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We introduce a posterior algebra that characterizes when an affine information bound is attainable
and classifies all optimal finite measurements in that regime. Binary ensembles yield a one-generator
proof of Shor’s orthogonal-measurement statement and a certified receiver. For binary qubits, a
posterior moment formulation reveals three-outcome advantages between projective information
and minimum-error endpoints. A decoder-derived posterior loss guides readout optimization in a
synthetic repetition code, where recovery can improve without improving local information–error
scores.

Introduction—For two known quantum states, a mea-
surement can minimize the probability of misidentifying
the state or maximize mutual information between the
preparation label and the outcome. Both objectives ad-
mit an optimal projective measurement, but their optimal
bases can differ. We study combined objectives and the
use of measurements for error correction.
The maximum mutual information over all measure-

ments is called the accessible information. Generalized
measurements can outperform projective measurements
for larger signal alphabets [1, 2]. Related early work com-
pared local nonorthogonal and joint detection strategies
[3]. For binary ensembles, projective sufficiency is the
statement associated with Shor’s orthogonal-measurement
conjecture. Early results treated pure signals and infor-
mation bounds [4, 5]; Keil proved the qubit case [6]. The
general measured-divergence theorem of Fang, Fawzi, and
Fawzi implies the finite-dimensional binary result [7]. Ex-
plicit binary reductions and convex formulations are also
given by Jo and Dall’Arno [8, 9], including a spectral
replacement for each finite POVM.[10]

In this letter, we characterize information-optimal mea-
surements using operator analogues of posterior-to-prior
probability ratios. The posterior is the probability of a
preparation label conditioned on an outcome, not the post-
measurement quantum state. Optimizing the operators
gives an affine upper bound Uaff on accessible informa-
tion Iacc. For any finite ensemble of full-rank states, the
algebra A⋆ generated by the optimized operators satisfies

Iacc = Uaff ⇐⇒ A⋆ is abelian. (1)

Thus a measurement attains the bound if and only if the
optimized operators commute. Their common eigenspaces
determine all optimal finite measurements, even when the
signal states themselves do not commute. For two signal
states, the optimized operators are functions of a single
Hermitian matrix. Measuring in its eigenbasis attains ac-
cessible information. The construction extends to singular
states and gives a computable bound on information loss
at each optimization step. For full-rank binary signals, it
also limits the weight that a nearly optimal measurement

assigns outside each outcome’s dominant spectral block.
We also examine how the optimal measurement changes

when the objective includes discrimination error or final
recovery. For mixed signals the information-optimal and
minimum-error measurements generally differ [11, 12],
and information and guessing probability need not order
binary measurements alike [13], even though minimum
error has a projective solution [14]. For two full-rank qubit
states, a weighted information–error objective has an
optimal measurement with at most three outcomes. Some
ensembles require all three over an open interval of weights
(Fig. 1). In a separate repetition-code model, optimizing
recovery can reduce the final error while lowering local
information at unchanged discrimination error.
Posterior algebra—Let E = {(pi, ρi)}mi=1 have posi-

tive priors and faithful (positive-definite) states on a
finite-dimensional Hilbert space, and put τ =

∑
i piρi.

A POVM {My} consists of positive effects summing
to I; a PVM consists of orthogonal projectors. Write
q(y|i) = Tr ρiMy and qy = Tr τMy. Zero effects are omit-
ted. Then I(E ,M) =

∑
iy piq(y|i) log[q(y|i)/qy], with

Iacc = supM I(E ,M). Logarithms are natural unless bits
are specified. A finite optimizer exists [15].
Choose minimal real affine coordinates ρi = τ +∑
a siaAa, with

∑
i pisia = 0. For a tuple of Hermitian

matrices H = (H1, . . . ,Hr), define

Gi(H) = I +
∑
a

siaHa ≻ 0,

Φ(H) =
∑
i

pi Tr ρi logGi(H), Uaff = max
H

Φ. (2)

The feasible domain is bounded, and the objective tends
to minus infinity at its boundary. Strong concavity
then gives a unique interior maximizer H⋆. The alge-
bra A⋆ = C∗(G⋆

1, . . . , G
⋆
m) is independent of the chosen

affine coordinates. Here C∗ means the unital operator
algebra generated by the indicated Hermitian matrices.
The optimized operators need not diagonalize the sig-
nal states. The normalization

∑
i piGi = I bounds each

feasible operator by p−1
i I.

To bound a measurement, set hay = Tr(AaMy)/qy
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FIG. 1. Information–error trade-offs for two binary-qubit ensembles. Gray shows the sampled projective frontier; blue shows
a numerically resolved advantage of three-outcome measurements. (a) Projective measurements match the optimum at the
sampled weights. (b) Three outcomes improve the intermediate trade-off between minimum error (Helstrom) and maximum
information (Shor). The finite grids test only the sampled weights; the analytic existence result is proved separately.

and Ha,M =
∑

y hayMy. Bayes’ rule identifies giy =
q(y|i)/qy = Pr(i|y)/pi, and Gi(HM ) =

∑
y giyMy. Oper-

ator Jensen therefore gives I(E ,M) ≤ Φ(HM ) ≤ Uaff ≤ χ,
where χ is the Holevo quantity [16–20].

To prove Eq. (1), first suppose the optimized opera-
tors commute, with joint spectral PVM P⋆ = {Pz} and
G⋆

iPz = gizPz. Direct expansion yields

I(E , P⋆)− Φ(H⋆) =
∑
z

Tr(τPz)D(α·z∥β·z) ≥ 0, (3)

where αiz = pi Tr(ρiPz)/Tr(τPz) and βiz = pigiz. The
upper bound forces equality, so the spectral measure-
ment is optimal. The measured and predicted posterior
probability vectors therefore coincide.
Conversely, a finite POVM attaining Uaff must satu-

rate Jensen’s inequality. Uniqueness of the maximizer
and the equality condition for operator compression im-

ply giyM
1/2
y = M

1/2
y G⋆

i . Each effect lies in a common
eigenspace; completeness forces commutativity. Station-
arity gives PzρiPz = gizPzτPz. Thus all optimal finite
POVMs, and only those, satisfy

My = PzMyPz (y ∈ Yz),
∑
y∈Yz

My = Pz. (4)

Resolving outcomes within a block adds no label informa-
tion. The outcome distributions are interconvertible by
label-independent classical postprocessing, or Blackwell-
equivalent [21, 22]. The classification requires attainment
of the affine bound, a stronger condition than projec-
tive optimality for a general ensemble. Detailed equality
arguments appear in Appendix B.

Binary ensembles and Shor’s conjecture—For priors
p, q = 1− p > 0, put A = ρ0 − ρ1. Then ρ0 = τ + qA and
ρ1 = τ − pA, so

G⋆
0 = I + qH⋆, G⋆

1 = I − pH⋆. (5)

Both optimized operators are functions of the same Her-
mitian matrix and therefore commute, whether or not the
signal states do. A measurement in its eigenbasis attains
accessible information.
The conclusion extends to singular states. On supp τ ,

maximize the closed objective on −q−1I ⪯ H ⪯ p−1I,
using zero for kernel contributions outside the signal sup-
port and −∞ when a signal has support in the kernel.
This upper-semicontinuous, strictly concave objective has
a unique maximizer; the lower-semicontinuous form of
Eq. (3) proves spectral attainment. Boundary Jensen

equality gives M
1/2
y (H⋆ − hyI)ρ1/2i = 0 for both signals.

Their supports span the effective space, so every effect lies
in one spectral block. Blockwise stationarity, including
zero-posterior endpoints, proves Eq. (4); boundary details
are in Appendix D. Consequently every finite-dimensional
binary ensemble admits a rank-one projective information
optimum, and every optimal finite POVM, compressed to
supp τ , is a label-independent refinement of its canonical
posterior PVM. Degenerate blocks allow different bases;
unoccupied ambient subspaces have no statistical effect.
Within each canonical block, the posterior probabilities
are identical; the eigenvalues of the signal states need
not be. Refining the measurement inside a block adds
outcomes but no information about the label. This state-
ment concerns the fixed ensemble and the information
objective.
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FIG. 2. Accuracy–runtime profile of 408 fixed-budget stress
cases. The posterior method uses its analytic gap evaluated
in float64; comparators use empirical regret against its PVM.
Fractions count test cases.

Near-optimal measurements—For faithful binary states,
let ϵM = Iacc−I(E ,M) and ai = p3iλmin(ρi). Quantitative
Jensen and strong concavity give∑

iy

ai∥giyM1/2
y −M1/2

y G⋆
i ∥2F ≤ 4ϵM . (6)

Here ∥·∥F denotes the Frobenius norm. If ∆post is the min-
imum weighted separation of distinct posterior eigenvalue
vectors, the total effect weight outside each outcome’s
dominant block obeys L(M) ≤ 8ϵM/∆

2
post. Explicitly,

with z(y) maximizing Tr(PzMy),

∆2
post = min

z ̸=z′

∑
i

ai(giz − giz′)2,

L(M) =
∑
y

∑
z ̸=z(y)

Tr(PzMy). (7)

For a fixed full-rank ensemble with separated posterior
eigenvalues, a small information loss therefore limits the
weight outside the assigned blocks. The bound deterio-
rates as the states become singular or the blocks merge;
for a single block the weight outside it is zero. Definitions
and finite-iterate bounds are in Appendix C.
Constructing a receiver with an information bound—

For two signal states, we optimize one Hermitian matrix
rather than all POVM effects. At a feasible H, diagonal-
ization gives a PVM PH and the interval

L = I(E , PH) ≤ Iacc ≤ U = Φ(H) +
Tr[R(H)2]

2C
, (8)

where R(H) = pq[D log(G0)[ρ0] − D log(G1)[ρ1]] and
C = p2q2[pλmin(ρ0) + qλmin(ρ1)]. Strong concavity gives
the upper bound, while the information obtained by the
spectral measurement gives the lower bound. Their dif-
ference measures how far the current measurement can
be from optimal.

Algorithm 1 in Appendix E gives the explicit updates
and stopping conditions. At each step, an ascent direction
and backtracking preserve positivity and increase Φ(H).
Diagonalizing the updated matrix gives the PVM and its
information interval. The bound is independent of the
update rule; the benchmark uses inverse BFGS.

Logarithms are evaluated only at positive trial matrices.
The interval and stopping flag are valid in exact arithmetic;
floating-point certification requires controlled rounding
and a terminating line search. Appendix E details matrix-
function evaluation, inverse-BFGS proposals, and the
benchmark protocol.
The 408-case benchmark spans dimensions 2, 4, 8, 16,

spectral floors down to 10−6, priors up to 0.99, and nearly
coincident signals (Fig. 2). Under the declared budgets,
the posterior receiver reports a gap of at most 10−6 nat
on all cases, versus 45.8% for multistart PVM and 4.7%
for direct POVM ascent. The comparison uses fixed
iteration budgets. Readout requires a basis rotation and
an orthogonal measurement; costs and accuracy depend
on the device. Appendix E gives the full profiles and
budgets.

Information–error Pareto frontiers—We next optimize
information and discrimination error together for two
distinct full-rank qubit states with fixed priors. The Hel-
strom measurement minimizes error, while the posterior-
spectral measurement maximizes information. Their opti-
mal bases need not coincide.
Let ηy = P (X = 0|y) be the posterior probability of

signal 0 after outcome y, and let qy = P (y). Information
and error are averages of different functions of this same
probability:

I(E ,M) = h(p)−
∑
y

qyh(ηy),

Pe(M) =
∑
y

qy min(ηy, 1− ηy). (9)

Here h(t) = −t log t− (1− t) log(1− t) is binary entropy;
the posterior-information form is also used in Ref. [12].
Error averages the probability of a wrong guess; infor-
mation measures the reduction of uncertainty about the
preparation label. Both quantities concern the classical
measurement outcomes. The trade-off does not describe
disturbance of the quantum state after measurement.
The Pareto frontier collects attainable performance

pairs for which neither score can improve without worsen-
ing the other. We probe these trade-offs by maximizing
Fλ = I − λPe, with λ ≥ 0. Zero weight selects maximum
information. As λ→∞, optimal performance approaches
minimum error, with information breaking ties. Write
VPOVM(λ) and VPVM(λ) for the best weighted scores over
generalized and projective measurements, respectively.
Our central result is that intermediate optima can

require a genuinely nonprojective measurement, even
though neither endpoint requires one. For every weight,
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some optimal receiver has at most three outcomes. More-
over, a strict advantage,

∆λ = VPOVM(λ)− VPVM(λ) > 0, (10)

occurs precisely when the smallest outcome count among
weighted-score optimizers is three. Every two-effect qubit
POVM is a classical postprocessing of a PVM, so two out-
comes cannot realize this advantage. The three-outcome
attainment statement concerns each weighted optimum,
not every point of a flat exposed performance face.
The three-outcome bound follows by rewriting the

measurement problem as an optimization over probabil-
ity distributions with three fixed moments. Write the
normalized posterior operator and average state in a
common Bloch frame, Q = τ−1/2pρ0τ

−1/2 = cI + dσz
and τ = (I + rxσx + rzσz)/2, with rx ≥ 0. A rank-
one measurement corresponds to a pure-state decompo-
sition of τ , using the normalized-effect transformation
of Ref. [12]; explicit forward and inverse maps are given
in Appendix G. Setting s(z) =

√
1− z2, the weighted

optimum is h(p)− λ/2 plus

max
µ

{∫
gλ(z) dµ :

∫
z dµ = rz,

∫
s(z) dµ ≥ rx

}
,

(11)
where µ is a probability measure on [−1, 1] and gλ(z) =
−h(c+dz)+λ|c+dz−1/2|. Strict convexity makes the last
constraint saturate at an optimum. An extreme maximiz-
ing distribution has at most three support points, since
only the moments 1, z, s(z) are fixed. To prove that three
outcomes are necessary, we construct an upper bound that
is attained at exactly three points. When the mean lies
inside the triangle formed by those points, all three must
have positive weight. The corresponding measurement
has nonorthogonal effects, and every outcome contributes
to information and discrimination; none is discarded or as-
signed a rejection cost. This distinguishes the mechanism
from the three-outcome measurements that interpolate
between minimum-error and unambiguous discrimination
by admitting a fixed rate of inconclusive results [23–25],
and from the pure-state setting, where relative convexity
or concavity with respect to the Bhattacharyya parame-
ter selects the Helstrom projection or, for suitable priors,
the unambiguous three-outcome measurement within the
admissible objective classes [26]. Here both endpoint
objectives are projective, and the signals are mixed.
Nor can random switching between projective bases

reproduce a strict gap. Choose a basis b independently of
the signal with probability wb, and retain its label in the
record. Then Fλ =

∑
b wbFλ(Pb) ≤ VPVM(λ). Forgetting

the basis label cannot improve either score. Thus the
advantage is over all such randomized projective strate-
gies, not just over the Helstrom and Shor measurements
separately.
Figure 1 shows two numerical examples. In panel (a),

projective measurements match the optimum at the sam-

pled weights. In panel (b), a three-outcome measurement
improves the intermediate trade-off. Our construction
establishes gaps persisting over open intervals of weights.
The examples do not prove that every ensemble has a
single connected nonprojective region; that topology re-
mains conjectural. When a common measurement op-
timizes both endpoints, the frontier instead collapses
to one performance point. We prove this collapse for
every weight when the posterior spectrum is centered,
p2 det ρ0 = (1− p)2 det ρ1. The same condition is the ex-
plicitly solvable case in which Fuchs found the information-
optimal qubit basis to coincide with the Helstrom basis
[11], and for equal priors it is the equal-Bloch-radius
coincidence reported in Ref. [12].

At fixed Q = cI + dσz, some faithful average state
admits a strict weighted-score gap if and only if c− d <
1/2 < c+ d and c ≠ 1/2. The construction yields an open
set of such states. The full moment argument, global
certificates, and proof of this existence criterion are given
in Appendix G. The operator Q determines the possible
posterior probabilities; it is distinct from the optimized
matrix H⋆ used to construct the information-optimal
measurement. We next consider a different objective: the
error remaining after decoding.

Choosing the measurement for error correction—Soft-
information decoding uses outcome probabilities rather
than only hard binary decisions [27, 28]. Here we also
optimize the measurement that produces those outcomes.
Consider a synthetic distance-three repetition code with
stochastic Pauli-X faults, fresh binary qubit pointers,
and no ideal terminal syndrome. Let S be one syndrome
bit, C the other measurement records available to the
decoder, and E the complete error vector. Holding other
receivers fixed and assuming the chosen pointer depends
only on S, with 0 < P (S = 0) < 1, a Pauli-X recovery
maximizing entanglement fidelity gives the recovery risk
Rrec =

∑
y qyr(ty), where ty = P (S = 0|y) and

r(t) =
∑
c

[∑
e

bec(t)−max
e
bec(t)

]
,

bec(t) = tP (e, c|S = 0) + (1− t)P (e, c|S = 1). (12)

For a logical–reference Bell input, the stated X-only error
group has trivial intersection with the Z-type stabilizer
group. A wrong complete error vector therefore gives
zero fidelity in this recovery class; choosing the most
probable vector for each full record yields the loss above.
The concave, piecewise-linear loss r depends on the code,
noise model, and other measurements. With these fixed,
we minimize its average over outcomes. It generally differs
from entropy or a single binary decision loss, so the strict-
convexity Pareto proof does not apply directly.

The other records are averaged over at the design stage;
all measurements can be fixed before the experiment.
Changing another receiver changes the joint distribution
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ing local information; local error is unchanged. Asymmetric
60◦ pointers, three rounds, fault probability 0.02, final-site
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without replicate error bars.

and r, so alternating site updates need not find the glob-
ally optimal schedule.

Figure 3 exhibits a 0.59357% risk reduction despite
lower local information and unchanged error. Local mu-
tual information and discrimination error therefore do
not fully predict the final recovery error. The decoder
also uses correlations with the other records; this does
not violate data processing or establish Blackwell dom-
inance. Across the 36 tested cases, optimizing recovery
improved on locally information-optimal PVMs in 30
cases, mainly by changing the measurement basis. The
protocols, generalized-measurement comparisons, and sen-
sitivity to parameter changes are given in Appendix N,
with full results in Appendix P. These calculations con-
cern the synthetic model, rather than device performance
or a fault-tolerance threshold.

Conclusion—For binary ensembles, the optimized poste-
rior algebra identifies a canonical projective measurement
and classifies all information-optimal finite measurements,
including singular signals. For full-rank binary signals,
it also gives a computable information bound and con-
trols deviations of nearly optimal measurements from
separated spectral blocks. Combining information and
discrimination error can instead require three outcomes.
In the repetition-code model, optimizing final recovery
can favor a measurement with less local information and
unchanged local error. The useful measurement therefore
depends on both the signals and the decision made from
its outcomes.

The recovery analysis uses its own loss function and
does not extend the affine exactness theorem to arbitrary
losses. A device-level comparison would need to include
readout backaction, leakage, implementation costs, and
conditional quantum states. Questions remain about the

outcome count in higher dimensions, the connectivity
of the nonprojective qubit regions, and stability near
singular states or merging spectral blocks.
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J. A. Bergou, Optimal discrimination of quantum states
with a fixed rate of inconclusive outcomes, Phys. Rev. A
86, 040303 (2012), arXiv:1206.4145.

[26] I. Katz, A. Samorodnitsky, and Y. Kochman, Optimal
discrimination between two pure states and Dolinar-type
coherent-state detection, IEEE Trans. Inf. Theory 70,
2701 (2024), arXiv:2311.02366.

[27] C. A. Pattison, M. E. Beverland, M. P. da Silva, and
N. Delfosse, Improved quantum error correction using
soft information (2021), arXiv:2107.13589.

[28] H. Ali, J. Marques, O. Crawford, J. Majaniemi, M. Serra-
Peralta, D. Byfield, B. Varbanov, B. M. Terhal, L. Di-

Carlo, and E. T. Campbell, Reducing the error rate of a
superconducting logical qubit using analog readout infor-
mation, Phys. Rev. Applied 22, 044031 (2024).
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Appendix A: Affine geometry and the information upper bound— Throughout this section, pi > 0 and every ρi is
positive definite. Let V = spanR{ρi − τ} and choose a minimal representation

ρi = τ +

r∑
a=1

siaAa,
∑
i

pisia = 0, Gi(H) = I +
∑
a

siaHa ≻ 0. (A1)

The feasible domain is nonempty and convex. Since
∑

i piGi(H) = I, every feasible posterior satisfies Gi ⪯ p−1
i I. Full

column rank of the coordinate matrix bounds H . If a feasible sequence approaches the boundary, some Gj acquires an
eigenvalue tending to zero. Faithfulness of ρj implies Tr ρj logGj → −∞, while all other terms remain bounded above.
The maximum is therefore attained in the interior.

For X ≻ 0, R ≻ 0, and Hermitian K, operator concavity of the logarithm and its integral representation give

λmin(R)

∥X∥2∞
∥K∥2F ≤ −D2 TrR logX[K,K] ≤ ∥R∥∞

λmin(X)2
∥K∥2F . (A2)

The Hessian follows by integrating 2Tr[R(X+uI)−1K(X+uI)−1K(X+uI)−1]. The integrand is a squared Frobenius
norm; bounding R by its extreme eigenvalues and then the resolvents by those of X gives both constants. For a tuple
direction K, put Ki =

∑
a siaKa. Since Gi ⪯ p−1

i I, Eq. (A2) yields

−D2Φ(H)[K,K] ≥
∑
i

p3iλmin(ρi)∥Ki∥2F . (A3)

Minimality of the coordinates makes the right side a norm, so Φ is strongly concave and its interior optimizer is unique.
Its stationarity conditions are ∑

i

pisiaLG⋆
i
(ρi) = 0,

LF (X) = D logF [X] =

∫ ∞

0

(F + uI)−1X(F + uI)−1du. (A4)

For a finite POVM without zero effects, set

cy = Tr τMy, hay =
TrAaMy

cy
,

Ha,M =
∑
y

hayMy, giy =
Tr ρiMy

cy
. (A5)

Then

Gi(HM ) =
∑
y

giyMy. (A6)

The map X 7→ logX is operator concave, hence

logGi(HM ) ⪰
∑
y

(log giy)My. (A7)

Tracing against piρi, summing over i, and using the definition of giy proves I(E ,M) ≤ Φ(HM ) ≤ Uaff .
For completeness, introduce the unrestricted value

Uunres = max
Fi≻0,

∑
i piFi=I

∑
i

pi Tr ρi logFi. (A8)

Affine feasibility gives Uaff ≤ Uunres. For an unrestricted feasible family, set qi = Tr τFi and Qi = Fi/qi. Then
Tr τQi = 1, and the variational formula for measured relative entropy implies

Tr ρi logFi ≤ DM(ρi∥τ) + log qi. (A9)

Moreover,
∑

i piqi = 1, so scalar Jensen gives
∑

i pi log qi ≤ 0. Consequently,

Iacc ≤ Uaff ≤ Uunres ≤
∑
i

piDM(ρi∥τ) ≤ χ(E). (A10)

The variational formula is Lemma 1 and Theorem 2 of Ref. [20]; see also the measured-divergence treatments [18–20].
This last bound is not needed to prove posterior-algebra exactness. It shows that Uaff is an upper bound on accessible
information that is no larger than the Holevo quantity.
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Appendix B: Posterior exactness and all optimal measurements— We first show directly that a finite POVM attains
the maximum information. Refine every effect into rank-one effects and write each as dwP , where P is a rank-one
projector and the nonnegative weights sum to one. Completeness is the moment constraint

∫
P dµ(P ) = I/d. The

information is the continuous linear functional

d

∫ [∑
i

pi Tr(ρiP ) log
Tr(ρiP )

Tr(τP )

]
dµ(P ).

The rank-one projector space is compact, and the feasible probability measures form a compact convex set. Hence a
maximum is attained at an extreme measure. Such a measure has at most d2 atoms: more disjoint positive-mass support
sets would give a linear dependence among their Hermitian matrix moments, and a bounded signed density perturbation
would preserve the moments in both directions. The trace constraint also preserves total mass, contradicting extremality.
Refinement cannot reduce mutual information, so this supplies a finite optimizer without an additional outcome-count
assumption.
We first record equality in compression Jensen. Let V : H → K be an isometry, T ≻ 0, and G = V ∗TV . In the

decomposition ranV ⊕ (ranV )⊥, write

T =

(
G B
B∗ C

)
. (B1)

The integral representation of the logarithm and the Schur complement yield

logG− V ∗(log T )V =

∫ ∞

0

[
(G+ uI −B(C + uI)−1B∗)−1

− (G+ uI)−1
]
du ⪰ 0. (B2)

Equality holds if and only if B = 0, equivalently TV = V G. For the POVM dilation

V x =
⊕
y

M1/2
y x, Ti =

⊕
y

giyI, (B3)

this gives

giyM
1/2
y =M1/2

y Gi for every i, y. (B4)

Suppose first that the optimized posteriors commute. Let P⋆ = {Pz}z be their minimal joint-spectral PVM and
write G⋆

iPz = gizPz. Define

αiz =
pi Tr(ρiPz)

Tr(τPz)
, βiz = pigiz. (B5)

Both are probability vectors for each z, and a direct expansion gives

I(E , P⋆)− Φ(H⋆) =
∑
z

Tr(τPz)D(α·z∥β·z) ≥ 0. (B6)

Since I(E , P⋆) ≤ Iacc ≤ Uaff = Φ(H⋆), equality holds throughout and P⋆ is optimal.
Conversely, assume Iacc = Uaff . Finite-dimensional attainment supplies an optimal finite POVM M . Equality in

I(E ,M) ≤ Φ(HM ) ≤ Φ(H⋆) (B7)

forces HM = H⋆ by uniqueness. The positive difference in Jensen’s inequality has zero trace against each positive-
definite state, so the difference itself is the zero operator. Equation (B4) holds with Gi = G⋆

i . The support of every
nonzero effect lies in a common eigenspace of all G⋆

i ; POVM completeness makes these supports span H. Hence A⋆ is
abelian.

It remains to classify the optimizers. Compress Eq. (A4) to a joint spectral block Pz and put

Tz = PzτPz, Baz = PzAaPz, Cz =
∑
i

pi
giz

sis
T
i . (B8)
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Minimal affine coordinates make each H⋆
a a real linear combination of the G⋆

i −I. It is therefore scalar on every minimal
joint-spectral block, which defines the coefficients haz below. The matrix Cz is positive definite. If hz = (h1z, . . . , hrz)

T,
normalization gives

∑
i(pi/giz)si + Czhz = 0, while the compressed stationarity equations give Cz(Bz − hzTz) = 0.

Therefore

Baz = hazTz, PzρiPz = gizPzτPz. (B9)

Equation (B4) shows that every optimal effect is supported in one block. Conversely, any block refinement satisfies

Tr ρiMy = giz Tr τMy, y ∈ Yz. (B10)

Thus the conditional refinement channel

R(y|z) = Tr(τMy)

Tr(τPz)
(B11)

is independent of the label i, while y 7→ z is deterministic. The induced classical experiments are Blackwell-equivalent
[21, 22].

Appendix C: Robust posterior rigidity— We next bound the deviation from the equality condition for a measurement
whose information is close to optimal. If 0 ≺ T ⪯ βI, the block representation used in Eq. (B2) and the resolvent
identity imply

Tr[logG− V ∗(log T )V ] ≥ 1

2β2
∥TV − V G∥2F . (C1)

Indeed, writing Xu = G+uI and Su = B(C+uI)−1B∗, the trace of the integrand is bounded below by (β+u)−3∥B∥2F .
Integration gives the stated constant and ∥B∥F = ∥TV − V G∥F . If ρ ⪰ µI, the same positive difference gives the
corresponding lower bound after tracing against ρ.

Define the intrinsic posterior norm

∥K∥2post =
∑
i

ai∥Ki∥2F , ai = p3iλmin(ρi). (C2)

Equation (A3) says that Φ is one-strongly concave in this norm. Split the information gap as

ϵM = Uaff − I(E ,M) = ϵopt + ϵJ ,

{
ϵopt = Φ(H⋆)− Φ(HM ),

ϵJ = Φ(HM )− I(E ,M).
(C3)

Strong concavity gives
∑

i ai∥Gi(HM )−G⋆
i ∥2F ≤ 2ϵopt. For the POVM dilation, Ti ⪯ p−1

i I because giy = q(y|i)/q(y) ≤
p−1
i . Applying Eq. (C1) and then tracing against piρi gives the corresponding residual relative to Gi(HM ) bounded

by 2ϵJ . Minkowski’s inequality in the weighted direct sum then yields

R⋆(M) =
∑
i,y

ai∥giyM1/2
y −M1/2

y G⋆
i ∥2F ≤ 4ϵM . (C4)

No commutativity assumption enters this estimate.
When the optimized posterior algebra is abelian, write G⋆

i =
∑

z gizPz and define

∆2
post = min

z ̸=z′

∑
i

ai(giz − giz′)2. (C5)

Write gz = (g1z, . . . , gmz), gy = (g1y, . . . , gmy), and ∥v∥2a =
∑

i aiv
2
i . For an outcome y, expansion over the spectral

blocks gives ∑
i

ai∥M1/2
y G⋆

i − giyM1/2
y ∥2F =

∑
z

∥gz − gy∥2a TrPzMy. (C6)

Lemma 1 (Weighted separation)— Let u1, . . . , uK obey ∥uz − uz′∥2a ≥ ∆2 for z ̸= z′, and let wz ≥ 0, W =
∑

z wz.
For every u, ∑

z

wz∥uz − u∥2a ≥
∆2

2

(
W −max

z
wz

)
. (C7)
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Proof— If W = 0, both sides vanish. For W > 0, the left side is minimized at ū = W−1
∑

z wzuz. The weighted
variance identity gives ∑

z

wz∥uz − ū∥2a =
1

2W

∑
z,z′

wzwz′∥uz − uz′∥2a. (C8)

The off-diagonal terms are at least ∆2, and
∑

z w
2
z ≤W maxz wz, proving Eq. (C7). ■

Assign y to a block z(y) maximizing TrPzMy. Apply Lemma 1 with wz = TrPzMy, sum over outcomes, and use
Eq. (C4). This proves the wrong-block mass bound

L(M) =
∑
y

∑
z ̸=z(y)

TrPzMy ≤
8ϵM
∆2

post

. (C9)

The explicit effects

By = Pz(y)MyPz(y), Dz = Pz −
∑

y:z(y)=z

By (C10)

form an exact block refinement M̃ = {By}y ∪ {Dz}z, with zero effects omitted. For experiments on the fixed signal
ensemble, define the directed deficiency from N to M as infK maxi TV(qM (·|i),KqN (·|i)), where K ranges over
stochastic maps; δLR is the maximum of the two directed deficiencies. Trace-norm Cauchy–Schwarz gives a symmetric
finite-experiment deficiency bound

δLR(M, M̃) ≤ min{1, L(M) +
√
L(M)[d− L(M)]}. (C11)

For completeness, put P = Pz(y), Q = I − P , and Ly = TrQMyQ. Then

∥My −By∥1 ≤ Ly + 2
√

(TrPMyP )Ly. (C12)

Summing and using Cauchy–Schwarz once more gives∑
y

∥My −By∥1 ≤ L(M) + 2
√
L(M)[d− L(M)]. (C13)

To simulateM from M̃ , report y after outcome By and distribute each Dz according to any fixed probability distribution
over all original outcome labels. This remains defined even if no y was assigned to block z. In the reverse direction,
map outcome y of M to the correspondingly named outcome of M̃ and never report a Dz label. For every signal state,
the two resulting total-variation errors are bounded by one half of the last display plus L(M)/2. Taking the larger
directed deficiency proves Eq. (C11) (and the trivial upper bound is one). Thus the outcome distributions of a nearly
optimal measurement can be approximated by those of a refinement of the canonical posterior PVM, after classical
postprocessing in either direction. The bound concerns these distributions for the fixed signal ensemble; it does not
give operator-by-operator or diamond-norm closeness of the measurements.

At a feasible numerical tuple Ĥ, let Ra = ∇aΦ(Ĥ) and

C =
∑
i

aisis
T
i , r2g =

∑
a,b

(C−1)ab Tr(RaRb). (C14)

This is the squared dual norm of the gradient for the weighted norm defined in Eq. (C2). One-strong concavity implies,

for K = H⋆ − Ĥ,

Φ(H⋆)− Φ(Ĥ) ≤ ⟨∇Φ(Ĥ),K⟩ − 1
2∥K∥

2
post. (C15)

Dual Cauchy–Schwarz and maximization of the scalar quadratic give the first bound below. For the second, strong

monotonicity of −∇Φ and stationarity at H⋆ imply ∥K∥2post ≤ ⟨∇Φ(Ĥ),K⟩ ≤ rg∥K∥post:

Uaff ≤ Φ(Ĥ) + 1
2r

2
g,

∑
i

ai∥Gi(Ĥ)−G⋆
i ∥2F ≤ r2g. (C16)

The first inequality is the binary stopping certificate used in the main text. A formally computer-assisted certificate
additionally requires outward-rounded matrix functions, eigenvalue bounds, and mutual-information evaluation; the
reported benchmark uses float64 arithmetic.
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Appendix D: Binary construction and singular closure— If one prior vanishes, or if the two states coincide, every
measurement has zero mutual information and any rank-one PVM is optimal. We henceforth take 0 < p, q < 1 and
distinct states.

For a faithful binary ensemble E = {(p, ρ0), (q, ρ1)}, define

Φbin(H) =pTr ρ0 log(I + qH)

+ qTr ρ1 log(I − pH), (D1)

with I + qH ≻ 0 and I − pH ≻ 0, and choose

ρ0 = τ + q(ρ0 − ρ1), ρ1 = τ − p(ρ0 − ρ1). (D2)

The affine program is the single-variable maximization of Eq. (D1). Its optimized posteriors are

G⋆
0 = I + qH⋆, G⋆

1 = I − pH⋆, (D3)

so they are functions of one generator and commute. Their common spectral PVM is the spectral PVM of H⋆, and
the posterior-algebra theorem proves that it attains Iacc. Refining degenerate spectral projectors to rank one cannot
decrease mutual information and therefore preserves optimality.

We now allow singular signal states and classify all optimal finite POVMs. Restrict to H0 = P0H, where P0 = supp τ .
Since p, q > 0, supp ρi ⊆ H0, and τ is faithful on H0. On the compact operator interval

D = {H : −q−1I ⪯ H ⪯ p−1I}, (D4)

set G0(H) = I + qH and G1(H) = I − pH. For G ⪰ 0, use the extended convention

Tr ρ logG =

{
TrsuppG ρ log(G|suppG), supp ρ ⊆ suppG,

−∞, otherwise.
(D5)

The resulting Φbin is concave and upper semicontinuous, so it attains its maximum on D. The value at H = 0 is finite.
The maximizer is unique. Indeed, suppose H ≠ K were maximizers and examine an interior point of their segment.

Common kernel blocks of Gi(H) and Gi(K) carry no weight in ρi, by Eq. (D5); positivity also forces the segment
direction to have no row or column joining such a block. On the remaining support, the integral representation of the
logarithm gives, for D = H −K,

− d2

dt2
Tr ρi logGi(K + tD) = 2s2i

∫ ∞

0

Tr ρiRi,uDRi,uDRi,u du ≥ 0, (D6)

where s0 = q, s1 = −p, and Ri,u = (Gi + uI)−1. The integrand equals ∥R1/2
i,u DRi,uρ

1/2
i ∥2F . Equality for all u implies

Dρ
1/2
i = 0 by taking u→∞. Equality in the concavity of the sum would therefore make D annihilate both signal

supports. Their ranges span supp τ = H0, so D = 0, a contradiction. Denote the unique maximizer by H⋆.
Every finite POVM on H0 defines a feasible point of the closed optimization problem. After deleting zero effects, put

cy = Tr τMy > 0, hy =
Tr(ρ0 − ρ1)My

cy
, g0y = 1 + qhy, g1y = 1− phy, (D7)

and HM =
∑

y hyMy. Then Gi(HM ) =
∑

y giyMy ⪰ 0. Applying compression Jensen to Ti,ϵ =
⊕

y(giy + ϵ)I and
taking ϵ ↓ 0 yields

I(E ,M) ≤ Φbin(HM ) ≤ Φbin(H⋆). (D8)

Terms with giy = 0 contribute zero because then Tr ρiMy = cygiy = 0. These identities also show supp ρi ⊆
suppGi(HM ): if x ∈ kerGi(HM ), positivity of the summands gives Myx = 0 when giy > 0, whereas giy = 0 implies

ρ
1/2
i My = 0; summing over y yields ρ

1/2
i x = 0.

Let P⋆ = {Pz}z be the spectral PVM of H⋆, with eigenvalues hz and g0z = 1+ qhz, g1z = 1− phz. Finiteness of the
objective implies PzρiPz = 0 whenever giz = 0. Thus the gap identity

I(E , P⋆)− Φbin(H⋆) =
∑
z

Tr(τPz)D(α·z∥β·z) ≥ 0 (D9)
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remains valid with αiz = pi Tr(ρiPz)/Tr(τPz), βiz = pigiz, and the usual zero conventions. Combining Eqs. (D8) and
(D9) shows

I(E , P⋆) = Iacc = max
H∈D

Φbin(H). (D10)

It remains to characterize equality for an arbitrary optimal finite POVM. We use the following boundary form of
compression-Jensen equality. Let T ⪰ 0, G = V ∗TV , and ρ ⪰ 0, with the extended logarithmic traces finite. If the
limiting weighted Jensen gap vanishes, then

(TV − V G)ρ1/2 = 0. (D11)

To see this, replace T by T + ϵI and use the block decomposition in Eq. (B2). If B is its off-diagonal block, then B is
independent of ϵ, and the corresponding positive resolvent integrand Kϵ(u) satisfies, uniformly for 0 ≤ ϵ ≤ 1,

u3Kϵ(u) −→ BB∗ (u→∞). (D12)

Consequently, if B∗ρ1/2 ̸= 0, then on some fixed interval u ∈ [R, 2R] the weighted integrand has a strictly positive
lower bound, independent of sufficiently small ϵ. This contradicts a vanishing limiting Jensen gap. Hence B∗ρ1/2 = 0,
which is precisely Eq. (D11).

If M is optimal, both inequalities in Eq. (D8) are equalities and uniqueness gives HM = H⋆. Applying Eq. (D11) to
each signal and outcome gives

M1/2
y (H⋆ − hyI)ρ1/20 = 0, M1/2

y (H⋆ − hyI)ρ1/21 = 0. (D13)

The two signal ranges span H0, hence M
1/2
y (H⋆ − hyI) = 0. Consequently every nonzero My is supported in one

spectral block Pz.
Finally, the signal states are proportional after compression to each block:

PzρiPz = gizPzτPz. (D14)

For −q−1 < hz < p−1 this follows by varying H arbitrarily inside Pz and using stationarity; since G⋆
i |Pz

= gizPz,
the resulting condition is Pzρ0Pz/g0z = Pzρ1Pz/g1z. At an endpoint, one giz vanishes, and Eq. (D5) gives the same
identity directly. Therefore the optimal finite POVMs on H0 are exactly the block refinements

My = PzMyPz (y ∈ Yz),
∑
y∈Yz

My = Pz. (D15)

Their refinement channel is label-independent, so every one is Blackwell-equivalent to P⋆. Rank-one refinement proves
Shor’s orthogonal-measurement statement. On the ambient Hilbert space, every POVM has the same signal statistics
as its compression P0MyP0; all positive extensions compatible with POVM completeness are statistically invisible
beyond that compression.

The binary variational formulations in Refs. [8, 9] are related to Eq. (D1) by T = p(I + qH), after matching signal
labels. Indeed, I − T = q(I − pH), and for an embedded measurement TM =

∑
y Pr(0|y)My = p(I + qHM ). These

affine changes preserve the spectral projectors. Applying the gap identity to HM , rather than only to H⋆, gives
I(E ,M) ≤ Φbin(HM ) ≤ I(E , PHM

). Thus the pointwise spectral replacement and binary variational value agree; the
equality analysis above additionally classifies every finite optimizer, including at singular boundaries.

For comparison, we derive projective sufficiency from the theorem of Fang, Fawzi, and Fawzi. Their finite-dimensional
projective-reduction theorem states the following. Let f be convex and lower semicontinuous with (0,∞) ⊂ dom f .
If an interval J admits a one-to-one parametrization ψ : J → dom f∗ for which ψ is operator concave and f∗◦ ψ is
operator convex, then the measured f -divergence optimized over POVMs equals the value optimized over PVMs [7,
Theorem 2].

If all signals in a collinear ensemble coincide, every measurement has zero mutual information. Otherwise choose
two extreme signal states ρ0 and ρ1 and write ρi = (1− λi)ρ0 + λiρ1, where 0 ≤ λi ≤ 1, some λi = 0, some λi = 1,
and λ̄ =

∑
i piλi ∈ (0, 1). The mutual information of a measurement is the measured f -divergence of the two endpoint

outcome distributions for

f(t) =
∑
i

pi[(1− λi) + λit] log
(1− λi) + λit

(1− λ̄) + λ̄t
. (D16)
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Here the displayed formula is for t > 0; set f(0) = limt↓0 f(t) and f(t) = +∞ for t < 0 when taking the convex
conjugate. Set

h =
t− 1

(1− λ̄) + λ̄t
, ψ(h) =

∑
i

piλi log[1 + (λi − λ̄)h]. (D17)

On J = (−1/(1− λ̄), 1/λ̄), direct differentiation and Fenchel conjugacy give

f ′(t) = ψ(h), (D18)

f∗(ψ(h)) = −
∑
i

pi(1− λi) log[1 + (λi − λ̄)h]. (D19)

The first expression is operator concave and the second is operator convex. Furthermore,

ψ′(h) = (1− λ̄h)
∑
i

pi(λi − λ̄)2

1 + (λi − λ̄)h
> 0. (D20)

The Möbius map sends t ∈ (0,∞) bijectively onto J . Since ψ(h) = f ′(t) and ψ′ > 0, one-dimensional Fenchel duality
identifies its range with dom f∗. Indeed, the signal with λi = 1 gives f ′(0+) = −∞, while the signal with λi = 0 makes
the opposite limiting slope inadmissible because f(t)− tf ′(∞) = −w0 log t+O(1)→ −∞, where w0 =

∑
i:λi=0 pi > 0.

Thus the opposite endpoint has infinite conjugate value and no point of the conjugate domain is omitted. With
the lower-semicontinuous conventions at ratios zero and infinity, all hypotheses of Fang–Fawzi–Fawzi’s theorem hold.
Therefore the POVM and PVM suprema agree; rank-one refinement and compactness give attainment. Thus projective
sufficiency follows from that earlier theorem. The present construction also identifies the canonical posterior algebra,
classifies all finite optimal measurements, and gives the stability and finite-iterate bounds above.

Appendix E: Posterior-spectral receiver and numerical benchmarks— For a faithful binary ensemble E =
{(p, ρ0), (q, ρ1)}, q = 1− p, the affine coordinates are s0 = q and s1 = −p, and the posterior program is Eq. (D1). Its
unique optimizer generates both posterior operators. The spectral PVM of H⋆ is therefore information-optimal. At a
feasible iterate Ĥ, intrinsic strong concavity gives

Iacc ≤ Uaff ≤ Φ(Ĥ) + 1
2r

2
g, (E1)

where rg is the gradient’s dual norm for the weighted norm defined in Appendix C. The difference between this upper
bound and the information obtained by the spectral PVM gives the stopping criterion used below.

Algorithm 1: Posterior-spectral receiver

Input: faithful states ρ0, ρ1; prior 0 < p < 1; target gap ε > 0; iteration limit N ; initial step α0 > 0 and backtracking
parameters 0 < β, η < 1.

Output: a rank-one PVM P , information interval [L,U ], and a flag indicating whether U − L ≤ ε.
1. Set q ← 1− p, H ← 0, and compute the curvature constant C defined below Eq. (8).

2. For k = 0, . . . , N do

3. Form G0 = I + qH, G1 = I − pH; evaluate Φ(H) and R(H) = ∇Φ(H).

4. Diagonalize H and refine any degenerate eigenspaces to obtain a rank-one PVM PH .

5. Set L← I(E , PH) and U ← Φ(H) + Tr[R(H)2]/(2C).

6. If 0 ≤ U − L ≤ ε, return (PH , [L,U ], target met).

7. If k = N , return (PH , [L,U ], target not met).

8. Choose a Hermitian ascent direction D with Tr[R(H)D] > 0 (default D = R(H)); set α← α0.

9. While either I+q(H+αD) ̸≻ 0 or I−p(H+αD) ̸≻ 0, or the feasible trial fails Φ(H+αD) ≥ Φ(H)+ηαTr[R(H)D],
set α← βα.

10. Update H ← H + αD.

11. End for
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Implementation of the posterior-spectral receiver: For the binary coordinates s0 = q and s1 = −p, the intrinsic
curvature matrix is the scalar

C = p2q2[pλmin(ρ0) + qλmin(ρ1)] > 0, (E2)

and the gradient of Eq. (D1) is

R(H) = pq [LI+qH(ρ0)− LI−pH(ρ1)]. (E3)

Intrinsic strong concavity gives Uaff − Φ(H) ≤ Tr[R(H)2]/(2C). A backtracking line search preserves I + qH ≻ 0 and
I − pH ≻ 0; the implementation uses inverse BFGS, although the certificate is independent of the proposal method.
Matrix logarithms and Fréchet derivatives are evaluated in an eigenbasis using stable divided differences. A formally
computer-assisted certificate replaces floating-point values by outward-rounded enclosures. The implemented certificate
and benchmark concern faithful inputs. Applying the numerical method to depolarized singular inputs would require
an additional continuity bound; the exact singular theorem above is independent of this numerical extension.

Algorithms and benchmark protocol: Generative-AI assistance with analytical checks and review of the numerical
protocols and results is described in the Acknowledgments.

We use a fixed-seed suite containing 408 stress instances: 24 cases at every dimension or conditioning point. It spans
dimensions d = 2, 4, 8, 16, signal-state spectral floors down to 10−6, priors up to 0.99, and nearly coincident state pairs
ρ1 = (1− δ)ρ0 + δσ with δ down to 10−2.
The compared methods are as follows.

1. Posterior-spectral receiver: feasibility-preserving inverse BFGS applied to Eq. (D1), followed by spectral decom-
position and Eq. (E1).

2. Direct POVM ascent: a multistart, SOMIM-style mutual-information ascent over d2 POVM effects, using
multiplicative positive updates and POVM renormalization [29]. Starts are described as uniform, Helstrom, and
PGM in the benchmark protocol. An unperturbed identity-effect start is stationary for gradient ascent; the start
construction and symmetry-breaking convention affect this baseline’s performance.

3. Multistart PVM: BFGS on U(d) in local exponential coordinates, initialized by identity, Helstrom, and Haar-
random bases.

4. Helstrom and PGM: the minimum-error spectral measurement and the square-root measurement, respectively
[14, 30]. The mixed-state PGM effects are Mi = piτ

−1/2ρiτ
−1/2 on supp τ , where the inverse is restricted to

that support. They are positive and sum to its identity. This is a feasible baseline, without an assertion of
information or error optimality.

The baseline implementations optimize the same mutual information but have no independent global upper bound.
In the stress suite the optimization budgets are deliberately fixed: at most 300 posterior iterations, 100 accepted
direct- POVM iterations per deterministic start, and 30 PVM-BFGS iterations per start. The information loss in this
benchmark therefore measures convergence within the specified iteration budgets. All methods optimize the same
mathematical objective.
Solver profiles: Figure 4 shows the full profiles for all 408 stress instances. Panel (a) is an accuracy profile: for

every target regret ϵ it reports the fraction of instances meeting the target. Panel (b) is a time-to-accuracy profile at
ϵ = 10−6 nat. The posterior-spectral receiver reaches the target on all 408 cases, with median successful time 12.9 ms.
Multistart PVM and direct POVM ascent reach the target on 45.8% and 4.7% of cases; Helstrom and PGM reach it
on 0.25% and 0%. The black curve uses the affine upper-minus-PVM gap, whereas the remaining curves use empirical
regret relative to the posterior-spectral PVM.
Numerical certificate values are evaluated in float64 arithmetic from the analytic bounds. Runtime comparisons

use the implementations and budgets specified above; interval enclosures would additionally require outward-rounded
arithmetic.
Appendix F: Scope, prior work, and limitations— The existence of a projective optimum for finite collinear

ensembles is also a specialization of the measured-f projective-reduction theorem of Fang, Fawzi, and Fawzi [7]. The
posterior-algebra proof also identifies a canonical measurement, classifies all optimal finite measurements, bounds
deviations from the spectral blocks, and gives information bounds at finite optimization steps. Classical minimal
sufficiency and postprocessing equivalence motivate the Blackwell interpretation [21, 22].

The stability constants for full-rank states deteriorate as an eigenvalue approaches zero. The closed-domain binary
theorem nevertheless extends the canonical posterior PVM and complete finite-optimizer classification to arbitrary



15

singular states after support compression. A uniform ambient Frobenius-rigidity theorem does not follow: varying-
support pure states require a visibility-weighted seminorm. The benchmark tests convergence at fixed iteration
budgets after reducing the optimization to one Hermitian matrix. It does not determine polynomial bit complexity or
asymptotic scaling exponents.
Appendix G: Scope and notation— We give self-contained proofs of the scalar formulation, the minimal-outcome

criterion, the centered common optimum, and the constructive spectral existence theorem. The proofs do not assume
that weights with a nonprojective advantage form one connected interval. Throughout, λ ≥ 0, 0 < p < 1, the two
qubit states are distinct and positive definite, and entropy h(q) = −q log q − (1− q) log(1− q) uses natural logarithms.
Set A = pρ0, B = (1− p)ρ1, τ = A+B and Q = τ−1/2Aτ−1/2. In the posterior normal form,

Q = cI + dσz, d > 0, 0 < c− d < c+ d < 1, τ = 1
2 (I + rxσx + rzσz), rx ≥ 0, r2x + r2z < 1. (G1)

Conversely, every such Q, τ defines a faithful ensemble by

p = tr(τQ), ρ0 =
τ1/2Qτ1/2

p
, ρ1 =

τ1/2(I −Q)τ1/2

1− p
. (G2)

The normalized posterior operator Q is distinct from the optimized matrix H⋆ used above. The representation below
describes all rank-one measurements; it does not imply that the eigenbasis of Q maximizes information.
Appendix H: Exact scalar problem and saturation— The following normalized-effect transformation is given in

Ref. [12, Eqs. (13)–(19)]. We use it to formulate the weighted information–error objective and establish its outcome-count
and spectral existence criteria. For each rank-one effect write

τ1/2Myτ
1/2 = qy|ψy⟩⟨ψy|. (H1)

Then qy is the outcome probability, its posterior is ηy = ⟨ψy|Q|ψy⟩, and completeness is equivalent to
∑

y qy|ψy⟩⟨ψy| = τ .

The inverse is My = qyτ
−1/2|ψy⟩⟨ψy|τ−1/2. Here qy = Tr(τMy) > 0 for each nonzero effect. Conversely, the displayed

inverse maps every pure-state decomposition of τ to positive rank-one effects summing to I; taking traces gives∑
y qy = 1. The posterior formula follows from Tr(AMy) = qy⟨ψy|Q|ψy⟩.
Define s(z) =

√
1− z2 and gλ(z) = −h(c+ dz) + λ|c+ dz − 1/2|. The maximum of the weighted objective equals

h(p)− λ/2 plus

max
µ∈P([−1,1])

{∫
gλ dµ :

∫
z dµ = rz,

∫
s dµ ≥ rx

}
. (H2)

Necessity follows from nx ≤ s(nz) for every pure Bloch vector. For sufficiency let S =
∫
s dµ. If S > 0, split the atom

at each z between (s(z), 0, z) and (−s(z), 0, z) in the common relative proportions (1 + rx/S)/2 and (1 − rx/S)/2.
The resulting average is (rx, 0, rz) and the score is unchanged. If S = 0, then rx = 0 and the two poles suffice.
The inverse correspondence gives a POVM. Spectral refinement of a general effect cannot reduce the score, since
−h(η)−λmin(η, 1− η) is convex and the unrefined posterior is the probability-weighted mean of its refinements. Thus
no general POVM is excluded by the scalar optimization.
The capacity inequality in Eq. (H2) saturates at every optimum. Let ν be the two-pole distribution with mean rz.

Strict convexity of gλ gives
∫
gλ dν >

∫
gλ dµ whenever µ has interior mass. If S > rx, replace µ by

µ̃ =
rx
S
µ+

(
1− rx

S

)
ν. (H3)

Its mean is unchanged, its capacity is rx, and its score strictly increases. At saturation, equality in Enx ≤ Es requires
nx = s(z) at every occupied atom. All optimal rank-one atoms therefore lie on the positive real semicircle, including
its poles.

Appendix I: Outcome count and global contact certificates— The saturated scalar problem has three linear moments,
1, z, s(z). An extreme feasible measure has at most three atoms: otherwise four disjoint positive-mass support sets
yield a linear dependence among their three moment vectors, allowing a nonzero signed perturbation in both directions
while preserving positivity and all moments. Compactness supplies an extreme maximizer of the continuous linear
objective. Two rank-one qubit effects summing to I are orthogonal projections. Their pure-state decomposition images
form a chord through (rx, rz) and need not be antipodal. Moreover, every two-effect POVM {E, I −E} is a stochastic
postprocessing of the eigenbasis measurement of E. Such postprocessing cannot increase information or decrease Bayes
error. Hence the best two-outcome value equals the best PVM value.
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For ∆λ = VPOVM(λ)− VPVM(λ) this gives

∆λ > 0 ⇐⇒ the optimal minimal number of outcomes is three. (I1)

This does not mean that every optimizer has exactly three labeled effects: redundant splitting is possible. A three-
outcome measurement attains the maximum of each weighted objective. This statement does not impose the same
outcome bound on every performance pair along a flat segment of the frontier.

A useful dual of Eq. (H2) is

min
α,β∈R, κ≥0

{α+ βrz − κrx : α+ βz − κs(z) ≥ gλ(z) ∀z} . (I2)

The point mass at rz has strictly feasible capacity, since s(rz) > rx. Equivalently a supporting-plane construction
for the compact concave roof gives strong duality. A feasible upper bound touching the objective at exactly three
noncollinear points proves a strict advantage whenever the average state lies inside their triangle. The bound is
attained by assigning positive weight to all three points. A distribution on any two of them cannot reproduce an
interior mean. Compactness of the PVM family then makes its shortfall strictly positive.

Appendix J: Centered spectra and a common endpoint optimum— Suppose c = 1/2. Set a = 2d ∈ (0, 1) and

Ha(u) = h

(
1 + a

√
1− u2
2

)
, ϕλ(u) = −Ha(u) + λd

√
1− u2. (J1)

Then gλ(z) = ϕλ(s(z)). For 0 < u < 1, with t =
√
1− u2,

H ′
a(u) =

au

t
atanh(at) > 0, H ′′

a (u) =
a

t3

[
atanh(at)− at(1− t2)

1− a2t2

]
> 0. (J2)

The last sign follows from atanh(at) > at ≥ at(1− t2)/(1− a2t2). Thus ϕλ is strictly concave and decreasing, so

Egλ(z) ≤ ϕλ(Es(z)) ≤ ϕλ(rx). (J3)

Let z0 =
√
1− r2x. The two states (rx, 0,±z0) with probabilities (1 ± rz/z0)/2 attain equality for every λ. Both

probabilities are positive, and the inverse correspondence gives a PVM. Its posterior values are 1/2± dz0; consequently

Pmin
e = 1

2 − dz0, Imax = h( 12 + drz)− h( 12 + dz0). (J4)

This one performance point dominates all others.
For completeness, the invariant centered condition is

tr[(A+B)−1A] = 1 ⇐⇒ detA = detB ⇐⇒ p2 det ρ0 = (1− p)2 det ρ1. (J5)

To verify it, write det(tA+B) = t2 detA+ tC+detB and differentiate at t = 1. The trace is (2 detA+C)/(detA+C+
detB). This characterizes centered spectra, not all possible common-optimum ensembles; commuting ensembles provide
other common-optimum examples. In Bloch-vector form the centered condition reads p2(1− r20) = (1− p)2(1− r21),
where ri is the Bloch length of ρi. It is the fourth explicitly solvable case, Eq. (3.255), of Fuchs’s variational analysis
of the information-optimal qubit basis, where that basis was observed to coincide with the Helstrom basis [11]; for
equal priors it reduces to equal Bloch radii, the coincidence condition reported in Ref. [12]. A common endpoint
optimum also optimizes every nonnegative weighted sum of the two endpoint scores; the argument above constructs
this measurement explicitly.

Appendix K: Constructive spectral existence theorem— For a fixed posterior spectrum 0 < c− d < c+ d < 1, there
exist a faithful average state τ and a weight λ > 0 with VPOVM(λ) > VPVM(λ) if and only if c− d < 1/2 < c+ d and
c ≠ 1/2. When these conditions hold, the advantage occurs for an open set of average states and persists over an open
interval of weights for each such state. This is an existence criterion at fixed Q, not a claim that every compatible τ
exhibits an advantage.
Fix Q with 0 < c − d < 1/2 < c + d < 1 and c ≠ 1/2. We construct a slope λ0 > 0 and an open set of average

states with a strict three-outcome advantage. Reflect labels and the posterior axis if necessary so c < 1/2, and put
k = (1/2− c)/d ∈ (0, 1). Define

R(z) =
d2s(z)3

(c+ dz)(1− c− dz)
. (K1)
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It has a unique strict maximum K∗ at some m < k. Indeed, with η = c+ dz, a = c− d and b = c+ d,

d2 logR

dη2
= −3

2

[
(η − a)−2 + (b− η)−2

]
+ η−2 + (1− η)−2 < 0. (K2)

The sign follows termwise from a > 0, b < 1. Also R vanishes at both ends and (logR)′(k) = −3k/(1− k2) < 0, where
this last derivative is in z.

For 0 < κ < K∗ write

Fκ(z) = h(c+ dz)− κs(z), F ′′
κ (z) =

κ−R(z)
s(z)3

. (K3)

If u < v are the two roots of R = κ, then Fκ is convex on the two outer intervals and concave between them, with
derivatives tending to −∞ and +∞ at the respective endpoints. For each t ∈ (F ′

κ(v), F
′
κ(u)) there are unique outer

stationary points z1(t) < u and z2(t) > v of Fκ − tz. Their depth difference

L(t) = [Fκ(z2)− tz2]− [Fκ(z1)− tz1], L′(t) = z1 − z2 < 0 (K4)

is positive at the lower slope endpoint and negative at the upper one. These signs follow by integrating F ′
κ − t between

the limiting outer stationary points. Hence there is one slope for which the two minima have equal value. The
corresponding common tangent ℓ(z) = ℓ0 + tκz lies below Fκ on the whole interval and touches it only at z1, z2.

As κ ↑ K∗ both contacts approach m. At K∗ the function is strictly convex, its second derivative vanishing only at
m; a limiting support cannot have two separated contacts. Since z1 < u < v < z2 and u, v → m, the common limit is
m. Choose κ close enough that z2 < k and put D0 = Fκ − ℓ. Then D0 ≥ 0, with exactly those two zeros, and D′′

0 > 0
on [k, 1). The function

T (C) = D0(C)− (C − k)D′
0(C) (K5)

has T (k) > 0, T ′(C) = −(C − k)D′′
0 (C) < 0, and T (C) → −∞ as C → 1. The last limit uses finite D0(1) and

D′
0(1−) = +∞. There is a unique root z3 ∈ (k, 1), and D′

0(z3) > 0 because D0(z3) > 0. Set λ0 = D′
0(z3)/(2d) > 0 and

D(z) =

{
D0(z), z ≤ k,
D0(z)− 2λ0d(z − k), z ≥ k.

(K6)

The right piece is strictly convex and has a double zero at z3; the left piece has exactly the zeros z1, z2. Thus D ≥ 0
globally, with exactly three zeros. For α = λ0dk − ℓ0 and β = −λ0d− tκ,

D(z) = α+ βz − κs(z)− gλ0
(z). (K7)

This is a global dual certificate. Since nx ≤ s(z) and κ > 0, it also bounds all complex pure-state atoms, with equality
only at (s(zi), 0, zi) for i = 1, 2, 3.
Choose any average-state point in the open interior of their triangle. Its barycentric weights are strictly positive,

and Eq. (G2) gives faithful signal states. The contact criterion proves a strictly positive gap at λ0. The optimal
POVM and PVM values are both Lipschitz in λ, because 0 ≤ Pe ≤ min(p, 1− p). The gap therefore persists on an
open interval. The triangle gives an open set in the normal-form half disk; rotating about the posterior axis gives an
open set of average states in the full Bloch ball.

For the converse, centered spectra have the common optimum just proved. If the spectrum lies entirely on one side of
1/2, every posterior does also, so every measurement has error min(p, 1− p). The established binary-qubit information
theorem [6] supplies a PVM maximizing every support. This completes the spectral “if and only if” assertion, including
spectra that merely touch 1/2.

Appendix L: Numerical illustrations and open extensions— Figure 1 illustrates two sampled binary-qubit scenarios.
For panel (b), the Bloch-frame signals are ρ0 = (I + u0σz)/2 and ρ1 = [I + u1(cos θ σz + sin θ σx)]/2, with p =
0.4072397056684426, u0 = 0.9170949735598445, u1 = 0.5130827427120952, and θ = 0.7195921216129726 rad. The
scan uses 321 support weights, 1440 posterior-circle angles, and an 8192-point PVM mesh, with gap threshold 10−7

nat. Panel (a) is a 241-point numerical illustration. Both panels illustrate sampled behavior; the analytic existence
proof is independent of them. The analytic results above establish the moment reduction, outcome-count criterion,
and existence of an open set with a three-outcome advantage. For general ensembles, the number and connectivity of
weight intervals with a nonprojective advantage remain open. Extending the Pareto analysis to nonfaithful states is
another direction.
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Appendix M: Noise model and recovery objective— The error-correction test uses a distance-d repetition code
subject only to independent stochastic Pauli-X faults between syndrome rounds. A binary syndrome S is encoded
in a fresh qubit pointer with conditional states ρ0, ρ1; C denotes all other records supplied to the decoder, and
E ∈ {0, 1}d is the complete physical error vector. Receivers at different sites are classical-conditionally independent
once the hidden history is fixed. The primary screen has d = 3, one to three rounds, and no ideal terminal syndrome.

Starting with E(0) = 0, round t first draws independent B
(t)
j ∼ Bernoulli(f) and sets E(t) = E(t−1) ⊕ B(t). The

adjacent-check syndromes are S
(t)
j = E

(t)
j ⊕ E

(t)
j+1, for j = 1, . . . , d− 1. Each check emits a fresh pointer with outcome

law Pr(y
(t)
j | E(t)) = Tr(ρ

S
(t)
j
M

(t)

j,y
(t)
j

). Checks are read in increasing j, with no intervening data faults; no additional

fault interval follows the last round. The target vector is E = E(R), and the decoder retains the full time-ordered
record. Here f denotes the per-round fault probability, written p in the numerical protocol below, and is distinct from
the signal prior.

For a measurement M = {My}, the joint probability needed by the decoder is

P (E = e, C = c, Y = y) = Tr(AecMy), Aec =
∑
s

P (e, c, s)ρs. (M1)

The decoder chooses a record-dependent Pauli-X correction. In the declared model, the repetition-code stabilizers
are Z type, so their intersection with the X-only error group is the identity. Acting on a logical–reference Bell state,
recovery therefore has unit entanglement fidelity exactly when the chosen correction equals the complete error vector.
Maximizing separately for each record gives

Frec(M) =
∑
c,y

max
e

Tr(AecMy), Rrec(M) = 1− Frec(M). (M2)

This identity relies on the X-only error set and the specified recovery class. It is not used as a circuit-level identity for
general stabilizer codes, coherent faults, leakage, or noisy syndrome extraction.

Conditioning only on the pointer outcome gives qy = P (y) and ty = P (S = 0 | y), and Bayes’ rule rewrites Eq. (M2)
as an average of a posterior loss:

Rrec(M) =
∑
y

qyr(ty),

r(t) =
∑
c

[∑
e

bec(t)−max
e
bec(t)

]
,

bec(t) = tP (e, c | 0) + (1− t)P (e, c | 1). (M3)

The function r is concave and piecewise linear because it is a sum of an affine function and the negative of a pointwise
maximum of affine functions. Thus recovery error is also an average of a function of the posterior probability. That
function is determined by the decoder and the other measurements, rather than by entropy or a single binary decision.

The factorization used here requires that the chosen pointer’s state depends only on S, with the remaining receiver
settings fixed. It gives a design-time loss averaged over C, not a receiver that conditions its setting on future
observations. If a different receiver site is subsequently changed, the joint distribution and its induced loss must be
recomputed. Optimizing each coordinate separately does not certify a global schedule optimum. The classical posterior
ty is the common statistical variable; this derivation does not identify Q with the information-optimized generator H⋆

or extend the affine exactness theorem to every loss.
Appendix N: Numerical protocol and results— Four pointer families were used. The asymmetric controls are

ρ0 = (I + 0.8Z)/2 and ρ1 = [I + 0.6(cos θ Z + sin θ X)]/2 for θ = 60◦, 120◦. The symmetric controls are

ρs =
1

2

[
I + 0.99

(
kZ + (−1)s

√
1− k2X

)]
, k ∈ {0.5, 0.8}. (N1)

For each family, the primary screen used R = 1, 2, 3 and fault probabilities p = 0.005, 0.02, 0.05. One receiver site at a
time was replaced while all other sites remained at their round-dependent local mutual-information PVMs. Every
round has two receiver sites. The 36 cases contain 144 one-site rows, and each case reports the lowest risk over its
tested single-site replacements. Improvement counts use this casewise minimum and the 10−7 absolute-risk criterion
shown in the table. PVM directions were searched on the real Bloch great circle and locally refined; generalized-POVM
candidates were then compared at the same fixed environment. The reported values use float64 arithmetic. Saved
schedules were reevaluated as described below; the finite searches do not certify continuum optima.



19

TABLE I. Primary distance-three, no-terminal transfer screen. “Endpoint” is the better of the local mutual-information
and Helstrom-spectral PVMs.

comparison declared result

task PVM improves on local MI by > 10−7 30/36

task PVM improves on the better endpoint by > 10−7 18/36

largest relative risk reduction from local MI 3.8768245%

largest absolute risk reduction from local MI 0.007196346862

largest resolved same-site PVM-to-POVM increment 0.000286710021

The largest relative case is the symmetric k = 0.5, R = 3, p = 0.02 instance: RMI = 0.053161858761 and
Rtask = 0.051100866781. The example showing why the unconditional local pair (I, Pe) does not fully predict recovery
performance is the asymmetric 60◦, R = 3, p = 0.02 case at the final site. There

IMI = 0.04384833735 bit, Itask = 0.04195720460 bit,

PMI
e = P task

e = 0.10862110515, Rrec : 0.15948611110 −→ 0.15853944866. (N2)

The recovery-optimized receiver therefore has worse local information and the same local error, yet reduces the final
recovery risk by 0.593570%. The decoder also uses the time-ordered records, which the two local numbers do not
capture. This does not violate data processing or establish a Blackwell ordering of the measurements.
Fixed-site comparison and numerical gap: For a fixed environment, let a be a decoder action assigning an

error estimate a(c) to each context record, and define the positive cost matrix Wa =
∑

c[
∑

eAec − Aa(c),c]. Then
Rrec(M) =

∑
y mina Tr(WaMy). For a two-outcome PVM, optimizing its two decoder actions gives

Rmin
PVM = min

a,b

Tr(Wa +Wb)− ∥Wa −Wb∥1
2

. (N3)

This is the binary minimum-cost spectral construction for each action pair. Action pairs include a = b, so constant
decisions are represented. The real pointer states make all Wa real, so real spectral projectors suffice even when
complex qubit PVMs are allowed. Grouping effects by decoder action gives the general-POVM primal problem
min

∑
a Tr(WaEa) with Ea ⪰ 0,

∑
aEa = I; its dual is maxTrΓ with Γ ⪯Wa for every action. The reported fixed-site

gap is the feasible receiver risk minus this dual lower bound, evaluated in float64 after a uniform feasibility shift of Γ.
The same-site increment in the table compares that receiver with Eq. (N3), rather than a joint-schedule optimum.
The displayed residuals are numerical evaluations of these bounds; outward rounding would be required for rigorous
floating-point enclosures.
Joint schedules, context, and perturbation diagnostics: Panel (a) of Fig. 5 reports a separate joint optimization

of the measurement schedule, with eight distance-three cases and four distance-five follow-up cases at p = 0.02.
Coordinate restarts and, for the distance-three audit, differential evolution produce feasible fixed-PVM schedules.
Their best-found reductions relative to the local-MI schedule range from 0.0311% to 8.4040% at distance three; the
distance-five follow-up reaches 10.9412%. These are the best schedules found in finite searches. Their protocol and
optimality guarantees differ from those of the 30/36 single-site comparison, so the two sets of results are reported
separately.

The comparison of available measurement records in panel (c) uses the symmetric k = 0.5, distance-three, two-round
model. A fixed task-aware receiver uses the full decoder context only through the averaged design loss. A causal
policy may instead switch the measurement using earlier records, assuming ideal zero-latency, zero-cost switching. The
all-context oracle may additionally condition on later records and is noncausal except at the final site. For each saved
case the risk decomposition

RMI −Roracle = (RMI −Rfixed) + (Rfixed −Rcausal) + (Rcausal −Roracle) (N4)

is a telescoping allocation of the reported risk differences; its rounding residual is below 10−12. Causal settings may
depend only on records preceding the target site, whereas oracle settings may depend on all other records. This
distinguishes design-time averaging from granting additional information at measurement time.
Panel (d) compares four symmetric distance-three cases over a six-member uncertainty set including the nominal

model. Around (f, v, k) = (0.02, 0.99, k0), the other five members change only one parameter: f 7→ 0.9f or 1.1f ,
v 7→ 0.95v, and k 7→ 0.95k or 1.05k, with k0 = 0.5 or 0.8. The pointer form is Eq. (N1) with 0.99 replaced by v. A
nominal task-PVM schedule can incur worst regret of about 1.15×10−2 in a k = 0.8, three-round case, and freezing the
decoder can make performance worse. The finite-set minimax search uses seeds 424242 and 8675309, with differential
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evolution limited to 500 iterations, population factor 20, and absolute and relative tolerances 10−10. Its candidates
improve worst regret against the fixed nominal-MI baseline in all four cases, but against separately retuned MI baselines
only the k = 0.8 cases improve. The comparison tests robustness at these six parameter choices. It does not determine
the response to continuous calibration drift.

Appendix O: Numerical consistency and model scope— The transfer-test calculations use exact finite hidden-history
enumeration within the specified stochastic model. The numerical implementation passed 24 unit tests; saved fixed-site
gaps were at most 2.1× 10−9, and reevaluation of saved schedules reproduced the risks within absolute tolerance 10−11.
Fixed-site certificates are evaluated in float64 arithmetic, while joint-schedule and finite-set minimax searches provide
feasible candidate schedules.
The recovery results apply to the synthetic repetition-code model and the specified receiver and decoder families.

Circuit-level noise, continuous calibration drift, code thresholds, and physical readout backaction are separate questions
for extending this model.
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Appendix P: Complete numerical diagnostics— Figures 4 and 5 show the complete numerical diagnostics for the
receiver benchmarks and the decoder comparisons, respectively.

FIG. 4. Accuracy and runtime profiles for the 408-case suite. The posterior curve evaluates its analytic information bound in
float64; other curves show information loss relative to its PVM. The comparisons use the fixed implementations and iteration
budgets described in Appendix E.
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FIG. 5. Full decoder diagnostics: (a) best-found fixed-PVM joint schedules; starred distance-five rows are follow-ups; (b) lower
local information and unchanged local error accompany improved recovery; (c) fixed receivers, zero-latency causal switching,
and a generally noncausal all-context oracle; (d) worst regret over the six-member uncertainty set defined in Appendix N. The
plotted schedules are the best found in finite searches, and the robustness comparison uses only the specified parameter set.
Risks are deterministic within the stated stochastic model.
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