is at site j. The local ket has coordinates
—z7e; + €41, so the corresponding constraint row is
L TZiiteip

L \/1+|Zi|2 .

(S21)
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In the negative block the row is b, = (e; — zie41)/v/1 + |22 Hence Hy = Bl By.
After removing row normalizations, a nonzero determinant permutation chooses either all diagonal entries or all
cyclic successors; any mixture repeats or omits a column. Up to an irrelevant sign,

1-Z
|det By| = |—|2 (S22)
VILA A+ [z%)
Taking the Gram determinant proves
1-Z)?
det Hi =det H_ = | | (S23)

[LA+ =)

At Z # 1 each square incidence matrix is invertible. At Z =1 its nonzero-bond recursion fixes every component from
one initial value, so the nullity is exactly one. For N = 2, B, « (_fl _122 ); the two ordered bonds give the same

formula directly.

4. TUniform complex band and unit-modulus gauge reduction

For z = pe'®, Fourier waves a; = e**«J with k, = 27q/N diagonalize both circulants. Direct multiplication gives

2
E,y=1- 5,2 cos(kq — 0),
2p
Eq’7 =1- m COS(/{/’q + 6) (824)
Equivalently, the positive branch is
—1)2 2
B = P10 201 cos(h, - 0), (525)

1+p2 14 p?

with the opposite phase in the negative branch. At uniform positive p = t, this reduces to the accepted radial mass
(t—1)?/(1+1?) at ¢=0.
Now take z; = e’®* and choose a representative & = >, ¢:. Periodic site phases «; satisfying

Q41 — O = (bi — ‘I)/N (826)

exist because the right-hand side sums to zero. The associated diagonal unitary makes every positive one-flat bond
phase ¢®/N; the inverse diagonal choice does the same for the negative block. Equation (S24) yields

27rqqZ<I)>

E,+(®)=1-—cos ( ~ (S27)

Changing ® by 27 merely relabels q. Reflection ¢ — N — ¢ shows that the two eigenvalue multisets coincide. Their
common determinant is consistently

.2
IIL%;t::%fgéégzgl. (S28)

q

5. Full-system gap upper bound

~ Magnetization conservation makes each complete one-flat block an invariant block of the full Hamiltonian. Let
® € [—m,n] be the principal total flux. If ® # 0, the closest allowed twisted momentum is ¢ = 0, and Eq. (S27)
contains the positive full-system eigenvalue

e1t(N,®) = 1 — cos(|®|/N). (S29)
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The kernel theorem removes every charged zero mode at nontrivial flux, so this level is excited. The smallest positive
full-system eigenvalue therefore satisfies

(i)Q

An(D) < N,® S30
(®) < (N, ®) < 5 (530)
At ® = 0, the ¢ = 0 level is a ground state; the first positive one-flat level instead gives

An(0) <1 —cos(2n/N). (S31)

For fixed nonzero total flux, Eq. (S30) forces the full gap to close as N — co. It gives neither a lower bound nor the
exact global asymptotic. A family with fixed per-bond phase has ® = N6 (mod 27) and must select the zero- or
nonzero-flux branch at each N separately.

6. Charge-resolved low-energy family

We now prove that every nonextreme charged sector lifted by nonzero flux still contains a vanishing-energy excitation.
Take unit-modulus bonds and choose real phase lifts z; = €!?* such that }_, ¢; = ®, where ® = Arg([], z;) € [-, 7]\{0}.
An onsite diagonal unitary

Ualzy - xN) =exp Zoz]x] |z1 - xN), z; €{1,0,—1}, (S32)

preserves every magnetization sector. Choosing periodic phases such that
Q41 — O = (]51‘ — (i)/N (833)

sends all three projectors on every bond to the uniform representative z; = e’?, where p = ® /N. The right-hand side
of Eq. (S33) sums to zero, so this gauge exists on the full ring, including the two ordered bonds at N = 2.
For n > 0 and integer m, define the trinomial count

T(n,m) = [z™(z™' +1+2)",  D(N,M)=T(N,M), (S34)
with T'(n, m) = 0 outside |m| < n, and set
AN, M) =T(N —2,M — 1)+ T(N —2,M) + T(N — 2, M +1). (S35)

In the uniform gauge, use the normalized untwisted sector state

QN 1) =

(S36)
VD M(%: M

as a trial vector. On one ordered bond, each of the U, D, and F move pairs has equal trial amplitudes. For a fixed
outside word, its contribution to the corresponding normalized twisted projector is

[1—e™|>?  1—cosp
2D(N,M) _ D(N, M)’

(S37)

The outside magnetization is respectively M — 1, M + 1, or M. Summing the three context counts and then the N
ordered bonds gives the exact Rayleigh quotient

<QN’M|HN(€i¢)|QN’M> = N[l — COS(i)/N)]i’) (838)

Splitting the final two letters of a length-N word yields

D(N,M)=T(N —2,M —2) 4+ 2T(N — 2, M — 1)
+3T(N —2,M)+2T(N —2,M +1) + T(N — 2, M +2). (S39)
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Consequently,
D(N,M)—-2AN,M)=T(N—-2,M —2)+T(N —-2,M)+T(N —2,M +2) > 0. (S40)
Rayleigh-Ritz, Eq. (540), and 1 — cosy < y?/2 now give, for every nonextreme charged sector,

2

0 < An,m(®) < N[1-—- cos(fb/N)]m < %[1 —cos(®/N)] < %\f (541)
Strict positivity follows from the kernel theorem: at nonzero flux no nonextreme charged sector contains a zero mode.
The 2N — 2 sectors in Eq. (S41) are mutually orthogonal invariant subspaces. Selecting one sector eigenvector from
each proves that the full Hamiltonian has at least 2N — 2 positive eigenvalues in (0, ®2/(4N)], counting multiplicity.
At M = +(N —1), D(N,M) = N and A(N, M) = 1. The trial quotient is then 1 — cos(|®|/N), and the one-flat
Fourier calculation proves that this trial vector is the exact ¢ = 0 eigenvector. Thus the edge pair retains the sharper
O(N~2) scale. Outside the edge sectors, Eq. (S38) is only a variational quotient: we do not claim exact energies,

distinct levels, a matching lower bound, or an exhaustive description of the low-energy spectrum.

7. Positive one-defect bounds

For completeness, set zy =--- =2zy_1 =t >0 and zy = s > 0. Trial vectors
at = (1,62, .. N, a” =N 1) (S42)

are annihilated by all bulk incidence rows. Their wrap-row Rayleigh quotient gives, for the two one-flat minima
At (t7 S),
(1—stN1)?

(1+s2) 3005 12

As(t,s) <

(943)

Each Hy is a sum of N normalized projectors, so 0 < Hi < NI. Using det Hy = A1 --- Ay gives the finite-size lower
bound

- (1— stN-1)2
= NN-I(1 + 2)N-1(1 + s2)°

A+ (t,s) (S44)

The two bounds locate the unique fixed-N, ¢ closing at s = t~ (¥ =1 and its quadratic dependence on radial mismatch.
The lower bound is nonuniform in N and implies no thermodynamic gap.

8. Scope of analytic and computational evidence

All all-N conclusions above follow from the analytic arguments. Local ancillary checkers independently enumerate
winding-one cycles through N = 30, compute exact complex-rational ranks and determinants through N = 5, compare
ten numerical phase spectra, and test the charge-resolved counting and Rayleigh formulas in bounded sectors. These
finite checks corroborate the proofs but are not used in them. No result here establishes a global gap lower bound, an
exact global-gap asymptotic, a bulk phase transition, or a quantized response.

Appendix C: Complete neutral-sector phase removal

Keep the ordered-bond projectors and conjugation convention of Eq. (1). Write HJ(\(,)) for their restriction to M = 0.
For z; = r;e'®i, r; > 0, choose arbitrary real lifts ¢; and put § = N~'3Y". ¢;. Periodic site phases f3; satisfying
Bi — PBit1 = ¢; — 0 exist because the right sides sum to zero. On neutral words define

Ulz) = exp |i0Acye(x) +i Y Bii | |x). (S45)
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(a) Bond-phase gauge (b) Opposite spectral shifts (c) Soft charged levels
o U o ® M=N-1 g - Exact one-flat level
o” ? “ o” 2 u; 21 o M=-—(N-1) 7 g 10145~ o Charged-sector ceiling
-~
. o
4 P > 4 S, B A s. ., -
'b \O 5 N=12 g 10
"¢io n:! ,No S ®=0.77 )
o e 9 14 \ S 10-3
@© ~
d=ArgZ E =
s trum at fixed total fi 5 1 cos(o/hy g 107
ame spectrum at fixed total flux o |5 =2
04
Z=1 Z#1 _ ; 1 ot 12
dimkerHy=2N+1 dimkerHy=3 1 0 1 10 10
Momentum kg /n Ring size N

FIG. 3. Exact zero-mode selection and its gapless remnant. (a) Onsite gauge rotations redistribute unit-modulus bond
phases uniformly, leaving the total flux ® = Arg Z; the displayed kernel classification holds for arbitrary nonzero complex z;. (b)
At N =12 and ® = 0.77, the two complete one-flat sectors flow in opposite momentum directions (markers are the finite-ring
momenta), although their eigenvalue multisets coincide. (¢) For fixed ® = 7/2, the exact one-flat level 1 — cos(®/N) gives the
N~2 full-gap upper bound, while at least 2N — 2 positive eigenvalues lie at or below the N~! charged-sector ceiling. Neither
curve is claimed to be the exact global gap. All curves are direct evaluations of Eqgs. (S4)—(S6).

This is a unitary on the entire neutral Hilbert space, not an onsite unitary.

For clarity, the unit-drop identity of Eq. (S17) is local and exact. On an interior bond 4, the three accepted source
pairs have intermediate height respectively h;_1 + 1, h;_1, and h;_1 + 1. After the move they equal respectively h;_1,
hi+1 = hi—1 — 1, and h;_1. Thus the new intermediate height equals an already present neighboring height; the global
minimum does not change. Exactly one height is lowered by one. A neutral cyclic rotation translates all vertex heights
by a common constant and permutes them, preserving A.,.. Rotate to make a wrapping move interior. This also
applies at N = 2, with the two ordered bonds kept separately.

For any accepted move on bond 4, source minus target has charge difference e; — e;11 and area difference one.
Equation (S45) therefore gives

L& = H(0+Bi=Bit1) — gidi (S46)
uyy

The local ket is (|z) — 2}|y))/\/1 + 2, so its source-target matrix entry is —z;/(1 + r?). The diagonal entries are
1/(1+7?) and r2/(1+r?). Conjugating the positive-bond projector by U gives those same three entries. Consequently,
term by term,

HY(2) =uHQ (r)us’. (S47)

All neutral eigenvalues and multiplicities agree. Phase lifts only affect the representative U/, not this identity.

The calculation is unchanged with arbitrary nonnegative real coefficients J; x on the corresponding X = U, D, F
projectors. A real diagonal potential V' commutes with &/ and may be added to both restricted Hamiltonians. This
robustness does not assert that V' or vanishing J; x preserve the unique frustration-free neutral state used below. No
charged-sector phase removal follows: their winding-one loops obstruct it.

In units h=kp =1, set p, = e‘ﬁHz(vO)(z)/Zo and similarly for 7. Functional calculus gives equal Zy and p, = Up,UT.
For each computational-basis-diagonal observable O, UTOU = O, and O, (t) = UO,.(t)UT. Cyclicity of trace proves
equality of any thermal multitime product of such observables. The same statement holds for initial states transported
by U. Tt does not assert equality for an arbitrary fixed off-diagonal initial state or observable.

Appendix D: Neutral state and charge—depth Schmidt blocks

From here on all |z;| =1, J; x =1, and V = 0. An onsite gauge sends the bonds to 2z = -+ =2y_1 =1, 2y = e'®

and preserves the Schmidt spectrum. The equal-weight neutral state is the unique neutral zero mode at zero flux. In
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the uniform gauge its coefficients are e®4eve/N _ Since

> = (N =i+, (S48)

removing the onsite phase from this expression leaves

[We) =T(N,0)71/2 Y e Phmin@)|g), (S49)
M (xz)=0

It obeys unit transport on every interior bond and transport ¢’® on the seam. Normalization is unchanged because
every amplitude has unit modulus. Changing ® by 27 leaves the state unchanged.

Let N=L+ R, L, R > 1, with the first L sites comprising A. Any contiguous cut can be brought to this convention
by cyclic relabeling and onsite gauge redistribution. For a length-n word ending at ¢, let @ = — min h. Its feasible
depths are

I(q) = {max(o,—q),..., V;q“ (S50)

The interval is empty when |q| > n. A path reaching depth a requires at least a down steps and a + ¢ up steps, hence
2a + g < n. Conversely, those down steps followed by those up steps and zeros realize every listed depth.

First-hit reflection at height —a — 1 maps paths ending at ¢ that cross that boundary to unrestricted paths ending
at g + 2a + 2; reversing step signs on the initial reflected segment preserves the flat steps. Thus the number with
minimum at least —a is

Cnl(g,a) =T(n,q) = T(n,q+2a+2). (S51)
Subtracting the count at a — 1 gives
en(g,a) =T(n,q+2a) —T(n,q+2a+2) >0, acl,(q). (S52)

At the lower endpoint ag = max(0, —¢q), the predecessor count is zero. For ¢ > 0 this follows from T'(n, ¢) — T'(n,q) = 0;
for ¢ < 0 it follows from T'(n,q) = T(n,—q). There is no omitted boundary term. We use T'(n,q) = 0 for |q| > n,
including n = 0.

An A word has endpoint ¢ and depth a. A B word, measured from its own initial height zero, has endpoint —g and
depth offset b = —¢ — min hg. Reversing B and flipping its steps gives endpoint ¢ and minimum ¢ + min hg = —b, so
it has exactly cg(q,b) possibilities. The full bridge has minimum — max(a, b).

Define normalized equal sums |g, a) 4 and |—q, b) 5 over these disjoint classes. They are orthonormal, and the state
is exactly

k
We)= > > > Kya,b)lga)al-qb)p, k=min(L,R), (S53)

q=—ka€lr(q) b€Ir(q)

with K, given by Eq. (6). The complete Schmidt probabilities are the eigenvalues of K K, }; for all ¢, including their
multiplicities. The Frobenius norm of each block is

P = | Kqllf = W» > pg=1. (S54)

This follows by summing the depth counts and by concatenating the two words.

Appendix E: Exact rank, majorization, and strict entropy enhancement

At t = €'® = 1, each positive weighted block has rank one. For ¢ # 1, its smaller depth interval is contained in its
larger one. Restricting both indices to ay,...,ap + d — 1, subtract preceding rows from succeeding rows, bottom-up.
The resulting square phase matrix has determinant

det[tmax(a,b)]ao+d—l _ ta0d+d(d71)/2(1 o t)dfl. (855)

a,b=ao
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For example, after the subtraction row j > 0 has entries t**J — ¢+~ in columns below j and zero entries elsewhere.
Expansion along the last column then evaluates the determinant recursively. It is nonzero at every ¢ # 1, including
nontrivial roots of unity. The row and column count factors are strictly positive, so

rank K, = V 2|Q|J +1. (56)
Summing over ¢ counts pairs of nonnegative integers (a,a + ¢) whose sum is at most k, hence (k + 1)(k +2)/2. At
t = 1 the sum is 2k + 1. This proves Eq. (7) for every ring and contiguous cut.

Write the normalized reduced eigenvalues of block ¢ as r4 ;. At zero flux the block contributes just py; otherwise
its probabilities are p,r, ;. Splitting one weight into these components is a doubly stochastic mixing of (pq,0,...,0).
Indeed, for a block of size d > 1 one may use a matrix whose first column is r, and whose other columns all equal
(1 —rq)/(d—1). Its row and column sums are one. Direct sums of these mixing matrices prove majorization, with
zeros padded as needed; no ordering of different charge blocks is assumed.

For a > 1, Zj re; < 1y for 0 < a < 1 the inequality is reversed. Multiplying by pg, summing and applying

(1 — a) tlog gives Sq(®) > S,(0). At a =1 the identity is

S(@) =— qu log pq + qus(rq)~ (S57)

If k> 2 and t # 1, the ¢ = 0 block has rank at least two and positive weight, giving strictness for every finite positive
a. If k =1 all blocks have rank one and their eigenvalues remain p,. Entropy is continuous at zero flux despite the
rank jump. No inequality for nonunit moduli, no monotonicity between two nonzero fluxes, and no thermodynamic
entropy exponent are needed for this result.

Measuring the charge of A gives ¢ with probability p,, independent of flux. The conditioned state has coefficient
matrix K,/,/pg; it is a product at trivial flux and entangled at ¢ = 0 for k > 2 and ¢ # 1. This is a conditional-state
statement, not an assumption about spin-charge superselection or a proposed distillation protocol.

Appendix F: Four-spin all-flux benchmark and finite corroboration
For L =R =2,T(4,0) =19, and the ¢ = 0 block is

1 (2 v
) -

Its reduced trace is 9/19 and determinant 8(1 — cos ®)/361. The two Schmidt probabilities are therefore

9+ V49 4+ 32 cos ®
N 38 '

p (S59)
The ¢ = £1 probabilities are each 4/19, and the ¢ = £2 probabilities are each 1/19. Thus the two-spin reduced purity
is

99 + 16 cos @

361 (S60)

Trp% =
It changes from 115/361 to 83/361 between zero and 7 flux, while the complete neutral Hamiltonian remains isospectral.
These expressions generate Fig. 2(a); no measured-data claim is involved.

Exact finite checks corroborate the proofs: direct neutral-word enumeration through N = 9 checks the cyclic-area
and rational-complex edge phases; direct path counts through length eight check Eq. (S52); raw coefficient matrices
through N = 8 check ranks and purity at zero and 7 flux. Additional exact rank tests through N = 7 use ¢ = i and
t = (3 +4i)/5. A separate full-state Laurent-polynomial partial trace at N = 4 gives purity numerator 99 + 8¢ + 8/¢.

These finite checks are not used to infer the all-NV or all-flux statements, which follow from the analytic arguments
above.
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Appendix G: Bounded excess entropy and its thermodynamic limit

We retain the unmodified, unit-modulus Hamiltonian and neutral state of Appendix D. Entropies use natural
logarithms. Write K, = K,/,/pq and 04 = K K, g, so Tro, = 1. At zero flux every charge block is pure. Therefore

ASy =Y pyS(oy), (S61)

p(1-)ASa _ 240 Trog

72 P a# 1. (S62)

The second formula involves normalized pg, not p,.

1. A uniform bound that controls the growing Schmidt rank

Consider any finite probability distributions P,,Q, on a common ordered index set, with zero entries added if
necessary. For [t| = 1 define

K(a,b) = /PyQy t™>x(@) oc=KKT. (S63)

Its squared Hilbert—Schmidt norm is one. Split an atom into subatoms with fractions s, ;, using the same fractions for
P and @, and retaining the original phase t* on every copy. The refined matrix is an isometric embedding of K on
both sides, so its nonzero singular values are unchanged.

Let pq = (P, 4+ Qa)/2. By splitting atoms at quantiles, partition the ordered refined indices into r consecutive
groups G, each of p-mass 1/r. Approximate K by using the column phase when its row group is at most its column
group, and the row phase otherwise. For each row group this is a sum of two outer products; hence the approximation
K, has rank at most 2r. Entries in different groups are exact, even when an original atom was split across groups.
The remaining error obeys

R

1K — K, llfs <4 P(Gg)Q(Gy) <
g

: (S64)

because P(Gy) + Q(G4) = 2/r. If \; are the eigenvalues of o in decreasing order, the best-rank approximation
inequality gives

YA < %. (S65)

For a random index J with probabilities A;, choose r = |2/2] when « > 4. Equation (S65) implies Pr(J > z) <
min(1,16/z) for all > 1, and thus Elog J < log 16 + 1. Nonnegative relative entropy to the reference distribution
j72/¢(2) yields the dimension-independent bound

S(o) < B=log((2)+2log16 + 2. (S66)

This deliberately loose bound is not an optimal constant.

There is also a uniform eigenvalue envelope A; < 128/ 42. For large j, sum the eigenvalues from [j/2]| + 1 through j
and apply the preceding tail bound; the finitely many smaller indices follow from A; < 1. Consequently, for sufficiently
large M,

256(log M + 1

S —/\jlog)\j_—(og + ), (S67)
. M

j>M

A

N 128aM1—2a 1
i>M

These bounds, rather than continuity in a fixed dimension, will justify passing from spectra to entropies.
For the physical charge blocks take P, = c1(q,a)/T(L,q) and Qp = cr(q,b)/T(R,q). Equations (S61) and (S66)
prove 0 < AS; < B for every size, flux, and contiguous cut.
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2. Balanced-cut depth and charge distributions

Now set N =2n and L = R = n. Let P,(m) = 37T (n,m) be the endpoint distribution of independent uniform
steps in {—1,0,1}. Its characteristic function is ¢(z) = (1 + 2cosx)/3 = 1 — 22/3 + O(z*). Fourier inversion with
x = v/y/n gives, uniformly on compact scaled endpoints,

VnP,(m) = g(m/v/n) + o(1),
n[Pp(m) — Py(m +2)] = _2gl(m/\/ﬁ) +o(1),

V3 —3y°/4

g(y) = ﬁe (S69)

For completeness, |¢(x)| < 1 away from zero on [—m, 7], and |p(z)| < e~®” near zero. These bounds dominate the
¥ Yy ¥

rescaled Fourier integrands. In the second line insert 1 — e~2%, whose rescaled leading term is 2iv/y/n. The integrable
Gaussian bounds also give uniformity in compact m/y/n.

Shift the lower depth endpoint by ap = max(0, —q) and write j = @ — ag. For both signs of ¢, the conditional depth
probabilities are

Po(lal +25) = Palal + 25 +2)

Pir(j) = : (S70)
’q Pa(lql)
For y = |q|//n and s = j/\/n, their step densities converge in L' to
fyl(s) =

3(y + 25)6—3[(y+25)2—yz]/47
1

Fy(s)=1- e 3lw+29)*~y7l/4. s> 0. (S71)

Indeed Eq. (S69) proves convergence on compact s, while the exact telescoping identity

. _ Pu(lgq| + 2a)
Priy=a) = =5 0p

controls the tail, first taking n — oo and then a/y/n — oco. All statements are uniform for y in a fixed compact interval.
In particular the maximum atom tends to zero, also at y = 0 where fp(0) = 0.

We will also need a global, not just central, estimate. Tilt the step law by n = m/n € [—1, 1]. Its three probabilities
remain bounded below uniformly in 7. Fourier inversion bounds its n-fold convolution by C/y/n. Since EeX < en’/?
for X € [—1,1] of mean zero, undoing the tilt gives

(S72)

P,(m) < \%e—mz/ (2n), (S73)

Together with Eq. (S69), this shows that p, = P,,(¢)?/P2,(0) has scaled limiting density

w(y) = @63”2/2, y=q/Vn, (S74)

and p; < Cn~=1/2¢=7°/"_ The normalized weights pg' also have uniformly vanishing scaled tails for each fixed a > 0.

3. Two universal branches of the conditional Schmidt spectrum

In a balanced charge block the two depth laws coincide; denote their probabilities by P,. Embed the depth basis as
normalized indicators of consecutive quantile intervals I, C [0, 1] of lengths P,. Let U,, be multiplication by t% on I,
extended as a unitary on all of L?[0,1]. Introduce the embedded matrices

(Tn)ab = Pan 1a§b, Dn = diag(Pa). (875)
The normalized coefficient matrix satisfies the exact identity

KUl =T, +U,TIU! — D,,. (S76)
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Let V' be upper Volterra integration, (V f)(u) = ful f(v) dv. Off diagonal quantile cells, T,, agrees with its kernel; on
each diagonal cell they disagree on half the area. Thus

1T~ Vias =43 P2 <160 IIDullis < b, (577)

where §,, = max, P, — 0 on compact scaled charges.

Suppose y/n|1 —t,| — co. Then U,, tends weakly to zero, uniformly on such charge ranges. To see this, approximate
a multiplication matrix element by a smooth function A in the quantile coordinate. Equations (S70)—(S71) reduce it,
with absolute error o(1), to

7= 3 hyla/VA(E, /)1 (S78)

On a bounded scaled-depth interval its amplitude has bounded variation, uniformly for bounded y, so Abel summation
bounds the sum by C/(y/n|1 — t,|). Equation (S72) controls the remaining mass. Density of smooth functions in
L]0, 1] completes the weak-convergence argument. A common lower-endpoint phase is immaterial.

Set A=VVT and By = VIV. Equations (S76)—(S77) imply

llog — (A+ U, BoUb)||1 = o(1). (S79)

In particular the cross term VU, VU, tends to zero in trace norm: approximate both Hilbert-Schmidt factors V by
finite-rank operators and use weak convergence for their middle matrix elements. The discarded terms are controlled
by the product of Hilbert—Schmidt norms.

For fixed finite-rank spectral truncations, the eigenvectors of A and U, BoU/ have a Gram matrix tending to the
identity. Their eigenvalues therefore tend to the union of the two truncated lists. The remaining operator norm is at
most the next eigenvalue of each branch, which tends to zero as the truncation increases. This proves convergence of
every fixed ordered eigenvalue to the union of the spectra of A and By, without assuming that the finite-size matrices
commute.

The kernel of By is min(u, v). Its eigenvalue equation differentiates to Af”” = —f with f(0) =0 and f’(1) = 0. The
eigenvalues are

4
b= ————= > 1. S80
J 7_‘_2 (2] _ 1)23 .7 - ( )
Reflection interchanges A and By, so each b; occurs twice in the limiting conditional spectrum. Each branch has trace
1/2 and the doubled list has trace one. Pointwise convergence and total mass one imply ¢! convergence. Equations (S67)
and (S68) then imply conditional entropy convergence for every finite > 1/2; uniformly on compact scaled charges.

4. Entropy constants and charge averaging

The charge tail bound and the uniform conditional entropy bound allow averaging Eq. (S61). For Eq. (S62), use
the normalized p§ tails; the traces are bounded by one for a > 1 and by the uniform power sum for 1/2 < o < 1.
Therefore

ASy — Cy,
log [2(4/m2)*(1 — 2729)¢(2
a:og[(/ﬂ)( )C(a)]7 0>l art, (S81)
11—«
01:—22b~logb»:210g7r—§10g2—9g“'(2). (S82)
j>1 ! ’ 3 7T2

The value at one is also the continuous limit of C,. In particular 2> j b? = 1/3, giving Cy = log 3. These limits hold
for fixed nontrivial ¢ = €!®, and more generally whenever v/n|1 — ¢/®"| — co.
At zero flux the entropy is the Shannon entropy of p,. Equations (S69), (S73), and (S74) give

H(pq) = 31log N + 1log(me/3) + o(1). (S83)
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To justify the entropy tail, apply monotonicity of —zlogx for z < e™! to the Gaussian upper bound on /np, outside
a fixed scaled-charge interval. This yields an integrable Gaussian times a quadratic polynomial. Hence

S1(®) = +log N + $log(me/3) + C1 + o(1). (S84)

The remainder denotes an asymptotic limit, not a fitted or asserted polynomial convergence rate.

5. The low-order Rényi threshold

The limiting list also determines whether a finite offset is possible. For every fixed 0 < @ < 1/2, 2" ;bF = oo.
Given any A > 0, choose a finite truncation whose power sum exceeds 2A. Uniform convergence of those finitely many
probabilities implies Trog* > A for all sufficiently large n on any fixed compact scaled-charge interval. Its normalized
p; weight stays bounded away from zero by the local limit. Taking A arbitrarily large in Eq. (S62) proves

AS, — 00, 0<a<i, (S85)

at every fixed nontrivial flux. Thus the finite-offset threshold is a = 1/2, not the von Neumann order @ = 1.

We now obtain matching growth bounds, proving Eq. (11). Throughout this argument the flux is fixed and nontrivial.
Constants may depend on that flux and on the fixed entropy order. The effective depth scale is y/n, smaller than the
full depth rank; both an upper bound at every charge and a lower bound over a growing spectral range are needed.

First, the symmetric sequence T'(n, m) is log-concave without internal zeros. Indeed the one-step sequence (1,1,1)
has this property. Its Toeplitz convolution matrix has nonnegative minors of order two, and Cauchy—Binet preserves
those minors under multiplication. Convolution therefore preserves log-concavity. Decreasing adjacent ratios imply, for
m,h >0,

T(n,m+ h) < T(n,h)

T(n,m) — T(n,0) (S86)

Together with Eqgs. (S69), (S72), and (S73), this gives Pr(j > a) < Ce22°/™ for the shifted depth 7, uniformly in
every charge q. R

Partition depth into consecutive shells of length h = [y/n], with masses p; < Ce=2 . Write Ky, =D + O, retaining
only same-shell entries in D. A shell is another maximum-phase kernel with total mass p;, so the earlier envelope gives
s;(D1) < V128u;/j. For 0 < p < 1, summing within shells yields Y. 5;(D)? < Cph' ™2y, uf < Cpnt=P)/2. At p=1
the harmonic sum instead gives || D]y < C'log(n + 1).

The off-shell part has a much smaller effective rank. Restricted to its first R row and column shells, it has rank at
most 2R: each row shell has one outer product for lower column shells and another for higher ones. The discarded
squared Hilbert-Schmidt norm is at most 2Pr(j > Rh) < Ce~2R". Hence sop41(0) < Ce " and 2. 8;(0) < Cy.
The inequality sq9;_1(D + O) < s,(D) + s;(0O) and (a + b)? < a” + WP now give, uniformly over all charges,

Trod < Conl1729/2, 0<a<sg,
Tr /o, < Clog(n+1). (S87)

Only a two-term singular-value inequality is used; there is no growing sum of quasi-triangle constants.

For the lower bound, consider My (t)qy = t™*(%?) on a,b=0,...,d — 1. Put t = €% with 0 < 6 < 7, p = €'/, and
U = diag(p®). Then My = UCy(p)U, where Cy(p)ap = p'®~*. Both unitary factors preserve singular values. The
standard complex Kac—-Murdock—Szeg6 inverse [20] gives

o
C(d

= A, + B kB; <2
2sing d+ Bg, rank bg < 2, (S88)

where Ay has diagonal 2cosf, adjacent entries —1, and eigenvalues 2cosf — 2cos(In/(d + 1)), l = 1,...,d. The
correction By acts only at the two endpoints. Let a; denote singular values in ascending order. Intersecting the span
of the j + 2 smallest right singular vectors of Ay with ker By leaves dimension at least 7. The min—-max principle
thus yields a;(C; ") < a;+2(A4)/(25in0). The equally spaced angles contain j + 2 points within Cp(j + 2)/d of 6, for
1 < j < npd and sufficiently large d. Since cosine is Lipschitz, inversion gives the growing-index bound

Ced

sj(Ma) = R nod. (S89)
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This uses singular values, not eigenvalue moduli of the non-Hermitian matrix.

For |q| <Y/n, Eq. (S69) implies PeP(j) > ¢y //n on y/n < j < 2y/n, uniformly for large n. Compress [A(q to this
principal interval, of dimension d < y/n. Its phase matrix is My up to a common phase. Compression and positive
diagonal rescaling therefore imply

= Cy,®
Sj (Kq) 2

1< <nevi. $90
2T <j<nevn (590)

Summing its 2« powers supplies the matching lower bounds cc,(,y7<1>n(1*2“)/2 for 0 < o < 1/2 and ¢y, logn at o =1/2.
For each fixed o > 0, a positive fraction of the normalized py weights lies in such a compact scaled-charge interval.
Combining these lower bounds and the all-charge upper bounds in Eq. (S62), then taking the logarithm, proves
Eq. (11); replacing n by N = 2n affects only the bounded remainder.

Finally, for Schmidt probabilities A; of a pure bipartition, the partial-transpose eigenvalues are A; and 4/A;A; for
i < j. Thus ||(|)(¥))T=||; = (3, vVAi)? [21], proving the stated logarithmic-negativity law. This is not a statement
about distillable entanglement or separated mixed subregions. The growth estimates keep both the flux and the
positive entropy order fixed; they do not specify a constant remainder limit or a vanishing-flux crossover at these low
orders.

6. Weak-flux crossover and order of limits

Take principal fluxes with ®,,v/n — k. The inverse of the depth cumulative distribution is

sy(u) =3 [\/yQ—élog(l—u)—y , 0<u<l. (S91)

Quantile convergence, uniform away from v = 1 on compact y, shows that the coefficient kernels converge in
Hilbert—Schmidt norm to

Gy,,@(u, ’U) _ ei/{ max(sy(u),sy(v)). (892)

Their Hilbert—Schmidt norms are one. The uniform rank approximations and entropy tails above pass to this limit, so
charge averaging gives

Ay (@) = F) = [ w()S(G1xGly,,) do (593)

lyl,x

This is an operator representation, not an elementary closed form. Dominated kernel convergence and the uniform
entropy tails make F' continuous; complex conjugation makes it even. At x = 0 the kernel is rank one, giving F'(0) = 0.
For k # 0, choose ordered intervals with u; < v; < ug < vo. Their phase minor is proportional to esv(v1) — gifsy(u2)
nonzero on a positive-measure set. Thus the operator is not rank one and F(x) > 0.

For || — oo, multiplication by e***v(*) tends weakly to zero: change variables u = F},(s) and use the Riemann—
Lebesgue lemma. The same two-Volterra-branch argument and entropy tails give F'(k) — C;. No monotonicity of F' is
required or claimed. The crossover width is consequently of order N~1/2 for balanced cuts. At each finite size, entropy
is continuous at zero flux, whereas any fixed nontrivial flux gives the positive offset C; as N — oco. The zero-flux and
thermodynamic limits do not commute. All neutral energies nevertheless remain unchanged by Eq. (S47).

Appendix H: Magnetization-preserving extraction of a logical Bell pair

The doubled limiting spectrum has an operational consequence beyond the entropy offsets. We specify the operation
class first. Each party controls one entire segment of the ring and a local, initially separable register. The register’s
two logical states both have magnetization zero; for example, two auxiliary spin-one sites encode |0)1,y = |ud) and
[1)10¢ = |du). Local operations preserve the total magnetization of the corresponding segment and its auxiliaries.
No shared entangled ancilla or charge-coherent reference is supplied. This is a restriction on the protocol, not a
fundamental superselection rule for spins. Charge-resolved operational entanglement and general pure-state conversion
are established concepts [22, 24]; here we give an explicit channel for the flux-dependent Motzkin state.
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1. An exact deterministic channel at finite size

For any contiguous cut write the neutral input in charge-resolved Schmidt form,

W) = Z \/ITQZ VTajlaqi)b—q,5), Tq1=Tgq2 =20, qu,j =1L (594)
J

q jz1

Only blocks with p, > 0 are needed. Pad each list by zeros. On the Schmidt support, Alice’s isometry sends
lag,2j-1) = |0)alg: )ar,  lagzs) = [L)alg, j)ar, (595)

and Bob uses the matching map on |b_, ;) with residual charge —¢g. The residual labels for different ¢ are orthogonal.
These maps must be completed on every local charge sector, not only the occupied Schmidt support. Such completion
is always possible: within a sector of dimension d,, at most [d,/2] residual basis states are needed for the paired
support, and unused input vectors can be mapped to orthogonal vectors in the 2d,-dimensional output. The isometry
extends to a unitary on the segment and a register initialized in |0). All extensions are made separately within each
charge sector. Thus VaQa = (I, ® Qa/)V4, and similarly for Bob, including unequal cuts and charge sectors absent
from the input.
Trace out the two residual systems, retaining every charge sector. The register output is exactly

pab = a|00){00] + (1 — a)[11) {11] + ¢(|00) (11] + [11){00]),
a = qu Z?‘%Qj,l, Cc = qu Z V7Tq,2j—17q,2j5 > 0. (896)
q J q J

Its fidelity with |®+) = (|00) + |11))/v/2 is Fgen = 1/2 + ¢, as in Eq. (12). In particular,

1 2
1= Fpen =5 qu Z(\/quj—l —Tq2j) - (S97)
q J
The product channel is trace preserving and uses no communication or postselection. Measuring charge and averaging
all outcomes would give the same output, but this measurement is unnecessary.
For any normalized reference list T with 75;_1 = 7»;, the elementary inequalities (vz — /9)* < |z — y| <
@ — Toj-1| + [y — 72 give

1
1_FBe11 S 5%:pq||7‘q—7'||1. (898)

No entropy-continuity estimate or fixed Schmidt-rank assumption is used. The trace distance from the Bell state is at
most /1 — Fgepp. Directly, its square is (a — 1/2)% + (¢ — 1/2)? < 1/2 — ¢, using positivity a(l — a) > ¢? of Eq. (596).

2. Balanced large rings and correlated amplitudes

For the original state, set N = 2n and keep ® ¢ 27Z fixed. Appendix G proves ¢! convergence of 7, to

4

T:(bl,bl,bQ,bQ,...), bj:m’

(S99)
uniformly for |¢|/y/n in compact sets. The doubled list has total mass one. Split the average in Eq. (S98) at |¢| = Y/n.
Its central part tends to zero for fixed Y; the rest is bounded by Z\q|>y\/ﬁpqv which vanishes as Y — oo by the
Gaussian charge bound. Hence Fpo; — 1, and the register state converges in trace norm to a Bell pair. This is a
single-copy extraction statement, not an optimal distillation rate. No size-dependent rate of convergence is asserted.

The same argument applies to the specified correlated states of Appendix J, with fixed real symmetric, entrywise-
positive W, its four-site compatible parent, N > 4, equal halves and fixed nontrivial flux. The conditional limiting list
is the sorted multiset w;w;b,, each appearing twice. Every nonzero weight therefore has even multiplicity, including
accidental degeneracies; zero secondary w or rank-one W causes no difficulty. The compact-charge convergence and
Gaussian tails proved there give the same conclusion through Eq. (S98). This does not establish generic stability under
non-frustration-free perturbations. Nor are these gapless, asymptotic doublets symmetry-protected Haldane doublets
[25].
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3. Why the original zero-flux state cannot supply this pair

At & € 277, every original-model charge block has rank one. The input after a regional-charge twirl is consequently

Ta(l%o) (Wol) = Y pylag) (agl @ |b-g)(b—ql, (5100)

q

a separable state. Any local charge-preserving operation into neutral registers has the same reduced-register output
before and after this twirl: off-diagonal residual-charge blocks disappear on tracing the charged systems. This remains
true with initially separable, charge-definite auxiliaries and for charge-preserving local operations with classical
communication, including conditioned branches. Such operations preserve separability of the twirled input. A separable
two-qubit state has overlap at most 1/2 with |®*), proving Fgey < 1/2. The explicit channel attains 1/2. There is no
conflict with the original state’s ordinary O(log N) entanglement: it resides in coherences between regional charges.
This no-go concerns the original model only. Correlated W can already produce entanglement within a zero-flux charge
block.

4. An achieved logical Bell witness and a four-spin check

The extracted registers also provide a direct correlation witness. With logical Pauli operators choose

Z+2cX Z —2cX
AO - Z, A1 = )(7 BO - \/ﬁ, B1 - \/ﬁ (8101)

The Clauser—Horne-Shimony—Holt (CHSH) combination [46] has local bound two and expectation

B=(Ay® (By+ By) + A1 ® (By — By)) = 2/1 + 4¢2 = 2y/1 + (2Fpay1 — 1)2. (S102)

Indeed (Z® Z) =1 and (X ® X) = 2c in Eq. (596). For deterministic local outcomes each equal to £1, one of By + B
and By — B; vanishes and the other has magnitude two; averaging proves the local bound. At k > 2 and nontrivial
flux, the original ¢ = 0 block has rank at least two, so ¢ > 0 and B > 2. For balanced large rings it tends to 2v/2. At
k =1 or trivial flux, ¢ = 0 for this original-model channel.

For N =4 and L = R = 2, only the two ¢ = 0 weights contribute to c. Their product is 16sin?(®/2)/361, giving
exactly

4] sin(®/2)| 1 4]sin(®/2)] 8sin(®/2)\”
- - F ell = = e —— == 2 1 . 1
c 19 . Bell = 5 + 19 B + 19 (S5103)

These are logical-register correlations after local processing, not a claim about bare-spin two-point measurements or a
loophole-free experiment. Preprocessing precedes the independent choices of Bell settings. It can depend on the known
Schmidt bases and act on an entire half; no shallow circuit, efficient implementation, adiabatic preparation or energy
advantage is established. Equation (5102) is an achieved witness, not an optimality theorem.

Appendix I: Compatible local deformations

We now allow spatially nonuniform positive ground-state weights, while retaining the same legal moves. Let
gi(u), g:(0), g;(d) > 0. For each source-target pair (s,t) = (10, 0u), (0d, d0), (ud, 00) on ordered bond (7,7 + 1), set

i i — ki —igi|¢
by, = 90000) 1) = Rsae ) (5104)
gi(t1)git(t2) 1+ 42,

Take H, = Zi,m Jis.t1Xi,s,6)(Xi 54| with every J; s > 0. The three ratios on a bond are generally different: this is
not obtained merely by choosing another common z; in Eq. (1). Small changes of the g; around one give small changes
of the local projectors, including their hopping and pair conversion amplitudes. The relations between these changes
are essential; independent arbitrary perturbations of the local matrix elements are not being considered.
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1. Neutral spectrum and ground state

The unitary in Eq. (3) has the same phase ratio on every allowed edge, independent of its positive magnitude. The
diagonal entries of each projector in Eq. (S104) are phase independent. It follows term by term that

H(¢) =UH (0)U'. (S105)

As before, an onsite gauge puts the total flux on the wrapping bond. In that gauge the unique neutral zero mode is

Wgo)=2,"% > [Hgi(xi)] e W@z oz = > [ (S106)

M(xz)=0 L 7 M(z)=0 1

Indeed its source-to-target amplitude ratio is ki’s,tei‘m, so each local bra annihilates it. The state has nonzero amplitude
on every neutral word. Positivity of the projector strengths and connectivity of the legal-move graph then prove
uniqueness in that sector. This argument includes both ordered bonds at N = 2.

An identical computational-basis-diagonal potential added to both sides of Eq. (S105) preserves the spectral identity.
It does not in general preserve Eq. (5106); no ensuing ground-state entropy assertion is made for such a potential.

2. Weighted depth blocks and entropy enhancement

For a segment A, define C'a(q,a) to be the sum of [];. 4 g (7;)? over words with charge ¢ and depth a = —minh 4.
Define Cg(—q,d) similarly for B, whose heights start at zero. At the cut put b = d — ¢; the global minimum is then
—max(a,b). Weighted sums of words at fixed charge and depth give orthonormal segment bases after normalization.
The exact coefficient blocks of Eq. (S106) are

K, 4(a,b) = \/CA(q’ a)Cg(_q’ b+4) o maxat) (S107)
g

These counts are definitions by weighted sums. The unweighted reflection formula need not hold for spatially varying
Gi-

Strict positivity leaves every feasible depth available. The new blocks are therefore obtained from the same phase
matrices as before by positive row and column rescalings. The phase minors in Eq. (S55) retain their nonzero

determinants, so the Schmidt ranks remain 2k + 1 at trivial flux and (k + 1)(k + 2)/2 otherwise, where k = min(L, R).
Every charge probability

-1
Pg.q = Zg

ZCA(q,cw] [Z CB<—q,d)1 (S108)
a d

is flux independent. At zero flux each block has rank one; at nontrivial flux the ¢ = 0 block has rank at least two
when k > 2. Splitting pg 4 into its conditional Schmidt probabilities therefore proves strict enhancement of every finite
positive-order Rényi entropy for k > 2, with equality for k£ = 1, exactly as in Appendix D. This compares fluxes at a
fixed filter; local filtering alone does not preserve entropy.

After division by ,/pg 4, Eq. (S107) is the general maximum-phase kernel of Eq. (S63), with two possibly different
depth probability laws. The distribution-independent argument of Appendix G applies without a bound on their
individual weights. Consequently

0<81(¥g0)—S1(¥g0) <B (S109)
uniformly in size, cut, flux and positive filter, with the same B as in Eq. (S66). This is not a uniform positive lower
bound as the size grows, nor an extension of the equal-weight thermodynamic constant C. Strong or size-dependent
filters may concentrate the state near product configurations. Robustness of that quantitative offset requires control of
the new depth and charge distributions, beyond the finite-size statements established here.
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3. Uniform flat-state bias preserves the limiting excess

A natural one-parameter subfamily changes the weight of a zero spin: g;(u) = g;(d) =1, ¢;(0) =7, with 0 < r < 00
fixed as N grows. The hopping projectors are unchanged in magnitude, whereas the pair conversion ratio is k; 4,00 = 2.
The ground-state amplitudes are weighted by r"°, where ng is the number of zero spins. Write this state as ¥,. 4 and
its reduced density matrix as p, 4(®). Arbitrary strictly positive projector strengths remain allowed, since they do not
change this state.

For equal halves N = 2n, replace the endpoint count by

T,.(n,m)

Tr(n,m) = [z"](z +r* + 271", Py n(m) = 2+

(S110)
Reflection preserves the number of flat steps. Thus the exact depth count is T).(n,q + 2a) — T-(n, ¢ + 2a + 2), with
the same endpoint shifts as before. In particular p, ; = P.,,(¢)?/Pr2,(0), and the two conditional depth laws in each
balanced charge block coincide.

The walk now has variance v, = 2/(2 +r2) and characteristic function (r? +2cosx)/(r? +2) = 1 —v,2%2/2 + O,.(x?).
For each fixed positive 7 this function has modulus strictly less than one away from zero on [—m,7]. The Fourier
argument for Eq. (S69), including its finite-difference factor, therefore gives

\/ﬁpr,n(m) - gr(m/\/ﬁ) + 0(1)7
[Py p(m) = Ppp(m+2)] = =2g,(m/v/n) + o(1),
9:(y) = (2mv,) "/ 2ev"/@or), (S111)
Both convergences are uniform on compact scaled endpoints: near zero a Gaussian dominates the rescaled Fourier

integrand, and away from zero the contribution decays exponentially. The telescoping depth tail then gives convergence
in L' of the conditional step densities to
_ 2(ly[ +2s) (Iyl +2s)* —y°

fry(s) = o exp | — 20, ; s > 0. (S112)

The maximum depth atom tends to zero uniformly on compact y = g/+/n, including y = 0; the exact tail ratio controls
the unbounded depth range.

Global charge averaging is also controlled. Use the bounded tilt parameter n = m/n € [—1, 1], rather than a tilt chosen
to match the endpoint mean. At fixed r > 0 all three tilted probabilities stay uniformly positive. The Fourier convolution
bound and the bounded-step exponential-moment inequality used for Eq. (S73) give P,.,(m) < C.n~"/ 2g—m?/(2n)
Together with Eq. (S111), this yields the scaled charge density w,(y) = (mv,)~1/2e=¥"/*r and vanishing tails of
normalized py, for every fixed a > 0.

The operator proof of Appendix G now applies with these densities. Identical conditional laws and vanishing
maximum atom give the same upper-Volterra limit. Their smooth, bounded-variation densities give the same weak
phase cancellation when /n|1 — ei‘b"| — 00. The distribution-independent spectral tails pass the two-branch spectrum
to conditional entropies; the charge bounds just proved pass it to the full entropies. Consequently the limiting
probabilities remain two copies of b;, and
Tr p7',A((I))2 1

AS, — C, (% < <o), v pr 1 (0)2 — 3

(S113)

at every fixed nontrivial flux, including the von Neumann limit C; ~ 1.581. The finite-truncation argument for
Eq. (S85) likewise retains the threshold o = 1/2. The charge Shannon entropy changes, giving

e

Finally, rescaling y and s by /v, in Eq. (S112) and in its charge average gives the weak-flux crossover explicitly in

terms of the original F":
®,/n — K : AS] — F'| ky/ _3 . (S115)
2+72

None of these limits is asserted uniform as r — 0 or r — oo, for size-dependent r, or for general spatially varying filters.
Nor does phase independence at fixed r imply an unchanged energy spectrum when 7 itself changes.
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Appendix J: Short-range occupation correlations

The finite entropy offsets persist when neighboring occupations are correlated. The construction of a local parent
from Gibbs amplitudes is standard [26, 27]; the issue here is whether its additional boundary entanglement changes the
flux increment. We derive the answer directly on the lattice. This is useful because a simple continuum RK description
need not reproduce Motzkin block entanglement [47].

1. Correlated state and four-site parent

Fix a real symmetric matrix W = (Wep)q,p=0,1 With every Wy, > 0. The entries, rather than the eigenvalues, are
required to be positive. For a spin word x, write 7; = |z;| and define

N
'IUW(J)) = HWTVL'TH,lv 7-J\/'-i-l = T1,
i=1

er\ir?t%v(Q) = Z ww($)7
M(z)=q
_o Vww (2)e 1 hmin(@)|
Wyya) = Z]V[(x)—o Vl;(n ) | > (S116)
Znw (0)

The partition function here is not the bond holonomy Z. For example, W,, = exp[—Joccab — p(a + b)/2] gives
ww () = exp[—Joce D ; TiTit1 — 1 2_; Ti)- At Joce # 0 this does not factor into onsite weights. The parameters specify
the wavefunction probabilities, not an additive single-ion potential in the original Hamiltonian.

For N > 4, a local parent uses the original oriented pairs (s,t) = (u0,0u), (0d, d0), (ud, 00). With outside spins ¢, r
held fixed, put

Wer(8) = Wiep 151 Wisy |, [s2) Wisal |1

wy (8)
ke (s, t) = : ,
tr(:t) we, (1)
— ko (s, t —idi |t
|X7,';€,'r';s,t> = |S> b (S )e | > (8117)

1+ ke (s,t)?

Sum these projectors, controlled by |€)(€|;—1 and |r){r|;12, over bonds, outside spins and the three pairs. The four
sites are distinct at IV > 4. All coefficients may be chosen to be one; any strictly positive coefficients give the same
zero mode. At Wy, = 1 the controls sum to the identity, recovering the original two-site parent. Small changes of W
give small changes of fixed-range local terms, but retain the RK relations between their matrix elements.

Only three activity bonds change in a local move, so kg, (s,t) = \/ww(xs)/ww(xt). In seam gauge the source depth
minus the target depth is zero on a nonwrapping move and one on a wrapping move. Thus every local bra annihilates
Eq. (S116). Nonzero amplitudes and neutral-sector connectivity prove uniqueness. The same phase ratio also gives,
term by term,

H(®) = Do HY(0)D),,  Dolz) = e 1 ®min(®)|g), (S118)

Here the flux is concentrated on the wrapping bond. Onsite gauge rotations recover any other distribution of the same
total flux.

2. Exact endpoint-resolved depth matrices

For an open segment, let Z%(q) be the total internal weight []
(11, 7n) = (a,b). The weight of words at depth A is exactly

ien Wriry, at charge ¢ and endpoint activities

C®(q,A) = Z%(q +24) — Z%(q+2A +2), A > max(0, —q). (S119)
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To prove this, reflect step signs up to the first crossing of a height barrier. Every activity, internal bond weight and
endpoint activity is unchanged. Barrier subtraction and the difference between two consecutive barriers give Eq. (5119).
Global sign flip and reversal give Z3(—q) = Z%(q) = Z2*(q).

For N = 2n, retain the depth and both endpoint activities on each side. Use A = —minhy and B = —¢ — min hp,
so the full depth is max(A, B). Reversing and sign-flipping the right segment gives a charge-q word of depth B with
its endpoints interchanged. The preceding symmetries give the same depth count for its actual endpoint class (¢, d).
Normalized weighted class sums are orthonormal. Their exact coefficient matrix and charge weight are

Kwl(A,a,b), (B, ¢ d)] = \/Cgb(‘b A)Cﬁd(% B)YWyWaq oi® max(A,B)’
Z o (0)
Dabed Z8(q) ZEM (@) WoeWaa
Zyi (0) '
Zero-weight classes are omitted. The two crossing factors W, Wy, are essential. The charge weights are flux independent,

but at zero flux a charge block now has rank at most four, not necessarily one. The finite-size majorization argument
for onsite product weights therefore does not apply to this correlated family.

PW,q = (S120)

3. Transfer estimates on the common depth lattice

Let D(¢) = diag(1,2cos¢). Summing the two signs at every active site gives the exact characteristic functions
> Zi(g)e™ = [D@)(WD@))" ] .,
q

> ZNv(@)et = Te[(WDW)N]. (S121)

The entrywise-positive symmetric matrix P = diag(1, v/2)W diag(1, v/2) has a simple top eigenvalue A and a positive
unit eigenvector v. Set d = (1,2), £, = V/dava, and sy = v? € (0,1). Its Perron projection supplies the endpoint
prefactor £,£,. The analytic leading eigenvalue of WD(¥) obeys A(9)/A = 1 — sw¥?/2 + Ow (9*). Before charge
conditioning, signs are independently symmetric given the activities. All offsite increment covariances vanish, while
the stationary active fraction is v?, giving this variance. It also follows by differentiating the simple two-dimensional
eigenvalue.

Away from zero modulo 27 the spectral radius is strictly smaller than A. For | cos}| < 1 this follows by strict Perron
comparison; at ¥ = 7 the positive 00 and 11 loops have incompatible phases, excluding equality. Compactness gives
exponential contraction away from zero. Near zero the leading branch has a Gaussian bound and the other branch
is exponentially smaller. Fourier inversion therefore gives, uniformly for y = ¢/1/n in compact sets and all endpoint
classes,

VR AT Z88(q) — L& gw (y),
nA~( D[22 (q) — Z2(q + 2)] — 26,600 (1),
gW(y) — (27TSW)_1/2€_y2/(2SW)- (8122)

The second line inserts 1 —e =2 inside the dominated Fourier integral; it does not differentiate an unspecified remainder.
The ring local limit has prefactor AV,

For a global estimate, tilt by n = ¢/n € [—1,1] and replace D(0) by diag(1,2coshn). Its top eigenvalue is A,,. Tilted
sign probabilities and the Perron active fraction are uniformly positive on this compact interval. Conditional sign
variance per active site is sech? 7, giving a positive uniform lower bound on 8,27 log A,,. The same loop argument gives
uniform contraction away from zero. The analytic projections and Gaussian Fourier bound thus bound each tilted
coefficient by C’WA:]‘*1 /+/n. Possible nonleading degeneracies are absorbed into a smaller exponential gap in the

finite-dimensional power bound. Since coshn < e’/ 2. entrywise comparison gives A, < Ae™’/2, Undoing the tilt yields
Z8(q) < Cw A" tn~V2ema/CY -y < Oyn e, (S123)

In particular, \/npw., — (Tsw) Y 2¢=v*/sw and normalized iy, have vanishing scaled tails for every fixed o > 0.
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Write A = max(0, —¢) 4+ j. The conditional depth law in endpoint class (a,b) is

_ Z8 (gl +25) — 22 (lal + 2 +2)

PG $124
) Z(a) (s124)
Its step density on scale j//n converges in L' to the same function for all four classes,
2 2 2u)? — y?
foyu) = 220 LGl 20)7 =7 S, (5125)
S 2sw

Equation (S122) controls compact depths. The exact telescoping tail Pr(j > J) = Z%(|q| + 2J)/Z*(q) controls the
remainder, first taking n — oo at fixed J/+/n and then this ratio to infinity. The convergence and vanishing maximum
atom are uniform on compact scaled charges, including y = 0.

Importantly, the laws agree asymptotically on the same integer lattice, not merely weakly after rescaling. A law
supported on even depths would have no phase oscillation at ® = 7, regardless of its broad scaled profile. The L'
statement excludes such a failure here. The squared Hellinger distance is bounded by L' distance, so all four depth
laws can be replaced by one common law in the normalized coefficient matrix with a Hilbert—Schmidt error o(1),
uniformly in the flux.

4. Boundary factor and limiting Schmidt probabilities

Define a two-dimensional boundary matrix and its probability vector by

S; R 2 .
Rab = V&a&oWap,  wi = (A) ,o1=12, (5126)

where s; denotes singular values. Indeed |[R|%q = Y., &a&oWar = v7Pv = A, so > ,w; = 1. Write H(w) =

— >, wilogw;, with 0log0 = 0. Define I?W,q = Kw,//Pwgq- The local limits and charge normalization reduce
Eq. (S120) to

Rivg =B ® Lyo(®) + ons(1),
B(a,b),(c,d) = RbcRda/A,
Liq(®)jk = /PP e 08, (S127)

A common depth-shift phase has been omitted. Row and column permutations identify B with R ® R/A, up to
transposes. Its squared singular values are w;w;.

The scalar argument in Appendix G uses only a common depth lattice, its smooth L! local limit and a vanishing
maximum atom. To recall the key step, embed P; as quantile intervals on [0,1]. The upper-triangular matrix
converges in Hilbert—Schmidt norm to upper Volterra integration; its diagonal correction vanishes. The phase multiplier
tends weakly to zero at fixed nontrivial ®: Abel summation bounds each smooth compact-depth Riemann sum by
C/[v/n|1 — €!?|], and the exact depth tail controls the rest. Finite-rank approximation then removes the cross terms in
trace norm. The upper and lower Volterra spectral subspaces become orthogonal, giving two copies of by in Eq. (S80).
Consequently the conditional limiting probabilities are w;w;b,, with every ¢ appearing twice. At zero flux they are just
WiWsj.

5. Entropy tails and cancellation of boundary entanglement

Eigenvalue convergence alone is insufficient for this entropy limit. Apply the rank-2m, squared-error-4/m approx-
imation of Appendix G to each of the sixteen endpoint blocks. Their squared block norms sum to one. Thus the
normalized full matrix has a rank-32m approximation with squared error at most 4/m, and its ordered conditional
probabilities satisfy

X <4/m, \; < 32768/5°. S128
J J

7>32m
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For the second bound, use m = |j/64] at j > 128 and A; < 1 for the remaining indices. This gives uniformly summable
VN entropy tails and power tails for o > 1/2. Zero-flux rank at most four supplies a uniform bound there too.

Conditional VN entropies therefore tend to 2H (w) + C; at nontrivial flux and to 2H (w) at zero flux. Conditional
a-moments tend respectively to (3, w®)?2>", b8 and (3, w®)?. For the full entropy use the exact identities S; =
H(pw) + 32, pw,gS1(ow,q) and Trp% = 3° piy, Trogy, where oW,q = KWQKT The Gaussian charge tails and
uniform conditional bounds justify averaging. The Rényi average uses normalized pW7 ¢ 1ot pw,q. The boundary factor
cancels, giving Eq. (13) with the same C, as Eq. (S81).

Finally the charge local limit and Gaussian bound give H (pw ) = %logn + %log(ﬂesw) + o(1). For the entropy tail,
apply monotonicity of —zlogx below e~! to the envelope for /npw ,; a Gaussian times a quadratic polynomial is
integrable. Since N = 2n,

S1(Yw,e) = £ log N + 3 log(mesw /2) + 2H (w) + C1 + o(1) (S129)

at fixed nontrivial flux; omit Cy at zero flux. These limits hold for fixed strictly positive W, not uniformly as entries
vanish or parameters depend on N. The sharp low-order rates in Eq. (11) concern the unit-weight ring; the correlated
result proved here is for oo > 1/2.

Appendix K: Diagonal perturbations: strict finite-size response and its limits

Frustration freeness is not needed for every entanglement response. Keep positive bond magnitudes and strictly
positive projector strengths, and add any finite real computational-basis-diagonal potential V. The neutral phase
conjugacy of Appendix C still holds. At zero phase, the Hamiltonian has nonpositive off-diagonal entries and a
connected configuration graph. Perron—Frobenius therefore gives a unique neutral ground state with strictly positive
normalized coefficients a,. In seam gauge its flux image has coefficients a,e™*®"min(#)  These coefficients need not
factor into site weights or depth classes.

1. Integer-order Rényi entropies

For subsystem charge ¢, index the coefficient block by individual words u, v, not by depth classes. Put a,, = — min h,,,
by = —q — min h,,, and ¢y, = @y > 0. Then
Cy( D)y = e’ max(@usbe) (S130)
For an integer m > 2, the corresponding reduced moment is
tr(Cy C’Jr ZW (u, ) ?Hw) (S131)
u,v
W = H Cujv;Cujyrv; > 0, Umt1 = U1, (S132)
=
Q= Z max(ay;,by;) — max(aqu,bvj)}. (S133)

—_

[

The moment is real. Taking real parts term by term bounds it above by its zero-flux value. This is the usual
sign/modulus decomposition of replica moments [6, 7], applied here to the exact height phase.

Strictness follows from four explicitly available configurations. If L, R > 2, choose in the ¢ = 0 block ug = 0%,
up = du0t=2, vy = 0%, and v; = du0f*~2. Their matrix of maximum depths is (§1). Its rectangle has Q = —1, with
strictly positive weight. For m > 2, repeating ug, v closes a cycle with the same phase. Thus, for every integer m > 2
and ¢ ¢ 277,

Sm(®; V) > 5, (0; V), L,R>2. (S134)
In particular, writing P(®) = tr pa(®)? gives
P(0) — P(®) > 4Cuyvo Cuyvg Cugvs Cuguy (1 — cos @) > 0. (S135)

This is a finite-size lower bound; its coefficient need not stay positive in the thermodynamic limit. The block operator-
norm inequality ||Cq(®)|| < ||Cy(0)] also gives nondecreasing min-entropy. Neither argument establishes all real Rényi
orders or von Neumann monotonicity for this general V.
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2. Why a uniform neutral gap suppresses the response

There is a complementary thermodynamic statement. Consider a sequence of these rings with uniformly bounded
finite-range interactions, including a diagonal V' of this type. Suppose the gap above the unique neutral ground state
at zero flux is bounded below by v > 0, independently of N. Then, for every p > 0,

sup |[S1(P; V) — S1(0; V)| = o(N7P). (S136)
1<L<N
|@|<2m

This follows from standard local spectral flow [48] and entropy continuity [49]; the sector and gauge conditions are
important for applying those results.

First move the flux, by onsite charge rotations, onto a bond in the middle of the larger subsystem. Such rotations
factor across the cut and preserve entanglement. The flux-dependent terms now have a fixed-size support X at
distance proportional to N from both cuts, and their derivative has norm bounded independently of V. Neutral phase
conjugacy makes the assumed neutral gap the same throughout the flux path.

Choose an exact spectral-flow filter with cutoff below -y, using the dynamics of the full local Hamiltonian. The flux
derivative and its time evolution conserve total magnetization. Matrix elements connecting the neutral ground state to
other sectors therefore vanish; the filter identity is needed only for neutral excitation energies above ~y. It transports
the neutral ground projection without requiring a gap to charged levels. No commutation between the Hamiltonian
and its flux derivative is assumed.

The locality proof of Theorem 3.4 in Ref. [48] now applies to this full-dynamics generator. Truncate it by conditional
expectation onto an R-neighborhood of X, with R proportional to N and the neighborhood wholly inside the larger
subsystem. For every k, the generator tail, and hence the difference between the integrated unitaries, is at most
Ci,N~F. The truncated unitary acts on only one side of the cut and cannot change entanglement. The trace distance
between the resulting reduced states is at most ey = C, N~F. Entropy continuity gives

|AS1| < enNlog3+ ha(en), (S137)

where ho(t) = —tlogt — (1 — t)log(1 — t). Taking k > p + 2 proves Eq. (S136). A nonzero thermodynamic response,
such as the offset derived above, consequently excludes a uniform neutral gap under these locality assumptions. This
implication does not determine a gap exponent or a phase boundary.

3. A natural perturbation with a rigorous large-anisotropy limit

For the original unit-weight projectors, consider the single-ion term

Hyp(®) = Hy(®)+ DY Qi Qi=(5))* (S138)

At every finite D, Eq. (S134) applies. On the other hand, there exists a finite D, such that for each fixed D > D, the
von Neumann response satisfies Eq. (S136).

To see this, write h;(®/N) for the sum of the three orthogonal local projectors in uniform gauge, so that ||h;|| = 1.
Rescaling gives

2

SHxp(®) = Y Qi+ Q) + 5 3 hi(®/N). (5139)

7

Each classical pair term has unique ground state 00 and local gap one. The perturbation norm per pair is at most 2/D.
Theorem 1 of Ref. [50], for translation-invariant periodic finite volumes, therefore supplies a unique ground state and a
volume-independent gap for sufficiently large D, uniformly in ®. Along the interpolation that turns on the second
sum, the gap remains open and magnetization is conserved. The ground-state charge cannot change from that of 0V
without a level crossing, so the ground state is neutral. The preceding locality argument applies.

No numerical value of D, is supplied by this application. In particular, small-system spectra cannot identify its
threshold. The fixed nonzero entropy offset of the compatible frustration-free family is thus not a universal consequence
of neutral isospectrality: a natural diagonal perturbation can preserve the latter while suppressing the thermodynamic
von Neumann response. The fate of the offset at arbitrarily weak fixed D > 0 remains undetermined.
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4. Singular response to weak single-ion anisotropy

The response at the frustration-free point can nevertheless be bounded without assuming an effective dynamical
theory. Use the fixed uniform bias g(u) = g(d) =1, g(0) = r > 0 of Appendix I, and allow arbitrary strictly positive
channel strengths J; s, < J,, with J, independent of N. Let H, denote this zero-phase parent and set Q@ = >_,(57)2.
Write EI(\?)T(D) for the lowest energy of H,. + DQ in the neutral sector. At every finite N this branch is simple. Define
its fidelity susceptibility by

[{¥r0(D)|¥r0)[* = 1 = xpnD? + On(D?), (5140)
where 1, 9(D) is normalized and ¥, ¢ is the state in Eq. (S106). This varies the added anisotropy D, not the
compatible-parent parameter r. For every fixed r € (0, 00) there are positive constants ¢, ¢’ such that

—BEY (D) >eN? xpn 2 NP (S141)

D=0
for all sufficiently large N. The constants depend on r, J,.
The mechanism is an exact overlap of the local driving term with a long-wavelength quadratic density mode. Under
o (@) = ¥, o(2)[2, put
2

N
k= N fr(z) = ; eiijj , Vn = Var, (Q). (S142)

The ground-state measure is exchangeable even when the strengths are not. Because ) ;25 =0,

N

Bfi= o 1BQ Cov(Qfi) = 3s

N -1
Indeed, for i # j, E[Qz?] = EQ?/N and E[Quz;z;] = —EQ?/[N(N — 1)]; summing the Fourier coefficients uses

K2

VN = CN. (8143)

Every legal move changes the Fourier amplitude by s; = e*** — ¢*(+1) " including the wrapping bond. Set
cn = |si|? = 4sin?(7/N). Then
(fi(z) = fie(y))? < 8w fr(z) + 26k (S144)
on an accepted source-target edge x — y. Its exact Dirichlet weight is J; ¢ ¢p(z)/(1 + kf’s)t), with the normalized
ratios in Eq. (S104). The three source patterns on a fixed bond are disjoint. Writing v, = max{1/2,7*/(1 + r*)}
therefore gives

'AN = <(fk - Efk)\llr,0|HT‘(fk - Efk)\llr,0>
< 4 J N (8cNEfy, +2¢%) =: By. (S145)
Both ordered bonds are retained when N = 2.

Let b= (Q — EQ)Y,.0, and let H;' be the inverse on the neutral subspace orthogonal to its ground state. The usual
spectral perturbation identities [51] give

—OHEV (0)=2Ry, Ry = OHB), xrx = (O/(H)2D). (S146)

Two Cauchy—Schwarz inequalities, first in the Dirichlet inner product and then in the spectral measure of b, yield the
finite-size bounds

4
Ry Ch
VN — BZQVVN

2
Ry > xpn > (S147)
Bn
It remains to control the variance, rather than extrapolate it from sizes. For v = 2/(2+72) € (0, 1), the fixed-endpoint
counts in Eq. (S110) satisty, for fixed s, g,

TT(N - qu)

T.(N,0) =2+ 1+M+0ns,q(1\f‘2) : (S148)

N
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Fourier inversion proves this directly: near zero, log(1 — v + vcosf) = —v6%/2 + (v — 3v?)0%/24 + O,.(0°). After
0=t/ VN, the Gaussian expansion has an integrated relative remainder O(N~2); outside a fixed neighborhood
of zero the characteristic function has modulus strictly less than one. The relative N~! coefficient in T,.(NV, q) is
(1 —3v)/(8v) — ¢*/(2v), which gives the displayed ratio. No derivative of a local-limit error is required. The exact
identities
EQ = 2NT,.(N — 1,1),
T,-(N,0)

AN (N — 1)[T,(N = 2,0) + T,(N — 2,2)]

B T,(N,0)

(S149)

EQ(Q —1) (S150)
then imply EQ = vN + (v —1)/2 4+ O,(N~1), EQ? = v2N? + O,(1), and Vy = v(1 — v)N + O,(1). Consequently
Cn =v(1 —v)N + O,(1) while By = 327%7,.J.v + O, ;,(N~1). Equation (S147) proves Eq. (S141).

Neutral phase conjugacy commutes with @ and is independent of D. Thus both the entire neutral energy curve and
this anisotropy fidelity susceptibility are identical at every fixed flux. The growing derivatives are nevertheless not
a fixed-D entropy theorem: they can be confined to a shrinking perturbative window. Nor are 2 and 3 established
critical exponents. Distinguishing an exact ground-state walk law from lattice dynamics is essential in these chains [52].
Determining the von Neumann flux response at arbitrarily weak fixed D > 0 still requires control of the perturbed
ground state beyond these response bounds.

Appendix L: Adding the reverse pair conversion

The neutral conjugacy uses the allowed moves, not only the zero-flux ground state. To isolate this distinction, retain
the original unit weights, put z; = ¢'®/Y, and define

_|du) — e"®/N|00)

7 , €>0. (S151)

Hy (@) = Hy ("N, Ny 4+ Y |GG, |Gy)

The opposite sign of the phase relative to |F;) is fixed by the opposite orientation of the charge transfer. Both ordered
bonds are retained at N = 2. There is no single-ion term in this appendix.

At ® = 0 every uniform magnetization-sector vector is annihilated by the added projector. Positivity and the
original kernel classification therefore give exactly the same 2N + 1 ground vectors and the same entanglement. At
® ¢ 277, only the two polarized vectors remain at zero energy. Indeed, the original kernel contains just those vectors
and its unique neutral vector. In the seam gauge, select a du valley which is the unique global minimum, with every
other letter flat. Removing the valley raises the minimum by one. Equation (5) then violates the new reverse relation
by the factor e®. The seam can be placed away from the chosen bond by a charge gauge; the mismatch is invariant.
This argument includes N = 2 and shows that even one positive reverse term removes the old neutral zero mode. The
bounds below instead use the same positive € on every bond.

1. Neutral energy curvature

Let E](\?’)E (®) be the lowest neutral energy and define

2EY) 2T(N — 1,1)
Kne= <3 = o) S152
Ne = THp2 "N T TN, 0) (5152)
P=0
For every finite N > 2,
€ N 2T(N —2,1) + (1+ )T (N —2,0)
<Kne< . 1
T eN —1 = fme s NT(N,0) (5158)
Thus Ky, = O(N~1) for each fixed € > 0. More explicitly,
2
liminf NKy., > —— lim sup Ny < SC. (S154)

N—oo 3(1+¢€)’ N—so00
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These are sector-resolved curvatures. The full ground energy remains zero because of the polarized states.

To prove the bounds, let x be the uniform measure on the d = T'(N,0) neutral words. Treat each bond, outside
word, and channel as a separate undirected edge, including parallel edges at N = 2. The original three channels have
conductance ¢, = 1/2, and the reverse channel has ¢, = €/2. Orient the original moves as in Eq. (S1), with phase
slope a, = 1/N; orient du — 00 with a. = —1/N. Connectedness makes the neutral ground state simple at zero flux.
Analytic perturbation and complex conjugation make its energy analytic and even near zero. Its first state derivative
can be chosen if(x)/v/d, with real f: the Hamiltonian derivative is purely imaginary, and a real tangent component
only adds a nonnegative quadratic term. Expanding the edge energy and minimizing this tangent gives

,CN,e = 2f:WHlei,£l%Rf(f)7 d Zce Ge CUe + f(ye)] . (8155)

An additive constant in f has no effect. This is the usual magnetic Laplacian curvature variational principle.
For each fixed bond and outside word, eliminate the intermediate 00 configuration by weighted Cauchy—Schwarz:

%[N_l _fud+f00]2 + %[—N_l _fdu+f00]2

ZCE[2N_1_fud+fdu]2v Ce =

€
R S156
2(1+¢) ( )
Each labelled pair edge is used once, even when different contexts share a 00 word. Since the hopping conductance is
at least ¢, the resulting form dominates equal-conductance exchanges of all three colors. For an exchange on (i,7 + 1)
its phase slope is (z; — 2;41)/N. The cross term between this slope and f vanishes for every f: its divergence at each
word is proportional to ) (z; — z;1+1) = 0. Consequently

CeUN
F(f) > 2N2 Z —2i41)% = N1 (S157)
The last equality uses Ez? = vy and Ez;z; = —vn/(N — 1) for distinct sites. This proves the lower bound in

Eq. (S153). Setting f = 0 in Eq. (S155) proves the upper bound: each hopping channel has T'(IN — 2,1) source words
per bond, and each pair channel has T(N — 2,0). Finally vy — 2/3 and T(N — 2,q)/T(N,0) — 1/9 for fixed ¢ =0, 1

give Eq. (S154). The finite-N expansion E( ) (@) = Kn,c®?/2 + On(®*) does not supply a size-uniform finite-flux
estimate.

2. Zero-flux spectral gap

Let vn,e,a(0) be the first positive eigenvalue in a nonsingleton magnetization sector, and v (0) the full positive
gap. For |[M| < N,

€ €
> < <1- .
YN, e,m (0) > 611 T N 61T ONE = YN,e(0) <1 —cos(27/N) (S158)

The constants are deliberately coarse. A self-contained comparison proof also identifies which local process restores the
N2 scale.

On words of fixed magnetization M, use the uniform measure pys. An involution 7' acting at rate r has Dirichlet
form $E,, |f —f oT|?. Let Qjoc contain, on every bond of the open path 1,..., N, rate-one color exchange S, ud «+ 00
conversion F', and du < 00 conversion GG, each acting as the identity on other pairs. Discard the ring seam from
Hn (0) and split the remaining form into two equal halves. Retain U, D, F, G from one half, with conductances
1/4,1/4,1/4,¢/4. In the other half the series inequality produces the missing ud <> du exchange. Hence

€

E(f) = {f, HN(0) f)pns = c0Qioc(f), “©=Iita

(S159)

Next let Qcomp apply each of S;;, Fi;, G;; at rate 1/N for every unordered site pair. We prove

Vary,, f < 2Qcomp(f)- (S160)
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Charge conjugation preserves this equal-rate comparison process, so take M > 0 and condition on m = ng, with
ny =m-+ M and z=nyg = N — 2m — M. In a fixed-population slice, uniform permutations satisfy

Var(f | m) < = SE[If ~ fosil | m]. (161)

i<j

For completeness, prove this non-sharp bound on labelled permutations by induction. Condition on the label at
a distinguished site k. The conditional variance uses the (N — 1)-site bound. Couple two values of the label at
k by transposing k with the position of the second label; Jensen bounds the variance of the conditional mean by
(2N)~1 i Elf— foSk;|%. Averaging over k gives coefficient (N —2)/[N(N —1)]+1/N? < 1/N for every pair square.
The N = 2 base is immediate. Pulling a multiset-valued function back to labelled permutations gives Eq. (S161), so
the averaged conditional variance is at most twice the exchange part of Qcomp.

The remaining count variable has stationary weights m,,, o< N!/[m!(m + M)!z!] and birth/death rates

-1 M

M7 Mmzw7 0<m< [(N—M)/2]. (S162)

N N
There are two possible pair creations from each 00 pair; the total birth rate includes both. Detailed balance follows
from the factorial ratio. This finite chain has gap at least one. Indeed, for its generator £ and g, = hmit1 — b,
VLh = Leqgeg — Vg, where the edge generator has birth rate A,,11, death rate p,,, and

AN —6m —3M —5

Vi = A — /\m+1 + Um+1 — Bm = N >1 (8163)

Am =

on every count edge. For a nonconstant real eigenfunction of —£, choose an edge maximizing |g| and fix its sign. At
that edge —Leqgeg > 0, so its eigenvalue is at least one. The count-chain variance is therefore bounded by its Dirichlet
form. For h(m) = E[f | m], Jensen bounds that form by the reaction part of Qgomp: reaction-edge endpoint marginals
are uniform on each population slice, since every word in a slice has the same number of 00 and opposite-charge pairs.
If only one slice exists, the count variance vanishes. Variance decomposition proves Eq. (S160).

Finally implement a remote S;;, F;; or G;; by adjacent exchanges moving site j to i+ 1, applying the local involution
at (i,7 4 1), and undoing the exchanges. Each path has length at most 2N. Every prefix is a bijection of the fixed-M
word set, including after a reaction, so uniform averaging is preserved. Cauchy—-Schwarz bounds a remote square by
the path length times the local squares. Across the three remote types, a local exchange occurs at most six times per
site pair; with rate 1/N and at most N(N — 1)/2 pairs, its coefficient is at most 6N2. A local reaction occurs only for
paths anchored at its left endpoint, giving coefficient at most 2N < N2. The safe common bound is

16N?
€o

Qcomp < 8N2 QIOC7 Va‘r/L]\/j f < EF(f) (8164)
This proves the sector lower bound. The polarized singleton sectors have no positive internal level. The one-flat sector
is unchanged by G and supplies the full-gap upper bound in Eq. (S158).
The neutral gap also has the N~2 scale. For f(x) = Zj ezmj/ij in the uniform neutral ensemble, Ef = 0 and
E|f|? = N?vx/(N — 1). Direct edge counting gives
N 1+e¢
(f) = 4sin*(7/N) s |T(N — 2,1
(1) = sin(e/N) gy [TV = 2.1)+ =5

T(N —2,0)] . (5165)

The Rayleigh quotient is O.(N~2). Together with the lower bound this gives Yy ¢0(0) = O.(N~2).

At € =1 and zero flux, the Hamiltonian is also the spin-one chain of Watanabe, Katsura, and Lee, up to an overall
energy scale [53]. The occupations n; = z; + 1 € {0,1,2} identify the zero-flux Hamiltonian with minus one half
the bulk generator of the constant-rate generalized symmetric exclusion process [54, 55]. A particle can hop when
the departure site is nonempty and the arrival site is not full; each allowed hop has the same rate. Diffusion and
spectral-gap estimates for that process are known. These are precisely the site-uniform two-particle-capacity rates
studied by Arita, Krapivsky, and Mallick [29], with our generator smaller by a factor of two. Their finite-range
variational approximations address bulk diffusivity, not the finite-flux quantum entanglement considered here. The
comparisons above give explicit conservative constants here, rather than a new diffusion universality class. The original
model instead has the subdiffusive neutral upper gap bound of Ref. [28]. The wavefunction/dynamics distinction is also
familiar in Motzkin and Fredkin chains [52]. The present comparison isolates its flux consequence at exactly identical
zero-flux states. Neither the zero-flux gap nor the neutral curvature determines the new ground state’s entanglement
at finite total flux, or a real-time transport coefficient.
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Appendix M: Entanglement response after resolving magnetization

The exact phase conjugacy of the three-channel chain need not survive a change of local dynamics. Here we calculate
a response that remains after the regional magnetizations have been measured. The special rates below are essential,
rather than a general perturbative-stability assumption.

1. Hamiltonian, state, and conditional entanglement

In the uniform gauge § = ®/N, use the normalized vectors U;, D;, F; of Eq. (1) with z; = ¢ and G; = (|du) —
€'?|00))/+/2. Define

Hy(®) = 3 (U:) (Uil + [Di)(Dil + 2AF:) (B +2|Ga) (Gl (8166)

?

A common positive multiplier fixes the energy unit without changing the states. This is not the path obtained by
adding an arbitrarily weak G term to the original chain: both pair-conversion strengths are two. Its zero-flux generator
is a known gradient member of the capacity-two exclusion family [29], not a new model.

In a fixed total magnetization sector M, the zero-flux ground vector Qn ps is uniform on the T'(N, M) words of
charge M. The comparison in Appendix L, with € = 1, gives an open-path gap at least 1/(128N?2) in every nonsingleton
sector. Increasing the two pair strengths preserves that lower bound. Thus the actual ground branch ¢y, a(®) is
simple and analytic near zero flux at each finite N.

For a contiguous interval A of [ sites and its complement B, let p,(®) be the probability of measuring magnetization
gin A, and p q(®P) the normalized conditional reduced state. The average entanglement retained in all outcomes is

En(®) =D py(®)S(pa,4(®)) = S(pa(®)) — H(p(2)). (S167)

This established operational quantity [22, 23] uses local operations preserving regional magnetization. For spins this
is an imposed operation class, not a fundamental superselection rule. Every zero-flux charge block is a product, so
En(0) =0.

For N >4, |M| <N —2,and 2 <[ < N — 2, we prove

gch(q)) = _'I’}N’M’l@él 10g(‘b4) + ON’M’Z((I)AL). (8168)
The coefficient obeys the finite lower bound in Eq. (S182). If M/N — p € (—1,1) and I/N — a € (0, 1), then

2,11 2.3 1— 3 -1
lim inf nn a0 2> v (p) a1 ~ a) ; v(p) = M, w=/4—3p. (S169)
N —o00 Y 576 3
Here v"(p) = —2 + 4/w?. In the neutral sector the coefficient has an exact macroscopic-cut limit. Uniformly for

any =1/N in a compact K C (0,1),

a3 (1 —an)?
576

In particular, nn,0,; = ©x (1) and the half-cut limit is 1/36864. Appendix P proves the exact value and the vanishing
error, strengthening the crossed-dipole lower bound. This coefficient is defined by taking the weak-flux limit at finite
N. Appendix N additionally proves a size-independent small-flux interval and a neutral fixed-flux entropy lower bound;
an exact fixed-flux entropy limit is not asserted.

NN,00 = + O (N7H19), (S170)

2. Which part of the response creates new Schmidt weights?

Let p be the uniform charge-AM word measure, Hy = Hg(0), and R its diagonal escape rate. Its bond table, in row
and column order —1,0, 1, is

0 1/2 1
r(zy)=|1/2 2 1/2 . R@) =D r(wimig). (S171)
1 1/2 0 i

x,Y



37

Set t=R—-E,R and { = H0+t7 with E,& = 0. The signed bond current (z; — x;41)/2 telescopes around the ring, so
Hy(®)Q2 = (1 — cos(®/N))RQ and

2

oz + On e (|2%). (S172)

Ynm(P) = Qnar —

The pseudoinverse acts on functions with the y inner product; multiplication by €2 identifies them with normalized
state vectors.
Given the regional charges, the two words are independent and uniform. Define the orthogonal projection

Qf = f —E[f | wa]l —E[f | 5] +E[f | 4] (S173)

A change depending on only one region changes its local Schmidt vector without creating a new Schmidt weight.
Consequently

Qs
ANt

IN,M,. = (S174)
The distinction between both-sided entangling perturbations and the full state or fidelity response is standard [56, 57].
Schmidt support also opens under anisotropy detuning near the XXZ ferromagnetic point [39]. Here a boundary flux
drives the response, which is resolved within each regional-magnetization block. The finite-size expansion is distinct
from the size-uniform fixed-total-flux bound proved in Appendix N.

For the remainder, the block amplitude matrix has the expansion Cy(®) = Cy o + ®2Cy 2 + On(|®]3), where Cy o
has rank one and a positive singular value. Isolate that singular subspace by smooth row and column unitaries. The
small complementary block is ®?QC, 2 + On(|®|?); eliminating its large row and column changes it only at order ®%.
Weyl’s inequality gives small singular values ®*s; + On (|®[*). For s; > 0 the probabilities are s5®* + On/(|®[”); when
s; = 0 they are Oy (®%). The latter contribute O (®°|log|®||) to entropy. For the former the logarithmic error is
On(|®]?|log |®|]) = on(®*). Normalization by the positive block mass changes only the nonlogarithmic ®* term. This
proves Egs. (5168) and (S174). It does not assume analyticity in ®2; third-order imaginary amplitudes are allowed.
Logarithms from opening Schmidt support are known perturbative behavior [58], not by themselves a new criticality
criterion.

3. An exact crossed-dipole response

Index sites by 0,...,N — 1. For nonzero momenta k = 2mj/N, put F, = >, e?*z;, ¢, = 1 — cosk, and Gy, =
|Fy|*> — E,|Fx|>. The bond table gives the pointwise identities

HoFk = Cka, Hon = QCk(Gk — t). (8175)
The first follows from the bond current; the second follows by applying each move to |Fy|?. Self-adjointness implies

Cov,(R,Gk)

=A
<£aGk>H R + 2Ck

) Ar = (v, Hit),,. (5176)
The finite covariance is affine in cosk: Cov(R,Gy) = uny + Uy cosk. An explicit normalized formula is useful. Set
m=N-20Q0=M-X-Y, z=Q/m,v=0v,(Q),ax =X —Z, ay =Y — &, where

Tn—1,g—-1)+T(n—-1,¢g+1) Tm,M—-X-Y)

= w(q) = - 2 P(X,Y) = 1
€2 (TL, Q) T(n, Q) ) v (q) €2 (na q) (q/n) ’ ( ) ) T(N, M) (S 77)
Infeasible @@ has probability zero. The conditional Fourier variance is Cy + Cy cos k, with
m? — 2 2v
Coza‘%(—i—a%/—i-umil, 61:2aXaY_j7
N2vn (M ~
ux = NE|r(x.7) (60 - S22 . By = NE[r(X, Y)Cu). (s178)

Write dy = uy + vn. This extrapolates the nonzero-momentum formula to cos k = 1; it is not the covariance of the
constant Fy = M.
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Let Dy =) ,c4a:S; and Dp = ZjeB b; S, with separately zero-sum real weights. Set g = D4Dp as a diagonal
function, ma = > ia;, and mp = > 7b;. Conditional independence gives Qg = g and

T, g)T(N —1,M —q) lu(qg) (N = Don—i(M —q)
2 _ 2 2 _
gl = VN ( EZ aZ-) Ej b |, VN = gq T(N, M) 1 N _1_1 . (S179)

Write A, =), a;e’™ and By =Y j bjeikj. Since ¢ is translation invariant, averaging g over translations expresses
its overlap with ¢ as N2 Zk;éo A_; By (&, Gy). Zero-sum weights remove k = 0; disjoint support gives >, A_,Bj =
N>, a;b; = 0. Both the common Ag term and the constant part of (uy + Un cosk)/ci therefore cancel. The exact
cycle Green kernel is
ikd N2 -1
y - —d(N—d), 0<d<N. (S180)

Pwrd 1 —cosk 6

Apply the cycle second difference and fix zero average to verify it. For contiguous disjoint A, B, 0 < j —i < N.
Zero-sum weights kill its constant and linear terms, leaving —2m amp. Hence

deAmB
N2 ’

2deAmB

<§aDADB>u - - N4

93(DaDp)a|, = (S181)

Cauchy—Schwarz in the Q subspace bounds 7 from below by this observable response squared, divided by 16| g||i
Centered linear ramps maximize m%/ Y a7 and m%/y " b3. Taking a; =i — (I—1)/2 and b; = j — (I + N —1)/2 gives

d3,LaLp 11?2 - 1) (N=D(N-01)2%2-1)
> NZATE Lyi=——""1 [Lg= . S182
NN, M, Z ANSVy it A 19 B 12 ( )

The variance product is positive in the stated domain. The lower bound can vanish if dy = 0. This is a response
relation for the specified pure-state branch, not a mixed-state entanglement witness.

4. TUniform canonical expansion and the density limit

We give the counting estimate needed for both thermodynamic bounds. For p = ¢/n in any compact interval inside
(_17 1)a

c _ 4— /4 —3p?
extm) = up) + Ly o), u(p = T (5183)
The remainder is uniform; ¢ is smooth and even. To prove this, tilt the one-spin law to p;(x) = €!*/(1 + 2 cosh t), with
E;X = p. Conditioning on the sum g leaves the canonical measure unchanged. The tilt is smooth, its variance is bounded
below on compact intervals, and all cumulants and their derivatives are uniformly bounded. For o(h) = Epe*(X —P)

and m(h) = E¢[X?e"(X=P)] Fourier inversion gives

JZ m(h)p(h)"~t dh
Joe(ymdh

ea(n, q) = (S184)

Away from a fixed neighborhood of zero, aperiodicity bounds |¢| < 1 — ¢ uniformly in the compact tilt range. Near
zero put h = y/+/n, expand log ¢ through degree eight and m/¢ through degree six, and integrate against e~ (PV?/2,
0Odd half-integer terms have zero symmetric integral. Uniform Taylor bounds and Gaussian domination control the
integrated remainder at relative order n=2. Outside |y| < +/Clogn the Gaussian tail is smaller than that order for
sufficiently large C. The numerator and denominator are

n~Y2\/2x /v [u+ ny/n+ O(n~2)), n~Y2\/2x /v 1 + di/n+ O(n~2)].

Their coefficients are smooth Gaussian moments with positive v. Division proves Eq. (S183); exact charge conjugation
implies ¢(—p) = ¢(p). Finite small n are absorbed in the constant.
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The same estimate evaluates Eq. (S178). At formal cos k = 1, subtracting the unconditional Fourier variance from
Co + C; gives

(X +Y —2p)% —20(p) —v'(p)(X +Y —2p) + O(N 7).

The pair law converges to two independent tilted spins at order N~1. Tts density score is (X +Y —2p)/v. Differentiating
the exact tilted identity E;r(X,Y) = v(p) twice therefore yields

dy

& = ()" (p) + O(N ). (S185)

The unknown ¢ cancels in the covariance difference. For macroscopic cuts the regional charge has mean lp and variance
on(M)I(N —1)/(N — 1) = O(N). On central charges Eq. (S183) gives Vi ar; — v(p)?; outside any fixed central
density interval use 0 < nv,(g)/(n — 1) < 2 and concentration. Inserting this into Eq. (S182) proves Eq. (S169). At
neutrality v = 2/3, v" = —3/2, giving the positive half-cut lower bound 1/36864. A zero of v" only makes this lower
bound inconclusive. Saturation sequences lie outside the compact-density limit.

5. Decomposition and control of the neutral remainder

Here M = 0. Set S(x) =Y, 22

%5, 50 =8 —E.S, 5 =rv+3s0, and Fn = >, Gr/ck. Summing Eq. (S175) and
applying Parseval gives

3Fy N
(AN—3) 4N -3

HoFn =2Nsg— 2(N — 1), &= —3 HJ;,. (S186)
We bound the second term by a block argument. Block replacement and equivalence of ensembles are established
methods [59, 60]; the estimates below state explicitly what is needed here.

Choose £ = | N?/5| for large N, and partition the whole ring into k = | N/£| contiguous blocks with lengths in [¢, 2¢).
Average over all N translations of the partition. Each bond is internal in fraction 1 — k/N. With o = N/(N — k) and
¢’ = 3/a, the reconstruction is exact:

R+ 3S =« AVtranslations Z(Ropcn,B/ + C/SB’)~ (8187)
B/

No boundary term has been omitted. Here o < 2 and |¢ — 3| = O(¢~!). For block length L and charge ¢, the
summand’s canonical mean is

hr(q) = (1 +¢')Lea(L,q) — ¢*/L. (S188)

Indeed averaging the bond table gives ERopen = Lea — ¢%/L, and ESp: = Les.

For one partition decompose its centered sum as f + g: f subtracts every block’s conditional mean, and g is the
centered sum of hr(Qr). Given block charges, the canonical measure factors. Every complete-pair exchange or
conversion changes a block summand by at most 14: four affected bonds of range at most two and a change of S of at
most two. Its complete comparison form is at most 147L, so Eq. (5160) bounds the conditional variance by 294 L.
Hence [|f]|2 < 294N. The block open Hamiltonian’s entire kernel consists of block-charge functions, to which f is
orthogonal. The open-path comparison in Eq. (S164) gives

(f, Hy f) < CNE. (S189)

The block charges are correlated by the fixed total charge. Rather than bound their variance before conditioning
and pay a factor v N, we apply a complete-pair Poincaré inequality directly in the canonical ensemble. Appendix P
proves Var, g < CN/ £3. The global gap then gives

Var, g < CN/63, (g, Hi g),, < CN3/¢3. (S190)
Cauchy—Schwarz for the inverse form and convexity under translation averaging in Eq. (S187) imply

(3, Hg'3)u < C(NC + N°/£%) = O(N®), || H{f5]17 = O(N'/P). (S191)
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The second bound uses the spectral gap of this same Hy; it does not compare squared inverses of different operators.

Finally |G|/, < CN uniformly in nonzero k. For an elementary proof take X = Re F}, or Im F}j,. Exchangeability
gives EX? = O(N), and every complete-pair move changes X by at most four. Its form on X2 is at most CN(EX2+1) =
O(N?). Equation (S160) gives Var(X?) = O(N?), hence EX* = O(N?). Since 3, ¢ " = (N*=1)/6, | Fu|l, < CN?.
Equation (S186) gives |||, < CN?, and the projection in Eq. (S174) proves ny o, < C. Together with Eq. (S169),
this proves the uniform upper and positive lower bounds. The improved remainder in Eq. (S191) also vanishes relative
to the leading response scale. Its exact coefficient is evaluated in Appendix P.

The result concerns an actual fixed-magnetization ground branch. It separates within-charge entanglement from
changes in charge probabilities and bounds it using a regional observable response. The exact weak-flux coeflicient
does not transfer the original three-channel fixed-flux entropy law to this Hamiltonian.

Appendix N: A size-independent small-flux entanglement bound

We now keep a small nonzero total flux fixed while increasing the ring size. The Hamiltonian is precisely Hg(P)
in Eq. (S166), not the original three-channel chain or an arbitrary choice of four rates. Write Hy = Hg(0), use
the canonical uniform measure py ar, and retain R,t, & from Appendix M. Norms of functions use this measure;
multiplication by the normalized uniform vector {2 = Qx 5s identifies functions with state vectors.

There are constants ®g,C > 0, independent of N > 2 and M, such that the actual lowest state in each sector is
simple for |®| < & and, with (Q,¢¥x ) > 0,

(1)2
H%\/,M((I)) -Q+ 2N2§QH < O, (S192)

Singleton sectors are understood separately. For each ag € (0,1/2) there are Ny, ¢, ®; > 0, independent of N and I,
such that

Ean(®) > cD*log(1/|®]), N >Ny, ag<I/N<l—ag, 0<|®|<d, M=0. (S193)

The constants are not optimized. In particular, this gives a positive large-size lower bound at each sufficiently small
fixed nonzero total flux, without asserting an exact limiting entropy.

1. Current controlled by the zero-flux energy

In the uniform gauge, 6 = /N,
Hy(®) =cos Hy+sinf J + (1 — cosO)R. (S194)
We first prove the size-dependent form bound

[(f, T £)ul < 204N (f, Hof)u (S195)

Its factor N is canceled by the bond phase ®/N.

For distinct sites 4,7, let L;; be the positive right-hop generator: its off-diagonal entry is minus the rate for
(2, ;) = (x; — 1,2, + 1), with rates 1/2 on (1,0), (0, —1) and one on (1,—1),(0,0). Its diagonal is the outgoing rate,
so L;;1 = 0. Outgoing minus incoming rate is d;;(x) = (x; — x;)/2. The physical pair operators are

hij=Lij+ Ll —dij, iy =i(Li; = LL),  Ho=> hisr, JT= diit1- (5196)

Here h;; = hj; > 0, j;; = —j;; and j;;1 = —id;;. The diagonal subtraction in h,; is necessary locally, although its ring
sum telescopes.
At pair charge £1, h;; = % (711 _11). At charge zero, in order (ud, 00, du),

1 -1 0
hy=|-1 2 —-1]. (S197)
0 -1 1
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Thus its positive gap is one and its kernel projection P;; averages within pair charges. The site swap U;; is the identity
on this kernel, and ||7;;] < V2.

For three distinct sites put Tj;r = jij + jjr + jri- The divergence identity makes T35, annihilate every uniform
total-triple-charge vector. Moreover U;;T;1Us; = —Tjj1, so Pi;Ti;,FP;; = 0. Let e;; be the rate-one swap and two-
conversion generator of Appendix L. Pairwise e;; < 3h;;: at charge zero use |a — ¢|* < 2]a — b]? 4 2|b — ¢|? for the
missing exchange; the other pair blocks are immediate. Equation (S160) at three sites therefore gives

hij + ik + hii > 5(I = Piot), (S198)

where P, averages within total triple charge. For g = f — Piotf, Q = I — Pij, use ||Ti;x|| < 3v/2, the pair gap and
Eq. (S198) to obtain

(. Tge )] < 2Tl 1Qall 19l
< 12\/(f.hig P)(F. (g + By + i) ). (3199)

Condition on the exterior word and triple charge, then sum with Cauchy—Schwarz. The same inequality holds in the
full canonical measure.

Set ji; = hi; = 0. Antisymmetry gives the exact identity J = N ! Zi’k T5,i+1,k; the two long-edge sums cancel. For
E = {f,Hof) and B = (f, Heomp[), With Heomp = N > i< hijs Eq. (S199) yields

I(f, TN < 12¢/E(E +4B). (S200)

The short edge occurs at most N times; each long-edge sum is 2 >
hij < e;5, and Eq. (5164) gives

i<j h;j. This accounts for every multiplicity. Pairwise

Hcomp < Qcomp < 8N2 Qloc < 64N2Hunit < 64N2H07

where H.p,i, has four strengths all equal to one; the penultimate inequality is Eq. (S159) at ¢ = 1. Then 12+/1 4+ 256 N2 <
204N proves Eq. (S195). For N = 2 its two directed currents cancel exactly.

2. A centered-activity form bound, including endpoint charges

We prove a slightly more general estimate. Let Hg be the zero-flux homogeneous four-channel Hamiltonian with
fixed strengths sy, sp,sr, sq > 0. For a real two-site function F' with K = ||F||s, define Vy = >, F(x;, xi41). Then

Eu (VN = E VI < Cr[N*(FHs )+ 1FI12] (5201)

uniformly in N, M. The constant depends on K and the smallest strength, not the charge. We will use F' = r
from Eq. (S171). Only this form estimate is generalized; the physical entropy conclusion uses the gradient rates in
Eq. (S166).

First consider n sites of fixed charge ¢ and let S = ", 27, u,(q) = ES/n. For ¢ > 0 the count variable k = ng has
weights n!/[kl(k + ¢)!2!], z = n — 2k — q. The count chain Egs. (5S162)—(S163) has gap at least one. Since S = q + 2k,
detailed balance gives

Var(S) < 4E\; = 4B < n. (5202)

The last step uses k(k + ¢) < n?/4. Charge conjugation and singleton count laws cover negative charges and endpoints.
Two labeled sites have equal probabilities of 00 and ud. Hence E[(n — S)(n — S — 1)] = (ES? — ¢*)/4. For p = q/n
this gives
_1—u, 3Var(S)

_ 3.2 12
P(uyp) = I R P(u) = 3u” —2u+ 1+ 3p°. (S203)

The root in [0,1] is u(p) = (4 — /4 — 3p?)/3, and |P’| > 1/2 there. Thus |u,(q) — u(p)| < 7/(2n), even near saturation.

Let p(p) = ((u+p)/2,1 —u,(u — p)/2) in order (1,0,-1), and g(p) = >_, , Pa(p)ps(p)F(a,b). The empirical
proportions have total absolute coefficient two in §/n. Sampling without replacement contributes at most 2K /n to
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the two-site error; their covariances contribute at most 4K /n by Eq. (S202). The mean proportion vector differs from
p(p) in ¢! by at most 7/n, contributing at most 14K /n to its product law. Consequently, for distinct labeled sites,

[EF (21, 22) — g(g/n)| <20K/n,  |ha(q) —ng(g/n)| < 21K, (5204)

where h,,(q) is the mean open-chain sum of F, and h; = 0. Also v’ = p/\/4 — 3p% and u" = 4/(4 — 3p?)>/2 imply
lg"”] < 24K on [—1,1]. These estimates require neither an interior-density restriction nor a global conditioning
denominator.

Split a parent of length n = a 4+ b, a < b, into balanced children. Conditional on its entire histogram, the left charge
is sampling a bounded spins without replacement. Its mean is a@/n for every histogram of total charge ). The Doob
increments are bounded by two, so

P(6] > 1) <2e TG0 5= q—aQ/n. (S205)

Averaging over histograms preserves this bound in the canonical ensemble.
Write p(™)(q) for the ezact canonical single-site law and b, (g, ) = Zs’tpga) (q)pib)(r)F(s, t). For each split set

A= ha(q) + he(Q — @) + bap(q, Q@ — @) — hn(Q). (S206)

It is centered at fixed parent charge. Taylor expansion of the smooth g, with its linear term canceled by the weighted
child charges, gives |A| < 64K + 24K6%/a. At the whole-ring root include the other child boundary and subtract its
exact canonical expectation; this changes 64K to 66K . Same-block endpoints must not be replaced by independent
spins. For a boundary between distinct parents, let B be its refined child-boundary mean minus its parent-boundary
mean. Given both parent charges, their interiors are independent canonical words, so B is centered and |B| < 2K.
Equation (S205) implies EelAl/(384K) < 3066/384 < 4 at the root as well. Centering and the second-order exponential
remainder give, for all these X = A, B,

log Ee*™X < CoK??, 0<t<t,=(T68K) L. (S207)

When K =0 Eq. (S201) is immediate.

The needed open-block logarithmic Sobolev inequality is established for bounded-occupation canonical exclusion
processes [61]. Take occupations z; + 1 € {0,1,2} with uniform positive one-site weights, conditioned on particle
number n + ¢. In the convention summing both directed hop squares and both nearest-neighbor orientations, its
Dirichlet form is at most 8/ min sx times that of Hs. Every allowed hop is one of U, D, F, G; comparing each edge
square proves this normalization directly. Therefore

Ent,, , |fI* < CLsn®(f,Hsopenf), Ent,Z=E,[Zlog(Z/E,Z)]. (S208)

It is uniform in the charge, with singleton sectors trivial. For complex f use the contraction to |f|. Tensorization gives
the same maximum-length-squared bound for two separately charge-conditioned blocks.

Recursively split the ring into contiguous balanced intervals, retaining singleton leaves. Let P be the depth-k partition
and M, = E[Vy | charges of Pi]. At depth D = [log, N| every site is resolved, so Vy — EVy = kD;Ol (Myy1 — My,)
exactly. For k > 1, M}, is the sum of open-block means h and all between-block means b. Thus each difference is the
sum of its parent A terms and boundary B terms. At k = 0 there is just the centered root term

ha(q) + ho(M — q) + bap(q, M — q) + by o (M — q,q) — EVy.

Both physical boundaries remain when only two parents are present. No disjoint-block or power-of-two approximation
is made.

Parent lengths at level k are £, = [N/2*] or £, — 1, and there are at most 4N//, terms. Conditional on the exterior
and parent charges, the entropy inequality, Eqs. (S207) and (S208), imply

Cl3
[E[X]f[7]] < kaparents(f) + Ct|| f | Zonaitional- (S209)

Within a level each parent energy appears once in A and twice in B; positivity of discarded bonds bounds their total
by three global energies. Choose t = t,(¢;/N)3/2. Summing levels gives

CN*23 Vb (fHsf) + C DY VO /NIIFI? < CIN*(fHo f) + 11117,
k k

because )y, \/li/N is bounded independently of N. This proves Eq. (S201).
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3. The actual lowest sector state

Apply Eq. (S201) with F = r and call its constant C4. The zero-flux gap is gy > go/N?, go = 1/128. The
self-adjoint sandwich (I + N2Hy)~'/?¢(I + N?Hy)~'/? has norm at most C'a. Apply it to the constant function, and
compare inverse eigenvalues on the orthogonal complement, to obtain

Ag = (v, Hyt) < CrN?, €] < /Cr/goN?,  Cr=(1+g;")CA. (5210)
Indeed (t, (I + N2Ho) 't) < C% and A™! < N?(1+4gy")/(1 4 N2)) on this complement.
Let a =1—cos(®/N), R =E,R, Il = I — |Q)(, and let E be the actual lowest sector energy. Positivity and the
uniform trial vector give 0 < F < a/R. Equations (S195) and (S201) imply
B = TI(Hg(®) — E)II > [cosf — 204N |sin 0] — CaaN?]Hy — Caal.
On ran I this is at least Hy/2 whenever

204|®| + [1+ Ca(1l + gy H]@%/2 < 1/2. (S211)

No lowest vector can be orthogonal to 2. Two independent lowest vectors would have such a linear combination, so
the actual level is simple.
Write ¢ = a(Q 4+ w), w L Q, a > 0. Since Hg(P)Q = oRAQ, the exact Schur equations are

w = —aBg'tQ, §F := aR — E = o*(xQ, B;'tQ) < 2a%2Ax < C9* /N2 (S212)

The common shift aR = O(®2/N) is retained and subtracted, rather than treated as a perturbation against an N2
gap. Also (v, Hyyp) < 4a”Ag.
OnranlIlset T = Ho_l/QH(Hg(CI)) — Hy — E)HHo_l/Q. The same form bounds and Eq. (5212) give

T < 204[®] + [1 + Ca(1 + g5 )]®?/2 + CrP*/(290)- (S213)

Choose a smaller size-independent ®, making this at most 1/2. The resolvent identity then gives

[ +age < agN1/21'_'T””T”\/AR < Clof,

Moreover |Jw| < C®2. Normalization a = (1 + |Jw[|?)~'/2 and |a — ®2/(2N?)| < &*/(24N*) prove Eq. (S192).

4. Bounded dipoles and entanglement inside charge blocks

Use the centered regional ramps of Eq. (S182), and set Ay = Da/N3/2, By = D/N3/2. At neutrality, Eqs. (S181)
and (S185) give

LaL 3(1 —a)?
<]\£727ANBN> = —dN ATB a’( @) >0, I/N = a. (S214)
n

N7 216

The operator norm of these untruncated dipoles grows with IN. We control their tails before using the uniform state
remainder.

Every fixed even moment of Ay and By is uniformly bounded. To see this directly, write A = >, a;x; with
> ai =0, max|a;| < C/VN, Y, a? < C. A move of the complete-graph process in Eq. (S160) changes A by at most
c/ VN, its total outgoing rate is at most CN. Thus the pointwise squared-increment rate of A is bounded. For each
fixed integer p > 1, |[(A + 6)P — AP|?> < C,62(1 + |A|*’~2). Poincare then implies

EA? < (EAP)? + C,E(1 + |A]*P72).

Since EA = 0, induction and Lyapunov’s moment inequality bound all fixed even moments, without assuming
independent spins after conditioning.
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Let Ax = clip(An, —K, K) and similarly Bg. Clipping preserves signs and reduces absolute values, so

|AnBn — Ak Bk||3 < K2 [\/EA§V EB% + \/EA§1\, IEB?V] < C/K>.

Equation (S210) therefore lets one choose a fixed large K so that O4 = A /K, Op = Bg /K have norm at most one
and (£/N?,0403B) > c. > 0, uniformly on the stated cuts for all sufficiently large N. The zero-flux expectation of
040p vanishes. Equation (S192) gives

A®) := (0a0g)s = —*(¢/N?,0405), + O(|2F),  [e(®)] > P (S215)

in a smaller size-independent window.

The map j +— (I—1—7) mod N reverses both regions separately and preserves their magnetizations. Its permutation
unitary maps Hg(®) to Hg(—®), as does complex conjugation. Their antiunitary product, together with simplicity
and the positive overlap with real {2, makes the ground probabilities reflection invariant. The odd clipped dipoles
consequently have zero conditional mean in every retained regional charge outcome. Thus ¢ is the charge-weighted
mean of connected conditional correlations.

For completeness, a dimension-independent pure-state estimate converts these correlations into entropy. For
Hermitian norm-one local observables let ¢, be their connected correlation in a conditional pure state, and let 1 —w be
its largest Schmidt probability. Covariance Cauchy—Schwarz gives |c,| < 1. The trace-norm distance to the top-Schmidt
product state is 2/w; the joint term and two marginal terms give |¢4| < 6y/w. If w < 1/2, the entropy is at least
ha(w) > ha(c2/36); if w > 1/2, it is at least —log(1 — w) > log 2, also sufficient. Hence

S(pag) > U g (5216)
pan) = 558 e )

This is a pure-state geometric bound, not a mixed-state witness. The continuous function f(t) = t?log(6/t) is increasing
and convex on [0, 1], since f”(t) = 2log(6/t) — 3 > 0. Jensen, the triangle inequality and the exact conditional-mean
symmetry give

FQqpaled) _ f(le(@)))
n(®) > d > . 21
En(P) = 13 T (5217)
Combining with Eq. (S215) proves Eq. (5193). The bound concerns the actual lowest neutral state at the specified
rates. Its proof uses neither a trial-state entropy substitution nor a continuity estimate growing with Hilbert-space

dimension. Fixed-flux entropy for general reverse-conversion rates remains a separate problem.

Appendix O: Unequal exchange strengths: entanglement and the sector gap

The fixed-flux effect does not require equal exchange strengths for up and down spins. Keep the four normalized
vectors of Appendix M, with § = ®/N, and define

Hi(®) = Z[(l + DU (Ui| + (1 = )| D) (Di] + 2| F)(F;| + 2|G) (Gl t] < 1. (S218)

i

Here t is an exchange imbalance, not a radial bond weight. The zero-flux canonical measure iy, s and uniform state
Qn,m are independent of ¢. This is a known gradient rate family [29]. Its stochastic gradient condition is distinct
from the product-rate class considered in Ref. [62]: in capacity-two rate notation, our rates are pa; = (1 +t)/2,
p1o = (1 —t)/2, and p11 = pap = 1. The product-rate form requires p1gp21 = p11P20, whereas here these products are
(1 —¢2)/4 and one. We do not use that scaling-limit theorem.

For every ag € (0,1/2) there are t.,®,,c > 0 and Ny, independent of N and the cut length [, such that

M =0, NZX>Ny, ao<I/N<1-ay,

En(t, @) > c®*log(1/|@]), [t| <t., 0<|®| <P

(S219)

These are existence bounds, not an optimized numerical parameter window. The gradient relation between exchange
and conversion strengths remains essential; the all-unit-strength model is not a member of this family.
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Write H; = H;(0), Hy = Hop, and let R; be its diagonal escape-rate function. All function norms below are in
L?(pn,ar); multiplying a function by € produces its physical state vector. Define a; = R; — ER; and & = H; a;, with
inverse on the constant-function orthogonal complement. Uniformly for |¢| < 1/2 and all N, M, the actual lowest
fixed-sector branch is simple in a common small total-flux window and satisfies

YN v (P) — 3 ft < Cl®J*. (S220)
2N
Singleton sectors are trivial. In the same window every nonsingleton sector has an excitation spacing
1 Co:
— < ®):=FE ¢) - E ) < —EE, S221
sane S TNae(2) LN (®) = Bonare(®) < -5 (S221)

This is an internal sector gap, not the full Hamiltonian gap. The entropy bound uses the possibly smaller interval
[t] < t. <1/2.

1. Uniform control of the actual lowest state

For an ordered pair, the current divergence is g;(z;) — g+(x;), where
g(z) = Lz +t2?), z€e{-1,0,1}. (S222)

The ring sum telescopes, so J;:£2 = 0. Pair kernels and their averaging projections are independent of ¢. Put m =1 — [¢|
and my = 1+ |t|. Pair energies lie between m and m times their ¢t = 0 values; their nonzero gap is at least m, and
the pair-current norm is at most v/2. Site exchange preserves the pair energy and reverses its current.

For three sites the oriented triangular current again annihilates the uniform total-charge subspace. Its compression
to the pair kernel vanishes by exchange antisymmetry. The proof of Eqgs. (S199)—(S200), now with triple gap at least
m/2, gives

(T < 2 VEEWD VBT, Bilf) < 645 N6, (7), (5223)
where &(f) = (f,H:f) and B is the complete-pair form divided by N. For [¢t| < 1/2, m > 1/2 and m4 /m < 3; thus
[(f, Tef)] < 6T2NE(f). (5224)

Indeed 1+ 768N? < 784N2. For N = 2 the two ordered currents cancel.

Write H; = Hy + tK, with K = Hy — Hp, where Hy and Hp are the zero-flux sums of the respective normalized
projectors. Then —Hy < K < Hy. In particular its zero-flux sector gap is at least gmin/N?, gmin = 1/256, on [t| < 1/2.
Also Ry = Ro + tD, where D is a sum of two-site functions of supremum norm 1/2. The local function for R; has
norm at most two. The general activity estimate (S201) therefore has a common constant C'4 on this interval. Its
sandwich argument gives

(as,H a;) < CrN?, Cr=(1+g,1)C3. (S225)

The canonical measure is fixed, so these constants are uniform even near fully polarized sectors, as in Appendix N.

Let E; be the actual lowest sector energy, & = 1 — cos 8, and II project off 2. The exact magnetic decomposition is
Hy(®) = cosOH; +sinf J; + aR;. Positivity and the uniform trial state give 0 < E; < aER;. Using the centered
activity, the compression satisfies

II[H,(®) — EJII > [cosf — 672N |sin 6] — CaaN?H, — Caal > LH, (S226)
if 672|®| 4 [1 4 Ca(1+ g1 )]®%/2 < 1/2. No lowest vector is orthogonal to 2, proving simplicity. The Schur equations
retain the common shift and give

Cr®?*
2N2 °

0 S 5Et = Ck]ERt - Et S 2042<at, H?‘at> S (8227)

The normalized perturbation of the compressed resolvent has norm at most
672|®| + [L 4+ Ca(1 + gmin)]|®%/2 + Cr®* / (2gumin)- (S228)

Choose a common smaller window making this at most 1/2. The inverse gap contributes N/,/gmin, while the source
inverse-energy norm is at most /CrN. Their product cancels the N~2 in o. The resolvent identity then gives
the O(|®|?) remainder, and normalization contributes only O(®*), proving Eq. (S220). This repeats the explicit
actual-state argument of Appendix N with uniform constants, not ordinary finite-dimensional continuity in .
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2. A charge-even response survives the imbalance

In the neutral sector let C be charge conjugation. Then CHyC = Hy, CKC= —K, apisevenand dy =D —ED =D
is odd. On the complement of constants define

=H, o ', w=Hy "Cag, v=Hy '“dy.
B=H;"?KH;'? Hy 2 H; Y% $229

Here B is self-adjoint, ||B|| < 1, and charge odd. The common activity bounds give ||u|| < AN, |v]| < VN with

constants independent of N. Since & = H[;l/z (I +tB)~(u+ tv), its charge-even projection I, = (I + C)/2 obeys
the exact identity

Iy (& — &) = *Hy (1 = 2B 7} (B> — Bu). (5230)
Thus, with go = 1/128,
Iy (& — ¢ £
[ +(]</_2 oll Ky, Ko=(A+V)/Va. (S231)

Only the even part is protected to second order; the full response vector can change at first order.

Take the same norm-one clipped regional dipoles O 4, Op from Appendix N. Their product W = O 4Op is charge even
and (&9 /N?, W) > ¢ > 0 uniformly on the stated cuts at large N. Equation (S231) gives (§;/N2, W) > co— K12 /(1—t2).
Choose t, < 1/2 and t2 < 3¢y /(8K.); this lower bound is at least co/2. Equation (S220) now yields

(040B)16 = —2%(&/N* W) + O(12]*),  [(0a0p)re| = co®?/4 (5232)

in a smaller size-independent window.

Reflection preserving both regions reverses each U and D exchange separately and interchanges F' and GG. Thus
it still maps ® to —® when U and D have different strengths: equality of the two conversion strengths is sufficient.
Complex conjugation does the same. Their antiunitary product and branch simplicity set each odd dipole’s conditional
mean to zero in every regional charge outcome. Applying Eqgs. (5216)—(S217) to Eq. (S232) proves Eq. (5219). No
growing-dimension continuity bound for entropy is used.

3. The internal excitation spacing stays diffusive

For the lower bound in Eq. (S221), choose the codimension-one space orthogonal to € in the max-min principle.
Equation (S226) and the zero-flux gap give 1/(512N2).

For the upper bound, let F(x) = > j e2mi/N z;. In every nonsingleton canonical sector its mean is zero and
E|F|*> = N2 Var(x;)/(N — 1) > 0. The reference operator, not the imbalanced one, satisfies HyF = [1 — cos(27/N)]F.
Since H; < (1 + |t|)Ho, every f in span{l, F'} has &(f) < 3n2|/f||?>/N?. The centered activity bound and Eq. (S227)
give

(f, [H(®) = Ef) < [1+672|0] + Ca®?/2]E(f)
+ [Ca®?/2 + Cr®*/2]|| f]1? /N> (S233)
The two-dimensional min-max principle proves the upper bound with a constant independent of N, M,t. The common

O(®?/N) energy shift has been subtracted before this comparison. Thus finite charge-internal entanglement can coexist
with an unchanged diffusive exponent of the same-sector excitation spacing, even after charge conjugation is broken.

Appendix P: Exact neutral weak-flux coefficient

For the homogeneous gradient Hamiltonian (S166), we now evaluate the coefficient in Eq. (S168) at M = 0. Let
m =N —1land ay =1/N € K, where K is a fixed compact subset of (0,1). All constants below can depend on K,
but not on N. The weak-flux expansion is taken at each finite IV, before this size limit. No interchange of these limits
is used.
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The physical response is particularly simple after the magnetizations of the two regions have been resolved. With
the centered linear ramps defined before Eq. (S182), we prove

HQé‘ - 74N6_ ;DaDp| < CNPMO. (S234)
"

The leading term has norm of order N2, so the relative error vanishes. It is a single product of dipoles within each
charge block, not an exact finite-flux Schmidt-rank statement. The norm averages over charge outcomes; it does not
assert uniform control on rare outcomes.

1. A uniform canonical counting estimate

The following strengthening of Eq. (S183) will control finite charge steps of a block mean. For each pg < 1 there are
smooth even functions ¢1, ¢o such that, uniformly for |¢/L| < po,

c(q/L) n ca(q/L) L0, ulp) = ﬂ (S235)

e2(L,q) = u(q/L) +

L L2 3
Here and below only feasible integer charges enter canonical quantities.
To prove the uniform remainder explicitly, use the tilted law p;(z) = €' /(1 + 2cosht) on z = —1,0, 1, with mean p.

On the compact density interval, ¢ = t(p) is smooth and bounded, and the variance v is bounded below by a positive
constant vpmin. Set pi(h) = EetM(X—p), Pi(h) = E,X2e"X=p) and y, = ¥ /¢ near zero. The latter is uniformly
analytic. Conditioning removes the tilt, giving the Fourier ratio in Eq. (S184).

For an explicit definition of the coefficients, let b be a formal variable, let Y be a centered Gaussian of variance 1/v,
and let K, be the centered one-spin cumulants. Define

A(b,y) = exp [Z W} ’

— r!
D; =Ey[b7]A(b,Y),
0 () .
N; = Ey [b%) {A(b,y) 3 Xf((?'(by)} . j=0,1,2. (S236)
r=0 :

Square brackets extract a formal coefficient. Since Dy = 1 and Ny = u, set ¢; = Ny —uDq and ¢o = Ny — N1 Dy +
u(D? — Ds). These are finite Gaussian moments of smooth functions of p.

Choose a fixed small hg > 0 such that |pi (k)| < e="" for || < ho uniformly in t. Put h = y/vI. On
lyl < +/Blog L expand the cumulant exponential through degree twelve and the marked factor through degree ten,
retaining powers through b° with b = L~1/2. Uniform analytic Taylor bounds give an integrand remainder bounded by
CBO(1 + |y|”)e=vmin¥"/4 for a fixed J. Its integral is O(L~3) without an extra logarithmic loss. Odd powers integrate to
zero on the symmetric interval. For sufficiently large fixed B, extending the Gaussian moments to the full line, and the
region /Blog L < |y| < hoV/L, cost O(L™3). On hy < |h| < , positivity of the three probabilities and aperiodicity
imply |¢:(h)| <1 —§ uniformly. The far tails are therefore exponentially small. The denominator and numerator
integrals, respectively, are

\/E[l + Di/L + Dy/L? + O(L™?)],
\/E[u + Ni/L+ No/L* + O(L™?)]. (S237)

The denominator is at least ¢/v/L for large L. Uniform division proves Eq. (S235). Charge inversion sends ¢, h to
—t, —h without changing the square observable, so ¢y, co are even. Enlarging the constant covers the remaining finite
L. No derivative of a remainder is needed.



48
2. Direct control of correlated block charges

We first specify the comparison normalization. With g the uniform fixed-charge measure, let

Dn(f) = %Z(ﬁ hij o, hig = Usi)(Uij| + | Dig)(Dij| + 2| Fiz)(Fij| + 2|Gij (G, (5238)

1<j

at zero flux. Each pair and outside-word context has hopping conductance 1/2 and conversion conductance one, followed
by the factor 1/N. The comparison form Qcomp of Appendix L applies each swap S;; and each conversion F;;, G;; with
rate 1/N. A rate-r involution contributes (r/2)E,|f — f o T|?. The conditional-permutation and count-chain proof
there gives Var,, f < 2Ewap(f) + Ercact () < 2Qcomp(f). Up/flat and down/flat swaps cost twice their hopping form.
Implement an opposite-spin swap by ud <+ 00 <+ du, using | fua — faul® < 2| fud — fool® + 2| foo — fau|?. Each conversion
edge in this context is used once. Thus Eswap < 2D and Ereact < Dy, proving the uniform, non-sharp bound

Var, f < 6Dn(f). (S239)

Apply this inequality to the correlated block-mean sum g from Appendix M. For L € [¢,2¢) the block mean is
hi(q) = (1 +c)Lea(L,q) — ¢*/L, where |¢' — 3| < C/L. In a fixed central charge interval, 4u(p) — p* = 8/3 + O(p?).
Smoothness and evenness in Eq. (S235) therefore imply, for |s| < 2 and both charges in a smaller central interval,

(gl +2)° lgl+2 lql+2 1
R AR R

|he(q+s) —hr(g) < C [ (S240)
The last term bounds two separate remainder values; it is not obtained by differentiating an O term. The ¢y difference
is smaller.

For L < N/2, the marginal density of a block relative to independent uniform ternary spins is bounded uniformly:

Pia(Qn-r = —q) N

<C
Pia(@n =0) — N-L

<C. (S241)

Fourier inversion bounds the largest trinomial local probability by C'/v/N — L, and its neutral value below by ¢/ V'N.
Consequently EHQ% < CL3, EMQ% < OL, and noncentral charges have probability at most Ce=“%. There |hz| < CL.
Squaring Eq. (5240) and averaging thus gives

Eu []—feasible|hL(QL + 5) - hL(QL)|2] < 06_3- (8242)

Every complete-pair move changes at most two block charges, each by at most two. There are O(N?) pairs, each of
rate O(1/N). Equations (5239) and (S242) give Var,, g < 6Dy(g) < CN/£3. This proves the improved estimate (5190)
without assuming independence after conditioning. The open-block estimate (S189), translated reconstruction (S187),
and choice £ = [ N?/%| then give Eq. (S191).

3. The surviving collective channel and its coefficient

Use the cycle Green kernel (S180) in Fp. The projection Q kills same-region terms and constants. For i € A, j € B,
one has 0 < j —i < N; the cross kernel is quadratic in j — ¢. Separate centering removes its constant and single-region
pieces. Each ordered cross sum leaves —2D 2 Dpg. Both orders therefore give the identity of functions

QFn = —4DaDp. (5243)

Insert this into Eq. (S186) and use ||H 3], < CN'9/10 to prove Eq. (S234). This controls the actual interacting
resolvent, not a replacement by independent diffusive modes.
For completeness retain the exact finite-population normalization:

P = W 7 lea(loo) — (/D)%

Vnor= Y 03ou(@)om(—q), IDaDsll; = VnoilaLs. (5244)
q

or(q) =
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The factors L/(L — 1) are essential for zero-sum ramp weights. Conditional dipole means vanish, including in polarized
blocks. The canonical expansion and central-charge concentration give Vo, = 4/9 + Ox(N™!): each regional
variance is 2/3 + O(1/L + ¢*/L?) in the central interval, the charge second moment is O(N), and the remaining tail is
exponential.

Define the coefficient of the explicit Green term by

¢ _ Wno.Lalp

Its tangent norm divided by N? is bounded. Equation (5234) and the norm-square identity (S174) therefore imply
N0 — 771(\;/,1| < Cg N7V, Substitute Ly = I(1> — 1)/12, Lp = m(m? — 1)/12 to obtain Eq. (S170). If only any — a
is specified, the coefficient converges to a®(1 — a)?/576; its error relative to this fixed a also depends on the rate of
ay — a. Writing the entropy law with ®*log(1/|®|) instead multiplies the coefficient by four.

Quadratic amplitudes, linear-ramp Schmidt modes and the opening of one leading channel already occur near the
XXZ ferromagnetic point [39]. The result here is the explicit spin-one flux-response coefficient and its controlled
canonical remainder. It is restricted to the neutral homogeneous gradient point: neither the unequal-hopping extension
nor generic four-channel rates inherit this exact coefficient. An exact finite-flux entropy limit is not established.

Appendix Q: Tuning the charge-internal entanglement response

The four-channel comparison admits a parameter at which its actual fixed-flux entanglement response disappears in
the thermodynamic limit, although its neutral energy curvature remains nonzero. This section specifies the model, the
order of limits and the entropy-tail control. The model belongs to the known capacity-two gradient family [29]; it is
not a generic perturbation of the original three-projector Hamiltonian.

1. Model and statements
Keep the normalized hopping vectors of Eq. (S166) and replace the pair terms by the outer products of the
unnormalized vectors

|fw) = |ud) — e~]00) /w, |gw) = |du) — €*|00) /w, =3&/N, w>0. (S246)

7 ) )

H,,(®) for this Hamiltonian restricted to total magnetization zero, and H,, o = H,(0). Its zero-flux normalized state

is Qu(x) = v/ pw(z), where

Thus w = 1 is precisely the gradient comparison already studied, with normalized-projector strengths (1,1,2,2). Write

wno ()

fo () = Ina0)’ Zrw(q) = 29z + w4+ 2)" (S247)

Here w is a probability weight, not the amplitude weight \/w. Constants below may depend on fixed w, or a fixed
compact positive interval of weights. At w = 2, direct evaluation gives h;;(0) = (I —S; - S;)/2, the familiar spin-one
ferromagnet; this is a benchmark, not a new Hamiltonian.

Let A be a contiguous interval, B its complement, and ay = |A|/N. For ay in a fixed compact K C (0,1), the
finite-size weak-flux coefficient has the explicit limit

w—4\2 a3 1—ay)? _
N N.A = <w+2> N(576 ) + O (N7/10), (S248)

This statement takes weak flux first, as in Eq. (S7). The coefficient at w = 4 is Ox (N ~'/?), not identically zero at
finite V.

More strongly, constants C, ®y > 0 independent of N and the interval length give, for the actual lowest neutral state
Ya,n(P),
eN
@7
eN

||

gch(d%,N((I))) < C(I)4N71/5 log

1S4 (Y4 n(®)) — Sa()] < CO2N~V1000g 0 < |®| < Dy. (S249)
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FIG. 4. A vanishing entanglement coefficient with nonzero neutral energy curvature. The homogeneous four-
channel gradient model of Eq. (5246), with equal contiguous halves. (a) The limiting quartic coefficient is 7o (w,1/2) =
[(w — 4)/(w + 2)]?/36864. Weak total flux is taken at each finite N before N — oco. (b) The neutral energy response is
limy 00 NEX(0) = 2/(w + 2), where Ey is the lowest neutral-sector energy, not the full ground energy. The curves directly
evaluate these analytic formulas; symbols mark exact special-weight values, not measured data. Here w weights probabilities,
not amplitudes. At w = 4 the finite-N coefficient need not vanish. Suppression of the actual fixed-small-flux entropy requires
the separate uniform bound in Eq. (S249), not panel (a) alone.

Both responses vanish at every fixed sufficiently small nonzero total flux. The zero-flux baseline entropy need not
vanish. For every fixed w # 4 and macroscopic contiguous cuts, there are instead positive ¢y x, Puw k', Nw, ik such that

Een (Y N (@) > o x ®* log(1/]®]), N >Ny, 0<|® <,k (S250)

This is a conditional-entropy lower bound, not a sign assertion for the offcritical total-entropy increment.

2. Weighted coefficient and its vanishing leading channel

Multiplication by €, identifies H,, ¢ with the positive reversible generator £,, in L?(p1,,). Hopping rates are 1/2,
ud, du — 00 have rate one, and the reverse rates are w~2. The signed outgoing transfer rate is (z — y)/2. Hence the
ring current J,, annihilates 2,,. The quantum diagonal is the actual activity

0 1/2 1
R, = er(a:i,a:i+1), ro = | 1/2 2/w? 1/2 |, (S251)
7 1 1/2 0

in the order (—1,0,1). Put r = R, —ER,, s = > ;27 —EY .27, and £ = Lr. The projection Q,f = f —
E(flza) —E(f|lzp) + E(f|Qa) is orthogonal because the reference law is a product within each regional-charge block.
Finite-dimensional Schmidt perturbation therefore gives ny, n.4 = [|Qué||% /(4N?).

w

For k = 27j/N # 0, define Fj, = >, e?*z;, ¢, = 1 — cosk, Gy, = |Fy|? — E|Fy|? and F = > k0 Gi/ck. The linear
drift and jump-square identity give L, Fy, = ¢ Fy, and L,G = 2¢, (G, — 7). Parseval then yields

LyF =2Ns—2(N —1)r,

4- N
=5 CFy ;”—ﬁ;z, dvw =4(N —1)+w, z=r+ 4 w—1)s. (S252)
N,w N,w

The cycle Green kernel is (N2 —1)/6 — d(N — d) for d modulo N. Separate centering of its two ordered cross sums
gives QuF = —4D4Dp, with the regional ramps of Appendix P. The weighted measure does not alter this pointwise
polynomial identity.
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Here is the needed bound on the interacting remainder. Yau’s canonical logarithmic Sobolev inequality [61], compared
termwise to the positive rates 1/2,1,w ™2, gives every-charge open-block and neutral ring gaps at least c¢,,/L?. Its
finite-capacity law has weights (1,w, 1) on occupations 0, 1, 2; the comparison constant is finite for each fixed w > 0.
No comparison of globally exponentially different measures is used.

Partition the ring into blocks of length L € [¢,2¢) and average over all translated partitions. If there are b blocks, let
a=N/(N =b), co =4/w—1 and ¢ = co/a. The reconstruction R, +co Y a7 = a Av Y (R H + ¢ Y, pa?) is
exact. Its block conditional mean is

Zr1wl@g=1)+Zr—1.0(g+1)

hi(g) = (1+¢)Leaw(Lyq) = /L, e2u(L,q) = Zrw(q)

(S253)

The tilted one-spin second moment wu,,(p) solves (w? — 4)u? + 8u — 4 — w?p? = 0 at its physical root. In particular
Uy (0) = v =2/(w+ 2) and u,(0) = w/2. On a fixed central density interval the marked Fourier-ratio argument of
Appendix P gives, uniformly, €2 (L, q) = wy(q/L) +c1,w(q/L)/L+ Oy(L™2), with smooth even c; ,,. Indeed the tilted
three probabilities remain positive, their variance is bounded below, the centered integrals have Gaussian expansions,
and aperiodicity controls the outer tails. The denominator is at least ¢,/ V'L after removing the tilt. No derivative of
the remainder is taken. These are established ensemble/block methods [59, 60].

For precision about correlations between blocks, use iid spins with law (1,w,1)/(w + 2) and denote their sum
probabilities by P,(¢). Fourier inversion gives sup, P,(q) < Cy/y/n and Py(0) > ¢,,/v/N. Thus a block of length
at most N/2 has canonical marginal bounded by a constant times its iid law. Since (1 + ¢g)ul,(0)/2 = 1 and
¢ —co = O(£71), the centered block mean fr, = hy — Ejqhz obeys

Eiafi < Cul ™2, Eiia| f1]1Q7 < Ci. (5254)

The nonconstant central terms are bounded by Cy,[q*/L? + ¢?/(¢L) 4+ ¢*/L? + L~]; moments through order eight and
exponential noncentral tails prove these inequalities.

For two distinct blocks with remaining length M = N—L— L' > N/2, their joint density relative to the two iid charge
laws is K (q+71) = Py (—q—7)/Pn(0). Extend Py by its real even Fourier interpolation. Then sup, |K¥(t)| < C,, /N2,
because the numerator integral is bounded by C,, M ~%/2. Evenness and zero iid means let us replace the kernel
inside Ef(¢)fr-(r)K(q + ) by [K(qg+r) + K(q —r)]/2 — K(q9) — K(r) + K(0). Its absolute value is at most
Cwq®r?/N?%. Consequently the cross covariance is O, (N ~2), and the variance of the sum of block means is at most
Cw(b/0? + b /N?) < C,,N/£3. This does not assume that canonical block charges are independent.

The centered internal-block part has inverse energy at most C,, N¢2: condition on all block charges, use the open
gaps, and note that the variance of each unconditioned local block sum is O,,(L). The latter follows from bounded
overlapping terms and O,,(N 1) covariance of disjoint fixed-size local terms. The conditional-mean part has inverse
energy at most Cy, N?/£3 by the ring gap. Taking £ = | N?/5|, inverse-form convexity under translations gives

(z,LE2) < CWuN/®, 1£E2)? < CWNY/5. (S255)

The second inequality uses the same operator’s gap, not monotonicity of squared inverses. Small sizes are absorbed
into the constants.

Let Ly =1(1>-1)/12, Lg = m(m?—1)/12 and V,, = qugal(q)am(—q), where p9 = Zi,(¢) Zm,w(—4)/ZN,w(0) and
or(q) = Lleaw(L,q) — (q/L)?]/(L—1). Exact exchangeability gives |DaDg|*> = ViwLaLp and canonical concentration
gives Vy, = v% + Oy x(N71). Equation (S252) and projection contraction imply ||Qu& — 2(4 — w)DaDp/dN w|| <
CN'/10 Squaring the normalized tangent proves Eq. (S248). At w = 4 the Green term is absent, so Eq. (S255)
directly gives ny ny 4 < Cxg N5,

3. Uniform current and centered-activity forms

We next justify that the flux window need not shrink with size. For a pair, whole-site swap U;; fixes the kernel of
h;j, whose positive gaps are 1,1,1+ 2/w?. Hence (I — U;;)*(I — U;;) < 4h;; and ||h;;|| < 14 2/w?. A string V of
neighboring swaps moves an arbitrary pair together. In V. —I =3%" U, ---Ugy1(Us — I) all remaining factors are left
unitaries. Cauchy—Schwarz gives

j—1
hij < 2hi,i+1 =+ 8(1 + 2/11)2)(] — 7 — 1) Z hb,b+17 HComp =N"! Z hij < CwNszyo. (8256)
b=i+1 1<j
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This uses unitary site permutations, not measure-preserving unit-transfer prefixes. For the oriented pair current j;;,
the triangle sum 7};1 = ji; + jjk + Jr: annihilates every fixed-charge triangle ground vector. The positive triangle gap
d3(w) > 0 follows from its finite connected charge graphs. Swapping i, j reverses T;;; and fixes the pair kernel, so its
pair-kernel sandwich is zero. Projecting off the pair and triangle kernels bounds its quadratic form by C\y+/E;; Fsjy.
The exact identity J,, = N1 Zi,k T; i+1,k, Cauchy—Schwarz and Eq. (S256) therefore give

I(fs Juwf)| < CuN(f, Huof) (S257)

At N = 2 the two ordered currents cancel.
The other bound needed is, for any fixed bounded pair observable F,

[(f, (V =EV)f)| < Cur [N*(f, Huof) + IF11%], V:E:F@hﬁﬂy (S258)

We give the endpoint-uniform argument. On n sites of charge Q > 0, let k = ng, z = n — @ — 2k. Histogram weights
are proportional to nlw?/[k!(k + Q)!2!]. The birth/death rates A\, = 2(z — 1)/(w?n), ux = k(k + Q)/n have derivative
killing [(4z — 6)/w? + 2k + Q + 1]/n > §,, = min(1,w~2) on each edge. The maximum principle for the differentiated
eigenvalue equation gives gap at least &, hence Vary_ x? < n/§,. Charge inversion and deterministic saturated
histograms cover other endpoints. Weighted pair balance gives

(w? — 4)u? + 8u,, — 4 — w?p? = —(w? — 4) Var(3_ 22)/n? — 4(1 — uy,)/n, p=Q/n. (S259)

The polynomial derivative is at least 2min(w?,4) on [0, 1]. Its smooth physical root has bounded first two density
derivatives through [—1,1]. Two-site sampling without replacement thus gives |E,, oF — g.,(Q/n)| < Cy||F||c/n and
|hn(Q) — nguw(Q/n)| < Cu||F||so, with bounded gz

Split balanced contiguous intervals recursively down to singletons. Conditional expectations of V' given all block
charges telescope exactly. A parent split contributes A = h,(q) + hp(Q — ¢) + bap(q, Q@ — @) — hats(Q), where b is the
mean of the boundary pair under the two fixed-charge child laws. It is centered at fixed parent charge. A boundary
between distinct parents contributes the refined child-boundary mean minus its parent-boundary mean, denoted B; it
is centered at both parent charges and bounded by 2||F||lo. At the root retain both physical ring boundaries and
subtract the exact ring mean, not an open-chain mean.

Given any parent histogram, § = ¢ — a@/(a + b) is a bounded-spin sample without replacement and obeys
Pr(|0| > t) < 2e~*°/(8a) Mixing histograms preserves this. Linear Taylor terms cancel, so [A| < Cyl|F|loe (1 4 62/a).
Centering gives log Eet*¥ < Cs? for X = A, B and |s| < s,, uniformly in every parent charge. Conditional entropy
inequality and the all-charge open-block LSI then give [EX|f|?| < Cl*Esupport(f)/s + CsE|f|? at parent scale ¢. For
B, tensorize the two parent laws with their individual charges fixed. At a level there are O(N/{) terms, but each
parent energy occurs only once for its split and twice for neighboring boundaries. Set s = s,.(¢/N )3/ 2, Summing scales
costs at most CN3/2 3 VI E(f) < CNZ?E(f) in energy and C' 3. v/2/N||f||> < C||f||> in normalization. Singletons and
the root only change constants. This proves Eq. (S258), including saturated charges, without assuming independence
after global conditioning. Modulus contraction extends the reversible form argument to complex f.

4. Actual lowest state and a size-independent flux window

Put a =1 — cosf. The exact magnetic decomposition is
H,(®) = cos8Hy g+ sinbJ, + aR,, Hy,(P)Qy = aRyQy. (S260)

Let E be the actual lowest neutral energy, P = |Q,,)(Q,| and Q = I — P. Positivity and the reference trial state give
0 < E < aER,,. Center the diagonal before applying Eqs. (S257)—(5258) and use Hy 0lg > go(w)/N?. For sufficiently
small |®| < ®(w), independent of N,

By = QH,(®) - E1Q > 1H,olo- (3261)

For example it suffices to take @ so that Cy|®| + [1 + Cr(1 + gy ')]®?/2 < 1/2. No lowest vector is orthogonal to Q,;
two independent lowest vectors would give such a combination. Thus the actual lowest state is simple.
For v = a(Q, +v), v L Q,, the exact Schur equations give
v = —aBglrQw,
0 < aER, — F <2a*Ap, (Y, Hy o) < 40*Ap, Agr = (r,Llr). (S262)
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Polarizing the centered-activity form with Q,, + ¢tf and optimizing ¢ gives |(rQy, f)| < CowN/{f, Hwof); hence
Ag < Cy,N?2. The common O(®?/N) trial energy has been retained and subtracted, not estimated as an uncentered
perturbation. At w =4, z = r and Eq. (5255) improves this to

(a,n, Hyopan) < CONTE 01— [(Qq, by n)[* < COINTY/5, (S263)

This direct estimate has no size-independent cubic error floor.

For later use, set G = H,, o|g and Kg = G~'/2(Bg —G)G~/2. Centering and the same forms give | Kpg|| < C\(|®|+
®24-3%): the final term is ((ER,—E)/gn < Cp®*. Thus ||(I+Kg) ' —1|| < Cyp|®| and ||(B5'—G~1)rQ, | < Cy,|®|N2.
Normalization and a = ®2/(2N?) + O(®*/N*) yield

[w N — Qu + D2EQ,, /(2N?)|| < C| @3 (S264)

The gap lower follows from Eq. (S261). A nonzero-momentum reference density vector is orthogonal to the simple
momentum-zero ground and supplies an O,,(N~2) spacing upper by the current/activity forms. It is a variational
vector, not a flux-Hamiltonian eigenvector. Therefore the neutral internal spacing is ©,,(N ~2) in this window. Finally
JuwQuyw = 0 gives exactly E”(0) = ER,,/N? = e3,,,(N,0)/(N — 1), so

NE"(0) — 2/(w +2) > 0. (S265)

This is neutral-sector curvature, not global-ground stiffness; polarized zero-energy states remain available in the full
Hamiltonian.

5. Full entropy upper, rather than fidelity alone

In block q write o, = C,Cy, pg = Troy, tg = pg — Amax(0y) and W = > g tq- The reference has one product vector
in every block, so W < 1 — {2, %)|? for any bipartition. Conditioned linear entropy obeys W < Lq, < 2W. Vidal’s
pure-state conversion formula [63] gives Pgey = D q min(py, 2t4), hence W < Py < 2W, for single-copy regional-
charge-preserving LOCC, initially product neutral registers, no shared charge/phase reference and no entangled catalyst.
Charge dephasing leaves these neutral-target statistics unchanged, and each conditional conversion is achievable in its
charge eigenspace. These upper bounds hold for arbitrary cuts; no multicopy rate follows.

The complete VN upper needs a contiguous region. Every charge sector of its physical open Hamiltonian has
canonical LSI constant C,, L? and minimum nonzero canonical probability at least e~*», where b,, = log 3 + |log w|.
Hypercontractivity [64], in the convention Ent f2 < Cps€(f), gives ||Pill2—p < 1 when p — 1 < e%*/Cts. Choose
p=2+by,L,t=(C,L?/4)log(1 + b, L). Weighted norm comparison then gives ||P;||2—s0 < e. Reversibility implies
Poi(z,7)/p(x) < e2; multiplying by u(z) and summing yields the spectral trace bound. Consequently

Tre TnHaa < o2 Tn = CywN?%log(1 + by, N), (5266)

uniformly in all interval lengths and charges. This uses logarithmic time overhead; it is not a constant-3N? heat-trace
theorem.

Remove the largest eigenvalue of o,, leaving positive 7, < o, with trace ¢,. Binary entropy concavity and the Gibbs
relative-entropy inequality for 7,/¢, give

Eon < ha(W) +Tn > Tr(Hagrg) + Y tglogTre ™Haa < hy(W) + Ty (), Hy o)) + 2W. (S267)
q q

No commutation between 7, and H 4 4 is required. The last energy inequality only discards positive physical bonds,
hence requires contiguous A. A disconnected region can have many conserved component charges and a larger zero
space; reconnecting it would not justify this energy step. Equations (S263) and (S267) prove the first line of Eq. (5249).
Small tail weight alone would not do so.

The total entropy is H (p) + Een, while Sa(Q4) = H(p®). Measurement contraction gives TV (p,p°) < /1 — [(Q4,9)]2.
There are at most N + 1 regional charges. Classical entropy continuity [49] gives |H (p) — H(p°)| < ho(TV) +TVlog N,
which proves the second line. No exponential-dimension quantum continuity bound is used.
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6. Nonzero response away from the cancellation point

For fixed w # 4 and ay € K, the tangent projection and finite-population variance above give (/N2 DaDp/N3) —
(4 —w)a(1 — a)?/[72(w + 2)?] along ay — a. Zero-sum normalized ramps have uniformly bounded moments of
every fixed order: condition on a histogram and expose its uniformly random spatial permutation. Coefficients have
maximum C/ VN, giving bounded martingale variance proxy. Mixing histograms preserves these bounds. Large
fixed clipping of the two ramps therefore retains a nonzero tangent pairing with bounded odd observables O 4, Op.
Equation (S264) implies (¢, O4O0pv)| > ¢, xk®? in a size-independent small-flux window. Simultaneously reversing
both intervals is a full-ring reflection preserving each regional charge and sending ® to —®. Together with complex
conjugation and simplicity, this makes each odd conditional mean zero. The displayed expectation is thus an average
conditional connected correlation.

To obtain the entropy logarithm, not just W > c®?, let d, = ||ty — Qu. 4%, s0 > gdq < C®*. Set ¢ = ®? and
choose a fixed large K. On the good set G = {¢q: d, < KQEng}, the normalized state is within 4v/Koe of its product
reference for small flux, so its tail fraction s, = t,/p, < 16K¢e2. On the complement, pg < Cy/ Ky, and the baseline

product expectation of O4O0p is zero. Thus its correlation contribution is at most 2\/(ch PN gedg) + 2 gedy <

Cuwe/VEKo + Cyue?. Choose Ky large, then flux small, leaving a good-set correlation at least cs. A conditional pure
state’s connected correlation of norm-one observables is at most 6,/s;, by distance to its largest-Schmidt product
vector. Cauchy—Schwarz yields Zg DqSq = ce?. The conditional entropy is at least ha(sq), and on this good set
ha(sq) > 2s410g(1/|®|) for sufficiently small flux. Averaging proves Eq. (S250). This explicitly excludes the possibility
that the lower bound was inferred only from a tail concentrated in rare charge sectors.

7. Physical interpretation and boundaries

The tilted activity mean is u, (p) — p?, whose second derivative at neutrality is w/2 — 2. Its zero coincides with the
coefficient zero in Eq. (S248). Mobility/activity curvature already has a central role in diffusive current statistics [65];
the cancellation is not a new general fluctuation principle. Likewise, Schmidt support opening near a ferromagnetic
point [39] and entanglement of tilted-generator eigenvectors [66, 67] are established settings. The conclusion here is the
controlled quantum entropy contrast for actual lowest neutral states at fixed small total flux in this specified family. It
does not establish general nongradient or disordered stability, a size-dependent crossover as w — 4 shrinks, arbitrary
flux, a bulk transition or a global-ground transport coefficient.

Appendix R: Entanglement suppression without translation symmetry

At w = 4, actual entanglement suppression survives unequal bonds. In the neutral sector, multiply each four-term
operator h;(0;) of Eq. (5246), including the normalized hopping terms, by a positive strength:

N
Ho(®) =) Nhi(6), D> 0i=®  0<A <A <A <oo. (S268)
=1 i

The bounds are independent of N. Each bond’s four processes share the same multiplier; their relative strengths
are unchanged. The profile may be arbitrary and deterministic. No translation, reflection, smoothness or statistical
assumption is made. The reference state is still 4.

There exist C, ®y > 0, depending only on Ay, such that for all N > 2 and 0 < |®| < & the lowest neutral state
¥ (®) is simple. Its internal spacing is ©(/N~2), uniformly over the profiles. For every contiguous interval A,

eN
@]
eN
||
The total-entropy statement concerns the change from the nonzero reference entropy. Both changes vanish at each
fixed sufficiently small total flux. The constants do not deteriorate with the spatial arrangement of the bonds. For
arbitrary bipartitions the optimal single-copy charge-preserving Bell success probability and conditional linear entropy
are at most C®*N~1/5. We do not claim a complete VN upper bound for disconnected regions or an offcritical
inhomogeneous lower bound.

En(hy) < CH*N~1og

1Sa(1h2) = Sa()] < CH*N~11og (S269)
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1. A gauge with the same current on every bond

Choose the unique small solution j of

Zarcsin(j/)\i) =, 0; = arcsin(j/\;). (S270)

The left side is strictly increasing on |j| < A_/2. For small fixed total flux, |j|, |0;| < C|®|/N uniformly. Every phase
profile with this total flux is related by onsite charge rotations, which factorize across a spatial cut and preserve
regional charge. Thus the entropies and operation class are unchanged by this gauge.

Write Hy o = Hx(0) and let J;, R; denote the single-bond current and quantum diagonal from Appendix Q. The
exact decomposition is

H)\((I)) = Z/\Z COSGi hz(0)+]ZJ1+ZQ1RZ7 ;= )\7,(1 —COS01‘). (8271)

The gradient identity gives >, J;€04 = 0. Uniform phases would generally fail to cancel the source when the bonds
are unequal; Eq. (S270) is essential. Put 8 = ®2/N?, a; = o;/B and V, = >, a;R;. The a; have uniform bounds,
including their continuous limits at zero flux. With expectation u = g and @Q = I — |Q4) (4], the exact source is

QHA(©)94 = ﬂFaQ4; Fa = Va - ,uva- (8272)

2. The weighted activity form

We need the centered bound, uniformly for deterministic |a;| < K,

|<f> Faf>,u| < CK{N25ref(f) + Hf”;%}? gref(f) = <f7 H4,0f>‘ (8273)

An uncentered extensive potential would not give this estimate. First, for a partition into b disjoint intervals, define
W=>%4 Q%/|B|. Conditioning on a histogram makes the spin ordering a uniform permutation with total charge zero.
For coefficients c;, reveal sites in decreasing order of |¢;|. The Doob increment of )", ¢;x; is the product of the next
spin’s centered value and the next coefficient minus the average remaining coefficient. Its conditional mean is zero and
its absolute value is at most 4|¢;|. The conditional exponential bound therefore gives ,uezz‘ ari < ¢ 2 c?, also after
mixing histograms. Gaussian linearization with coefficients ¢; = v/2s G/ m then implies pe**" < e for fixed
small sg > 0. The global canonical LSI and the entropy inequality give

(f;W )y < CN?Ees(f) + CO| f12.- (5274)

Modulus contraction handles complex f.
For a length-n open block B with charge ¢, exchangeability gives the exact weighted conditional mean

hi(g) = ZGBn—“tlm’“a ha(g),  ha(q) = nga(a/n) +O(1). (S275)
The unweighted mean and its even, bounded-C? function g, were established in Appendix Q, including saturated
charge endpoints. Singletons have no internal term. Use the same balanced binary charge filtration as there, retaining
both physical ring boundaries at the root. At a parent split of scale £ and charge g, put § = qiett — |Blett|q/|B|. The
centered internal increment is now b,6 + R, with |by| < Ck|q|/¢ and |R| < Ck (1 + §?/¢). Unequal child weights
prevent cancellation of the linear term. Conditional permutation concentration controls ¢ with variance proxy CY;
Cauchy—-Schwarz consequently gives

log E[e®(a®+B) | ] < Cks?(1 4 ¢2/¢), [s] < s (S276)

The centered between-parent boundary increment is bounded and obeys the same estimate without ¢2 /.
Conditional entropy and the all-charge open LSI cost C'¢2/s in energy per level. Each parent energy occurs once for
an internal split and at most twice for its neighboring boundaries. With Eq. (S274), the total level cost is bounded by

C(6?)s+ sN*) &t (f) + CsN/L| fII2. (S277)
Take s = s.(¢/N)>?2. The dyadic sums of the energy coefficients are O(N?) and that of sN/¢ is O(1), proving

Eq. (S273). This keeps the linear fluctuation rather than assuming the homogeneous cancellation survives unequal
weights.
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3. The critical source remains smaller than the gap scale

Let G = H)y 9|g. The bound needed for the actual state is
Aq = (F,Q, GTF,Q4) < O N°/5. (S278)

Partition into lengths in [¢,2¢) and average all translations while keeping the original coefficients fixed. If there are
b blocks, each physical bond is internal a fraction 1 — b/N of the time. Hence V, = N/(N — b) times the averaged
internal sum, exactly. Split each sum into its fixed-charge fluctuation and Eq. (S275).

For the fast part, the neutral finite-point expansion used in Appendix Q bounds covariance of disjoint bounded
pair observables by C'//N. A weighted length-L sum thus has variance at most C'(L + L?/N) < CL; averaging its
conditional variance only lowers this bound. The conditional open inverse gap costs C'L?. Summing the conditional
dual-energy estimates gives C N /2.

For the slow part, use iid block-charge centering: fg(q) = hr(q) — Eija,rhr. At w =4, evenness and ¢} (0) = 0 give
the scalar estimates Ejqf3 < C/L? and Eya|fp|¢? < C derived in the preceding appendix. The block multipliers in
Eq. (5275) are bounded. For their weighted sum Y, estimate Var, Y < uY2; no zero canonical mean is assumed for
the individual iid-centered functions. The canonical one-block density is bounded by a constant times its iid density.
For distinct blocks whose remainder has length at least N/2, the joint density kernel is K (g + 7). Iid centering and
evenness cancel its constant, single-variable and lower-order cross pieces. The mixed fourth-difference bound from
Appendix Q, with the two ¢?> moments above, gives |ufzfp/| < C/N?. Consequently

Var, Y < uY? < C(N/€*+1/¢*) < CN/. (S279)

The neutral inverse gap costs CN2 by Hyg > A_Hyo. Choose ¢ < N?/° and explicitly require N > 8¢ for this
argument: any two blocks then leave at least N/2 sites. The finitely many remaining sizes are absorbed uniformly
using the same gap comparison and bounded source norm. Thus A, < C(N¢? 4+ N3/£3) < CN®/5. The proof uses
neither a translated weight profile nor an assumption of independent canonical block charges.

4. Actual state, entropy tails and internal spacing

The current form from Eq. (S257), multiplied by the single scalar j, costs at most C|®|H) . The cosine correction
costs CO®?H), o/N?. Centering the common trial energy SuV, and using Eq. (S273) gives, for sufficiently small |®| < @,

By = QH\(®) ~ EJQ > G/2,  §E =puVu—E >0. (S280)

Here E is the actual lowest neutral energy. No lowest vector can lie in Q; two independent lowest vectors would have
such a combination, so the state is simple. Its exact Schur equations imply

¥y = c(Q — BBL F,.Q4),
0<0E <28%A,,  (a, Haothr) < 48%A, < COINTH/5,
1= [{(Qa, 2> < CPNY/5, (S281)

The common O(®2/N) energy was subtracted, not bounded as a perturbation of the N =2 complement gap.

For contiguous A, its physical open Hamiltonian is bounded below by A_ times the reference open Hamiltonian
and above by the full zero-flux Hamiltonian. The all-charge LSI therefore retains the heat-trace bound of Eq. (5266)
at Ty = CN?log(eN). The Gibbs Schmidt-tail estimate Eq. (S267) and Eq. (S281) yield the first line of Eq. (S269).
Reference conditional states are products; the total conditional tail weight is at most the infidelity. For total VN
entropy, write S4 = H(p,) + Exn. The charge distribution has at most N + 1 outcomes and total variation at most
C®2N~1/10_ (Classical entropy continuity gives the second line. For arbitrary cuts the same tail weight bounds
conditional linear entropy and optimal single-copy Bell probability, as in the preceding appendix. No exponentially
large entropy-continuity factor is used.

Complement min-max in Eq. (5280) bounds the internal gap below by ¢/N?2. For its upper bound take a normalized
real cosine charge mode at zero flux. Termwise comparison gives reference energy O(N~?); its imaginary-current
expectation is zero and Eq. (S273) controls the centered potential. Its overlap with the actual lowest state is
O(®*N -1/ 10y Orthogonalizing against that exact eigenstate preserves the Rayleigh numerator and leaves a uniformly
positive norm. This gives the upper C/N? bound without translation symmetry, momentum orthogonality, or claiming
that a Fourier mode is an inhomogeneous eigenstate.
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5. Nonzero neutral curvature and physical boundary

Let Ry = Y., A\, ' and 7y = usR; — 1/3. Differentiating Eq. (S270) gives j'(0) = 1/Ry and 65(0) = 1/(\iRn).
Since H}(0)Q4 = 0, the eigenvector derivative contributes no second-order term, giving exactly

N
NEY(0) — ——— — 0. (S282)

TN
B{(0) = —

= R
The convergence is uniform over the bounded profiles. A separate profile limit is unnecessary; a curvature limit exists
if its harmonic mean converges. Polarized global zero modes remain available, so this is not a global-ground stiffness.
Conductance comparison and resistance scales are familiar in inhomogeneous exclusion processes [68]; they alone do
not control the quantum Schmidt tail. The result here removes translation symmetry from the actual-state entropy
suppression, while retaining fixed local process ratios. It is not stability under arbitrary four-rate disorder or a general
nongradient perturbation.

The homogeneous zero-flux dynamics after the ground-state transform also belongs to Sasada’s two-species exclusion
family [69]. Its hydrodynamic and spectral-gap results concern classical dynamics; they do not imply the finite-flux
quantum entropy bound (5269).
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